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5. [17 points] Let By be the initial state of the natural environment (clean /
air, clean water, and so forth). / \./

Suppose that there are two persons in the economy, and these two
persons are indexed by “” for i =1, 2.

Fach person is able to remove e; units of the environment and consume
them. No one owns the environment, so the person pays nothing for
the right to pemove e; from then environment.

The resulting state of the natural environment, called “E,” is given by
EO — €] — €9,

Besides consuming e;, both persons also enjoy the natural environment
in which they live, and their utility functions are given by

u, = 2v/e; B fori=1,2,

(a) In the formula for u;, why does E have no subscript?
(b) What action will each person take?
(c) Find the first-order conditions characterizing Pareto Efficient al-

locations for this problem. Do not attempt to solve these first-
order conditions.

(d) Is the self-interested behavior of each person consistent with Pareto
Efficiency in this problem?
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Answer all of the following four questions.

1. [17 points]

(a)

We have discussed three ways of finding the contract curve of a
two-person economy:

i. Solve max Uj s.t. Us is fixed (and subject to feasibility con-
straints);

ii. Solve max U; s.t. Uj is fixed (and subject to feasibility con-
straints);

iii. Solve max aU; + (1 — a) Uy subject to feasibility constraints

(where Uj is the utility of person 1, Us is the utility of person 2,
and a € [0, 1]).

Suppose in this two-person economy there are only two commodi-
ties, so we can use an Edgeworth-Bowley Box. Explain, using this
Box, why these three approaches all generate the contract curve.
For (i), it might help to start by illustrating what allocation it

results in for a few different endowments. The same comment
holds for (ii).

Recall that we say two agents are of the same “type” if both their
preferences and their initial endowments are the same.

Explain why, in the core, any two agents of the same type must
receive the same bundle (the “equal treatment in the core” result).
Although you can get full credit for answering this question with
a correct mathematical proof, you can also get full credit if you
simply give the intuition for the result, and that is what I will
do on my answer sheet. You may make any assumptions you
wish on the consumer’s preferences, but please explain why those
assumptions are relevant to the result.

Fall 2011, Final Exam Qu 1
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2. [12 points] Consider a two-person pure exchange economy. Suppose

x;; represents person i’s consumption of good j. Suppose the utility
functions of the two persons are

_1/2 1/2
U =z1" 2y,
_1/4 3/4

Find two equations in two unknowns, or three equations in three un-
knowns, or four equations in four unknowns, whose solution will define
the contract curve of this economy. You do not have to solve the equa-

tion system nor give an explicit solution; an implicit solution will be
enough.
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2. [12 points]

Consider a two-person, two-good economy with persons named Smith
and Jones and goods named 1 and 2. Suppose the amount of goods
1 and 2 that Smith consumes is denoted by z15 and xy,, respectively.
Suppose the amount of goods 1 and 2 that Jones consumes is denoted
by 21; and @5, respectively. Suppose Smith’s utility function is u, =
x4, and Jones’s utility function is u; = a:ljmgj. Suppose the total
amount of good 1 in the economy is 3 and the total amount of good 2
in the economy is 4.

(a)

(b)
(c)

()

Find the location of the contract curve in the Edgeworth Box
of this economy. Suppose the Edgeworth Box has Smith’s origin
in the lower-lefthand corner, and describe the contract curve as
a function of Smith’s consumption, 21, and Zag, not of Jones’s
consumption. Graph Smith’s consumption of good 1 on the hor-
izontal axis and Smith’s consumption of good 2 on the vertical
axis.

What is the slope of the contract curve? Is it positive or negative?

What is the second derivative of the contract curve? Is it positive
or negative?

As pointed out on p. 554 of the text by Sydseseter and Hammond,
which is attached to this exam, the gradient VF' of a function F
is orthogonal to the tangent of its level curve.

i. Calculate the gradient of the utility function of Smith at an
arbitrary point on the contract curve.

ii. From this, calculate the slope of the gradient of the utility

function of Smith at an arbitrary point on the contract curve.

ili. Is'the answer to part (d)(ii) the same as the slope you found

in part (b)? '

iv. Suppose a pair of indifference curves, one for Smith and one

for Jones, pass through the same point on the contract curve.

At this point, is the tangent line to Smith’s indifference curve

perpendicular to the contract curve? At this point, is the

tangent line to Jones’s indifference curve perpendicular to
the contract curve?
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£, (F; (x0, yo), F3(x0, ¥0))

If

FIGURE 16.3 The gradient is orthogonal to the tangent at P.

which remains valid even if F;(xo, yo) =0 and the tangent at P is vertical.

Example 16.13
Find the tangent to the curve in Example 16.10 at (2, 1) by using [16.10].

Solution  Here F(x,y) =3x2 +2xy =3-22+2-2-1=16 at (2, 1),
and Fj(x,y) =x*—4y—10= 72_4.1—-10= —10 at (2, 1).. Thus, [16.10§
yields

16(x —2) + (=10)(y = 1) =0, or y = (1/5)@8x —11)
This is the same result as in Example 16.10.
The vector (Fj(xo, Yo0), F}(x0, Y0)), also denoted by VF(xo, yo), is the gra-

dient of F(x,y) at (xo, yo). Using the notation for a scalar product, [16.10] can
be written as

PR ———

(F{(x0, Yo), F3(x0, y0)) - (x — X0,y — Yo) = 0 [*]

This shows that the gradient is orthogonal to the tangent, as illustrated in Fig. 16.3.
If (h, k) is a unit vector, and VF (xo, yo) # (0, 0), then according to [16.2] in

Mma Section 16.1, the scalar product D = VF (xo, Yo) (h, k) is the directional derivative
! of F(x,y) at (xo, yo) in the direction (4, k). A movement of one unit away from
1 {I&a’;' (xo, yo) in direction (h, k) changes the value of F(xo, yo) by approximately D.

Now, according to [12.19] in Section 12.4,

D = ||[VF (xo, yo)l| - lI(h, K)|| - cos &

g where ¢ is the angle between the vectors VF (xg, yo) and (h, k). Hence, D attains
~§ its maximum value when ¢ = 0, because then cos¢ = 1. (Recall that cos ¢ is
! always less than or equal to 1.) When ¢ = 0, the vector VF (xg, yo) points in

the same direction as (%, k). Consequently, VF (xo, yo) points in the direction of
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Section 1.
Answer both of the following two questlons.

1. Suppose there are two consumers, Tom and Harry, and each obtains

utility from hours of sleep, s, and from consuming good z. Tom and
Harry’s utility functions are

ug(8t, o) = sy and  up(sp, Tp) = spTp

respectively. Neither Tom nor Harry has any initial endowment of z;
their initial endowments of time are

w=1 and wp=2,

respectively, and they divide their time into hours of sleep and hours
of work “w”. (Be careful not to confuse w and w even though the two
letters look similar.)

The total amount of good x in the economy is created from the total
amount of work w in the economy according to the production function
z = 4w.

(a) Find the Pareto Optimal allocations of s, x:, s, and sj. Hint:
the answer can be written in several forms; one is

o T = 2

| IR XC I

——%a zp =6 — 2

t
Sh
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(b) Suppose Tom and Harry form a two-person competitive econorﬁy.
However, suppose there is government interference in this econ-
omy: the government subsidizes Tom’s purchases of z and taxes
Harry’s purchases of z, using so-called ad valorem [“according
to value”] taxes 7. (Note that Tom is poor and Harry is rich
because of the differences in their endowments, Also, ignore any
constraint concerning the government’s budget balance.)

i. Explain why Tom solves the problem .

ﬂi’acst zr st. (1—8t)pw=pzz: (1 —7)

and why Harry solves the problem

maxsp Ty 8.4, (2 —Sh)pw =Pz xp (1 + 7).
ShyTh

ii. Show that in competitive equilibrium,
|
st = % and sp=1.

iii. Either show that in competitive equilibrium

6(1+7)
T =g

" or show that in competitive equilibrium

12(1-'7)

*-——-
h= T3

(you do not have to explain both of these).

iv. From your answers to (a), (b-ii), and (b-iii), explain that
the allocation in the two-person competitive economy with
distortionary taxes can only be Pareto Optimal if the tax
rate 7 is zero.
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2. [14 points] Consider a two-agent two-commodity pure exchange econ-

[Pl

omy, with agents named Smith (“s”) and Jones (“j”) and commodities
named apples (“a”) and bananas (“b”). Suppose the total number of
apples in this economy is 1 and the total number of bananas in this
economy is also 1, but both apples and bananas are completely divisible

(which means they can be cut into arbitrarily small pieces).

Denote Smith’s endowment by w, = (ws,, ws) and denote Jones’s en-
dowment by w; = (wja,wjp). Suppose Smith consumes x,, apples and
Zg bananas, and Jones consumes xj, apples and x; bananas. Sup-
pose Smith’s utility function is us = 4,7, and suppose Jones’s utility
function is u; = xj,;p.

Suppose this economy has a social planner who wants the competitive
equilibrium to be a certain arbitrary vector named

)_( - (:Ega,y jsba jjay f]b) ’

and in order to ensure that the competitive equilibrium does result
in X, the social planner transfers T, apples from Smith to Jones and
transfers Tj, bananas from Smith to Jones, all before any trading occurs.
Note that T, and T}, could take any sign (that is, they might not be
positive). Also, note that because X is assumed to be the outcome
of a competitive equilibrium, it cannot be completely arbitrary, only
somewhat arbitrary.

Find the values of T, and T}. (Note that their existence is guaranteed
by the Second Theorem of Welfare Economics.)

Hint: The values of T}, and T}, may not be unique.
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2. The Second Theorem of Welfare Economics states that (given certain

conditions) it is possible to achieve any Pareto Efficient allocation via
competitive markets, if, before the competitive markets open, lump-
sum transfers can be imposed.

Suppose there are two consumers in an economy; the first has utility
function U, = z,y, and the second has utility function U, = x v,
where ¢ and y are the two goods and “a” and “b” represent the first
and second consumer, respectively. The initial allocation is (wgq, Wya)
for the first consumer and (wWgp, wyp) for the second consumer. For

an arbitrary Pareto Efficient point in this economy, what lump-sum

transfers (T, Ty) from consumer “a” to consumer “b” are required in
order for that Pareto Efficient point to be the outcome of competitive
markets? (It is possible for Ty or Ty, to be negative.) Hint: I found it
easier to calculate the Pareto Efficient points using the “social weights”
approach.
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2018 Final Exam Qu. 4
. [17 points]

Suppose a pure exchange economy consists of two consumers, Smith
“S” and Jones “J,” and two commodities, apples “a’” and bananas “b.”
Suppose the total number of apples in the economy is 3 and the total
number of bananas in the economy is 2. Suppose the utility functions

for Smith and for Jones are

us(as, bg) =Inag +3Inbg and
ujlay,by) =Inay +1Inby,

respectively.

Consider an Edgeworth Box with Smith’s origin being in the lower
left-hand corner of the box and with apples graphed on the horizontal
axis.

(a) Find an expression for the contract curve of this economy. You
may leave it in implicit form.

(b) Show that the point on the contract curve corresponding to Smith
getting two apples is (as, bs) = (2, 12/7).

(c) Find the equation of the tangent line to the indifference curve of
Smith which passes through the point given in part (b). (Hint 1:
marginal rate of substitution. Hint 2: one way to write the equa-
tion of a generic straight line is y = mx+ b (where “b” stands for
the general mathematical intercept, not for “bananas,” and “y”
stands for a general mathematical dependent variable, not for a
particular economic concept); anotheris y — y; =m (x — x1).)

(d) Describe in the context of the Second Theorem of Welfare Eco-
nomics the economic interpretation of the tangent line you de-
rived in part (c).
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new: 2019 Final Exam, Qu. 1.
Resembles 2018 Final Exam Question 4

1. [17 points]

Suppose a pure exchange economy consists of two consumers, Smith
“S”” and Jones “J,” and two commodities, apples “a’”” and bananas “b.”
Suppose the total number of apples in the economy is 10 and the
total number of bananas in the economy is 10. Suppose the utility

functions for Smith and for Jones are

us(as, bs) =2Inag +Inbg and
uj(aj,by) =Ilnay+1Inby,

respectively.

Consider an Edgeworth Box with Smith’s origin being in the lower
left-hand corner of the box and with apples graphed on the horizontal
axis.

(a) Find an expression for the contract curve of this economy. You
may leave it in implicit form. (I did not derive it by maximizing
the utility of one person holding the other person’s utility fixed;
I did it a different way.)

(b) Show that the point on the contract curve corresponding to Smith
getting four apples is (as, bs) = (4,5/2).

(c) Find the slope of the contract curve, and using this result, make
a rough sketch of the contract curve in the Edgeworth Box.

(d) Taking the price of bananas to be the numéraire, what would the
price of apples have to be in order for the point (4, 5/2) on the
contract curve to be a competitive general equilibrium?

(e) Tell me everything you know about the indifference curves of
Smith and of Jones which pass through the point (4, 5/2) on the
contract curve. Make a rough sketch of these two indifference
curves in your Edgeworth Box diagram, including information
gained from part (d).
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2. [18 points] Suppose an economy consists of two price-taking persons,
“a” and “D”. Person a has available 1 unit of “time” which he divides
between rest R, and labor [,. Person b has available 1 unit of “time”
which he divides between rest R, and labor .

Good “z” is produced by one competitive firm according to the pro-
duction function
x = labor hired .

This firm is completely owned by Person a.

Let the amount of good = consumed by Person a be z, and the amount
of good x consumed by Person b be z;,. Let X = z, + x,. (Although
the symbol for the good, “z,” and for the total amount of it produced,
“X " are easily confused, only the latter plays an important role in the
equations needed to work out this problem.)

Suppose production of z causes air pollution which decreases the utility
of Person b but not of Person a (perhaps because Person a lives far away
from the source of the air pollution). The utility functions of the two
individuals are

Ug = Tg Ra

Up = Tp Rb —X.

Suppose that Person b always sees “X” as exogenous; he never thinks of
X as being z, +x; (even though it is), and therefore he never considers
the effect of his own consumption of x on the amount of air pollution.

To combat pollution, the government may intervene in this economy by
imposing a tax of T'X on the firm, where 7" > 0. (So the marginal tax
rate on the firm’s output is 7" and the total tax revenue is TX.) If it
does so, it gives half of the money it receives to each consumer. Neither
consumer ever knows where this money comes from; each consumer
thus considers it a “lump sum” gift. Call the amount of money each
consumer receives from the government “¢.” Clearly ¢t > 0.

Take the price of labor as the numéraire.

(a) Does the production function have increasing, decreasing, or con-
stant returns to scale? Why?

(b) Show that, in equilibrium, 2¢ = T'X. (This is very easy.)



()

()

Find the demand for x, supply of [, and demand for R of Person a,
assuming nothing about the values of T" and t except that they
are not negative.

Find the demand for x, supply of [, and demand for R of Person b,
assuming nothing about the values of T" and t except that they
are not negative.

Using your results so far, show that

(Hint: use the production function.)

Find the general equilibrium price of x and find the amount of
firm profit.

Find the equilibrium demand for x of Person a, and find the equi-
librium demand for = of Person b. It is fine if they are functions
of ¢, but they should not be functions of T' (you can use the result
of part (e) to eliminate T').

Show that in general equilibrium,

1=
4

—3+ 4t — t?
’U/b:T.

Ug and

(You can think of these as being the indirect utility functions.)

Using the results of part (h), suppose the government is controlled
by a social planner who wishes to maximize

W =oau, + (1-a)w

for a € [0, 1]. Find the social planner’s optimal value of t. Why
does it make sense?

In this problem, is the competitive equilibrium with no govern-
ment intervention Pareto Optimal?

2014 Qualifying Exam, Section 1



Ka+dy = EngL:l

Iwdochn fonihon  Xo Livd,
Tls is tonstend rehrns b Scale
FIL) =4, 10,
Fl20)= 2440, . 2 £10).
Uerctone He form, 1oil ek Epelbrin pritle o ey

X:/¥4+x6
W, =
S “Wr xR - X

"Lﬁ—x hA‘Yh TX

4

ZTX = t, ‘H~¢ +‘x. joﬂ&é '{"D €ced Wumey r's LAI(‘
Pt o/: lebey = 1. D’LM‘ .}.Dw -(1)(

Ly fvn“,@ X be “f‘"

Q) /4'\‘“’%4‘ aLove,
5) Fo”oug A’Vh-\ éTX =t /450‘/6 .
C) Ma:'xglea:ka(,’(4_>.

hiome = prht mlome + lbor itame + Joronmat 1ift

= O 'l— (l) ’6&. * t
Soedo et
\&ﬁn\s hscale

Expendiyees = P X a



Bodjok tonshrart £ 4t = P X
'Zp: 744("[4_>*1('(4.+£'}9X4)
O’Of;:: ,€44t~fx (D

«
O Loy = 1l Ap = haotip o L= pae s

O:f, =-;(a_+l - 127((:.,, Hon ik"’b(l)]h'e_g

O = l'_r?(c‘. i-t’[’XQ
=I+E’2ka
ZPXA =1+t

Ao = '2]9 , Aa dhﬂ‘kdecf

Mlome = [')/(;_,-!-t -9%,4/.;.,..0 IDXb

Bv/‘[e* tonsbrant ’(b"'t =P/Yl>
Lo A (1-2,) - % +) (4y+t-px, )

o =°fl - [54{:—/9 X, Whith Cre Mo Stme frst-onley tonditions
D=,,2‘;; 1-(L-)F QS\LY&,,,HA,.H%u,LjﬁW'VJ ‘

D=Ly =, + A

—
(@caff Swf‘['bL{tj %" Splsan}fh#( "L‘)



z@ - 2f>
-t
4, = L=
e
@—2

F)  podt wep (i) - ) 4-TX

]

P /[44"(1,5 '{gc\ “'/{5) -—T([a *’/“)
P-1-T)lrty)

lad e mT =0 4,(/5 -{b M_{';%.,;f' KePorns 7"bJ'C<,(eJ

O=p-|-T = [?=1+1j

\

J) xP? - BE e 1t Lo /4t zle
o = 3 = = 2 4T Z I+ T
P acier) 8

f~+4&

, | e - ==

-+t = 2 A+t 2

T2 B, 2% 15
I-t I-€

D
Xy BHestmeas X7



]

2z
SR -8 _ I-t> -t .
e s‘ "X -“‘-T (‘(44'/{},):—-4——-__(2_‘._;
= 1-t% -t -4 44t _p%,g¢ -3
= T—(I—t) S 9 4
' -t2 -t* 494 -3
\) W= & Y + (l-—oL 4.
1
SoL{'d
U-c\-ﬁa,,.e_

mé)‘"‘—uf’ée W bver ‘t d
ol -2t -2t +Y

PR

O 5¢=a 3 +l-w) —
O = a (-2¢) 4 (1-a) (-2t +Y)
=2t 4 (-2t +y) + 2t —Hy

2t = L/,ﬁt‘)(

{
Lt
'M—{,Dp”./b\n\ VFC‘}'M') [Pefo'm é), lnd So J'C+S t ="()/ 7%!4 T:D Y Uo
Fo//ul;m tex . For ol oHe, Vilves of & (Hat is, o € Z",') )/

1

2-2d
2 U—oiﬂ I ¢ =1, Hesocias planne, does wot cove zboot

\




e soccat Plenns does cave ahout Person b 1o Seome “tat, e

Sets t # o e, T #0, ,»,/wm} Some /b//‘—?éb\ .

5) P tomputPe epuilhaim witl Jrreonnedt it is
t =0 . Fom pevt (i), Ho5 3 an/j Paets Optmct Lhen o= 1.
Y Wlew o # 1, d, Bt Teoren of gl Etorres Yeils 4 <ppl,
:f{ becase of fo “Crternas * eflost of Polltion.



LSpers cateq Ru.3

R3mm

Section 2.
Answer one of the following two questions.

1. [12 points]
Baby Alice has two grandfathers, Grandpa Smith and Grandpa Jones.
Suppose there is one good, called “z”, and suppose the consumption
of that good by Baby Alice, Grandpa Smith, and Grandpa Jones is
x4, Tg, and zy, respectively.

Grandpa Smith has an endowment of 3 units of good z, of which he
consumes zg and gives g4 to Baby Alice:

Ts+Tga = 3.

Grandpa Jones has an endowment of 3 units of good z, of which he
consumes z; and gives x4 to Baby Alice:

Ty +Tga = 3.

Baby Alice has no endowment of good z; all of her consumption con-
sists of gifts from her grandfathers:

Ta=2sa+ZTja-
Baby Alice’s utility function is
Ua(za) =Inz,.
Grandpa Smith’s utility function is
ugs(zs,ua) =lnzg +us.
Grandpa Jones’s utility function is
us(zr,ua) =Inzy +ua.

(So the grandfathers care about their own consumption and the utility
of Baby Alice.)

(a) Find the values of ©g4, Z 4, T4, Ts, T, Ug, Uy, and uy. Assume
that each grandfather takes the other grandfather’s actions as
fixed. (So this is technically an equilibrium in the sense of Nash.)



(b)

()

Denote the values found in part (a) as z%,, z%,, ¥, =%, =¥, uk,
u%, and u%. Now suppose that instead of giving %, and z%,, each
grandfather increases his gift by € > 0. Show that for sufficiently
small €, this change increases everyone’s utility compared with
the situation of part (a).

Is the Nash Equilibrium efficient?
Briefly speculate about the welfare implications of this example

if, instead of Baby Alice having two grandfathers, she had four
great-grandfathers.
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2017 Final Exam Qu. 2

. [17 points]

Baby Alice has two grandfathers, Grandpa Smith and Grandpa Jones.
Suppose there is one good, called “x”, and suppose the consumption of
that good by Baby Alice, Grandpa Smith, and Grandpa Jones is x,, x;,
and x;, respectively.

Grandpa Smith has an endowment of 3 units of good x, of which he
consumes xg and gives xg, to Baby Alice:

Xo+ X4 = 3.

Grandpa Jones has an endowment of 3 units of good x, of which he con-
sumes x; and gives x, to Baby Alice:

X +x,=3.

Baby Alice has no endowment of good x; all of her consumption consists
of gifts from her grandfathers:

Xo = Xga + Xp4 .
Baby Alice’s utility function is
us(x,) =Inx, .
Grandpa Smith’s utility function is
us(xs, uy) = Inxg + uy .
Grandpa Jones’s utility function is
u,(x,uy) =Inx +uy,.

(So the grandfathers care about their own consumption and the utility of
Baby Alice.)

(a) Find the values of xg,, x4, X4, X5, X7, Us, U;, and u,. Assume that each
grandfather takes the other grandfather’s actions as fixed. (So, as
you’ll study next semester, technically this is an equilibrium in the
sense of Nash.) Denote the values you find as xj,, x7,, X}, X5, X/, U5,
u;, and u}.



(b)

©

Suppose a social planner maximizes a social welfare function which
weights the utility of Grandpa Smith and Grandpa Jones equally but
puts no weight on Baby Alice’s utility. Denote the social planner’s
optimal transfers, allocations, and the resulting utility levels as X,
Xm, X4, Xs, X, Us, 1, and #i,. Find these values.

Using the answers to parts (a) and (b), determine whether the alloca-
tion in part (a) is efficient. If it is not efficient, are the transfers from
the grandfathers to Baby Alice in part (a) too large or too small?

If you do not have a calculator, you may leave logarithms uneval-
uated and explain what procedure you would follow if you had a
calculator. Note that 2In2 ~ 1.39,In2 ~ 0.69, In(9/2) = 1.51, and
In3 ~ 1.10.
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1. [12 points]

We wish to construct an Edgeworth Box for a case in which the two
agents have altruism for each other.

Suppose Person 1 consumes z1 units of good « and y; units of good y,
and suppose Person 2 consumes zy units of good z and y» units of
good y. Suppose the total amount of z available to the two persons is
1 unit and suppose the total amount of y available to the two persons
is also 1 unit.

(a) First suppose the utility functions of the two persons are given
by
Ul("’clayl, UZ) =zT1+y+ %U2
Us(m3, Y2, U1) = w2 + y2 + 5U1 .
By solving for Uy as only a function of z; and yi, and solving
for Us as only a function of z3 and ys, argue that the contract
curve would be the same as if the two persons were not altruistic,
indeed the same as if the utility functions of the two persons were
_instead.givenby. . _ ... ..
Ui(z1,y1) =21+ 31
Ua(z2,y2) = 22 + 92
(b) Re-work part (a) supposing that the utility functions of the two
persons are not given by

Ur(z1,91,Us) = 21 + 91 + U
Un(22, Y2, U1) = @2+ y2 + 3U1.
but instead are given by
Ur(z1,91,U2) = mys + §Ua
Ua(z2, 92, U1) = Zaya + 301 .
You should obtain
Uy(z1,y1) = 2z191 — %931 _ %yl + %
Us(z2,y2) = 2%ay2 — 2z — 2y + 5.

In this case, will the outcome of the agents’ behavior be affected
by their altruism?



(c)

The rest of this question concerns the persons of part (b). Draw
an Edgeworth Box (put z1 on the horizontal axis and y; on the
vertical axis). In this Box, indicate the regions where:

e OU1/0xz1 > 0;

o U, / 0zy < 0;

e OU;/0y; > 0;

e OUy/0y; < 0.
Also in this Box, indicate the regions where:

o 0Uy/0z9 > 0;

e 0Uy/0zs < 0

o Uy /0y2 > 0;

e OU,/0ys < 0.
You may reason by analogy with the results for- Person 1.
In each region of the Box, draw a small dot, and from this dot
draw an arrow showing the direction (“northwest,” “northeast,”
“southwest,” or “southeast”) of increasing utility for Person 1.

Also, from each dot draw an arrow showing the dirction of in-
creasing utility for Person 2.

. Considering U, as a function of z; and y;, and considering U as

a function of z1 and y; (not of z4 nor Y2), it is trivial to show
that

U1(0,0) =2 U(0,0) =%
Ui(g,5) =5 Ua(3:3) =3
Ul(%)%)zg UZ(%:%):%
Ui(L,1) =% Up(1,1) =2

so I do not want you to prove that they are true. Use these facts
to argue that the only Pareto Efficient points (z1,v1) in this two-
person economy are (0,0) and (1,1).

The conclusion for this economy is that in it, altruism leads to
complete inequality as the only efficient allocation. This may be
counterintuitive; the explanation can only be that the rich people
are happy because they are rich, and the poor people are happy
because the rich people are rich. Briefly conjecture what param-
eter values of the utility functions would have to be changed in



order to reverse the conclusion that “altruism leads to complete
inequality as the only efficient allocation.” (One or two sentences
will suffice here; do not work out anything mathematically, be-
cause I am asking only for a reasonable conjecture, not a proof.)
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\/4. [19 points] Suppose there are two persons in a pure-exchange economy;

they are named “a” and “b”. Their utility functions, which depend on.
the amounts of the two goods “z” and “y” which they consume, are:

Ug = Inz, +1nya’
up = 2Inzp +Inyp.

(So “z," is the amount of good x which consumer “a” consumes.)

The consumers’ initial endowments are given by the following vectors,
where the first entry of the vector is the initial amount of good z and.
the second entry of the vector is the initial amount of good y:

we = (10, 10)
‘W = (17 1)

Suppose the social planner’s social welfare function is
min(ug, up) .

Suppose the social pianner is unable to directly allocate cc;mmodit‘iés
to individuals; all the social planner is able to do is to make lump-sum

‘transfers -of good y but not-good = from one person to the other.

What should the social planner do to achieve his objective? Stop when
you find one equation in one unknown whose solution would enable you
to solve the rest of the problem by simple substitutions. Do not try
to solve that equation!
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InCil:=
xa = (330-11 T)/(34+T)
ya := ({34+T)/32) * xa
possibleTs = Solve[ xa*ya == (ll-xa)”2 * (ll-ya), T);
N[possibleTs]
Outl4l=
{({T -> 6.05199), {T -> -6.39809 + 8.67742 I}, {T -> -6.39809 — 8.67742 T}} .
Inl5]:= .
(* So the first possible T is the right one (the others are imaginary
numbers. *)

1

(* Assign "T" to the correct 'value.*)
T=T/.possibleTs[[1]] %yﬂbé*’T;z
OutL71=
1/3 1/3
290 131072 2 (1648492544 + 287440896 Sqrt[33])
- - +
129 ) 1/3 1/3
129 (1648492544 + 287440896 Sgrt[33]) 129 2
Ink81:= .
{N[T],N[xa],N[yal} —
Out[81= Z ﬂ}?fm‘m‘;t" L %a, \/6\-. MUL&MT> O $o
{6.05199, 6.57715, 8.23213} Zn
In[91:= 7 “/{\/, rLrA.th 3 ocram %Lz V\'GLZ.»
xb=11-xa; yb=ll-ya; )(b, L ) (" " 5
{N[xb], N[yb]} ﬂff"”(‘wﬁl F“r.ﬁﬂﬂ a4 )7'1:'/{:,,50 e
Outr101= RECon (b ,,)
(4.42285, 2.76787) < ,
Infill:=
{"a's utility", N[ Log(xa]+Loglyall}
- - {"pb's utility", N[2Log[xb]+Log[ybl]}
Out[11l=
{a's utility, 3.99165} »
Out[121= VK/{A’CMW W H\—LML& }UV‘-\"/WJM
{b's utility, 3.99165}
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Answer all of the following five questions.

1. [12 points| Consider a two-person, two-commodity economy in which

“z;;” represents the amount of commodity ¢ belonging to person j.

Suppose the utility function of person 1 is
Inzy1 + In 29y
and the utility fﬁnction of person 2 is
In 215 + In zgs .

Suppose the initial endowments of persons 1 and 2 are w; = (1,1) and
wy = (2,1), respectively. Find the core of this economy.
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2. [13 points, divided as: 3 points for (a), (e), and (f) taken together;
3 points for (b) and (c) taken together; 3 points for (d); 4 points

for (g).
In an exam from a previous year, I (Prof. Lozada) asked the following

question:

Consider a two-person, two;commodity economy in which
“xi;" represents the amount of commodity 4 belonging to
person j. Suppose the utility function of person 1 is

Inz 11+ In X91
and the utility function of person 2 is
Inzio + Inzog .

Suppose the initial endowments of persons 1 and 2 are wy =
(1,1) and wy = (2,1), respectively. Find the core of this
economy.

I have attached the two-page handwritten answer to this question right

after page Q—G%W-emm Please look at those two pages.
3 of this gpeshon.

(a) After the old answer sheets are two pages with computer-drawn
graphs. You should ignore all of the typewritten computer com-
mands on this page, which are written in a language I do not

This 30@;4\‘0“ has pages .



expect you to be familiar with. Find Fig. 1. Its horizontal axis
is, as labeled, Ul = In(z11 - %mll), and its vertical axis is, as
labeled, U? = 1n[(3—9011) . (2~-§-x11)]. As indicated, the graph
shows what happens in this (U, U?) space as z11 goes from /6,2
to 3—+/3, in other words, as 11 goes approximately from 1.23 to
1.27. Give an economic interpretation of this curve in (U, U?)
space. Hint 1: T have never shown you a graph in (U!, U?) space
before, so I am not asking you to remember something, I am ask-
ing you to interpret something which is new to you. Hint 2: Look
back to the old answer sheet, especially the bottom of its second
page, for help.

All the remaining parts below pertain to finding the core of the
“2-replica” of the above economy, in other words, finding the core
of the economy with two people who are identical to Person 1
above and two people who are identical to Person 2 above.

To begin, explain why one of the first steps in finding the core of
the 2-replica might be to solve

max [a In(z11 Ta1) + (1—a) In(z12 Ta2)]
for o € [0, 1] such that

2¢11 +x19 =4 and
2x91 + Tog = 3.

Read part (c) before you answer part (b).

Next, explain why one of the first steps in finding the core of the
2-replica might be to solve

max [oz In(z11 z21) + (1—a) In(z12 :2722)]
for @ € [0, 1] such that

211+ 2z12 =5 and
Z91 + 2x99 = 3.

Solve the problem in part (b). Hint: one way of expressing the
answer is

T = 200
T2 = 4 — 4o
3

T2y = 5«

Tog = 3 — 3cv.

?Zﬁf?'



(f)

(8)

Next, argue that not all o € [0, 1] are economically relevant, and
that the economically relevant o’s are

o€ [—\%, 1—%6] ~ [0.58,0.59] .

Hint: When I worked the last sentence of this part, one of my
intermediate steps was to solve 6a® — 12a+ 5 > 0. In solving
that it was helpful to remember that if az® 4 bz + ¢ = 0 then

z = (=b+ Vb2 — 4ac)/2a.

Find Fig. 2 on the first sheet of computer-drawn graphs. It is
related to parts (b) and (d) above. Its horizontal axis is, as
labeled, U = In(2a - %a), and its vertical axis is, as labeled,
U? = In[(4—4c) - (3-3c)]. As indicated, the graph shows what
happens in this (U, U?) space as o goes from % to 1—%. Give
an economic interpretation of this curve in (U, U2) space.

Find Fig. 3 on the first sheet of computer-drawn graphs. It is
related to part (c) above. Guess what Fig. 3 shows. Hint: I give
part of the answer away in the first two sentences of part (g), so
you might want to read them before answering.

Find Fig. 4, on the second sheet of computer-drawn graphs. Fig. 4

just superimposes Figs. 1, 2, and 3. I have indicated what values
of z11 correspond to two important points in Fig. 4.

i. Explain the economic conclusions which come from Fig. 4.
Then:

ii. draw an Edgeworth Box, as on the second page of the old
exalmn answer;

iii. in this Edgeworth Box, show the core of the 2-replica of the
economy; and

iv. in this Edgeworth Box, show how the core of the 2-replica
compares to the core of the original economy; and finally,

v. explain why this result (the result of subpart (iv) which you
just completed) is just what one would expect.

p3of 7
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-Graphics-
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4. [17 points| Consider a pure exchange economy with two persons named

270{ “a” and “b” and two commodities named “1” and “2.” The utility
el W) function and endowment of person “a” are given by
ﬁv\

Ug = In(z10224) we = (1,0)
and the utility function and endowment of person “b” are given by
up = In(z1pTap) wp = (0,2).
(a) Find the competitive general equilibrium prices and quantities in
this economy. '

(b) Find the Pareto Optimal allocations in this economy.

(c) Is the competitive general equilibrium in this economy Pareto
Optimal? Should it be?

(d) What is the core of this economy? (Sketching an Edgeworth Box
might help in answering this.)
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6. [11 points] -

(a)

Suppose an economy consists of two persons, A, and B. They have
initial endowments w, and wy, respectively. They have consump-
tion bundles x, and xj, respectively. They have utility functions
Uq(%,) and wy(xyp), respectively.

What procedure would you use to calculate the core of this econ-
omy? List all the steps. If there are optimization problems in-
volved, give the Lagrangians and state what the unknowns are.
You need not calculate nor state any first-order conditions. I
just want you to state a step-by-step procedure which someone
else who knew multidimensional optimization but knew nothing
about the core could follow to calculate the core, if that person
knew what the utility functions were.

Suppose an economy consists of three persons, A, B, and C. They
have initial endowments w,, wy, and w,, respectively. They have
consumption bundles x,, X3, and x., respectively. They have util-
ity functions ue(Xa), Us(Xs), and uc(x.), respectively.

What procedure would you use to calculate the core of this econ-
omy? List all the steps. If there are optimization problems in-
volved, give the Lagrangians and state what the unknowns are.
You need not calculate nor state any first-order conditions. I
just want you to state a step-by-step procedure which someone
else who knew multidimensional optimization but knew nothing
about the core could follow to calculate the core, if that person
knew. what the utility functions were.
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2020 Qualifying Exam Sec. 1 Qu.2  [Open-book exam due to the pandemic]
2. [17 points]

(a) Suppose an economy consists of two consumers, Jones “;” and
Smith “s,” and two commodities, apples “a” and bananas “b.”
Suppose that the total amounts of apples and bananas in this
economy are given by

aj+ag=1 and
bj+bS=1

and the utility functions for Jones and Smith are

uj(aj,bj)=aj-b;
us(as, bg) = ag +1In(bg+1) .

Derive the equation or equations which I must have used to draw
Figure 2 (this economy’s “utility possibility frontier””), which
shows all the possible utility levels for Jones and for Smith for
all the Pareto Optimal allocations possible in this economy. Do
this by:

i. eliminating ay and b, from your calculations;

ii. either giving the answer as one equation containing u; and u,
or giving the answer as two equations, each expressing u; or
ug as a function of a; (or b ), and give the relevant upper and
lower bounds of a; (or b;).

(I add these requirements because there are many equally-good
ways of solving this problem and if students choose among these
ways arbitrarily, it will take me a very long time to grade the
varying answers.)

(b) What is the u j-intercept and the u-intercept of the curve in Fig-
ure 27

(¢) If the initial endowments are a; =0, b; =1, a5 = 1, and by = 0,
indicate in Figure 2 which part of the utility possibility frontier
would be in the core of this economy.
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uj

Figure 2. The utility possibility frontier.



Ansie Lo 2020 Qveli free, Sectrn 1 Queghin

CL) &:j ta, = | L(j = 613- AO.
bi+b, > |
5+ i =ty (o)
\
as :)»&lo‘

by l=by = ug = lajrl(I-hi ) =lai v s (2-4)

Find e Pt ﬂ/WF,,w)s :
Hothod 2. mix b .. 0 Axed
At dd: mex Us 5 Ug hved
A Hod 3 © max oug #(1-a) s

You cém use ﬂm7 o Hese ymethocs. Tl Thshcte Metlod 3.

Mok ki ¥ (1) p, = amec o ajld +(l~=t)[l-f~j M«(;béj')]

s.t. OS&jS]
osbjﬂ.

{
U
N
\
&
S
*.
>
\

'3
—
|
L\)
\\}j
Q
S
W
N
L

9
i - ra 24
b bz
- = LL - . o= b' .= )
So & >, nd Wy =4 LJ _Afszd‘ AO b
b
= =p. i W D - B b s ey
M‘S = ( dol'/@.\[?_/éd) —] 2’3. +/£x,[2 Lj)

J
ey DSLJ'S\



2’67.
2a; - 455 25,
ZQJ- :(&.o"l'l)(ao
Za_d
_ ;196
Gy
24y Za'L
Wi =4:b; =4, 21— .
j Thiby T4, 3y 4+ | DR
¢
U =I5 v (2-h5) = 14, e (20 0 p
2,42 -24, &
oz 4 _.__3_.._.__————2‘ - [-4a 2 < &
2 Ay = RS Gyt N
(0s¢5%))
O Wﬂ?‘/ﬂﬁ”’w: LL~_Zf'—’—]:-— W &, +W =lay =
' ) - £ +1 7 M5 ! J

; - :
— n:>0So
g :L-\)/;'""/'Z'("*J Wy =/ W+ Sy e necel O
—___—’_______,——"

37 — 4 T “# © pk Phe "+ "sipn
4 uj+[/u5'+8u5
J - ¢ ' bderesl
‘ Lo o Necl -
Pt foom chove, e dretler sprs™ 4 =7 ,
2 by +/45 B Fhe Tl
U, = -4, +Aﬁ=l" Y w+[
S 3 J 4
———:—"‘_'—1
I S ellez . Lo apy
4 g Vb 8y
y
Yoy = b} 48,
- T TV TR L g u.”/__;_._.__,* _ ﬂuzdmm"l? ve later
Y 3tV Iy + 8 1 W, bnd U

Yyomswg y-LV"H’



5 (
) 7!\/‘)\’63.«‘»@5 < '{7\2577)[46 Lot bansy, 4 /7’7'4'35 a’j=l b. =l a, =0 [::
I'd \7 7’ 5
IA,J'=4JL{): I'I=f

/

Hsrdg-)’,&/é_('/'/)';"o{”*&\(@'/‘& =0,

677"“; St el e Geples oot 5{«'«4«45/ b=l bs = 2520 /\7- -o

uj:aJ-Ld:o.D:O

U =agh li(bgvt) = 144 (141) =) 24,2 %167

Us Note: A vklh passivildies corve can be i any
[+ 2 - ﬁvadr(m{' or %uadr%‘ﬁ > L de fj"id""" Manomum
Vlidies +o be 2ero jvva for convenience . A more
W | ratwal wayTo anwer 1is gueshivn does ot stert with
Gn allocation, byt vather pith u; =0or Us=0,

&S:l A.S:D :71’(_57&54’&\(664—1):‘/1‘0&(04!)’/"I‘D:/.

S 5“‘*\) po.\\j'wﬁd\ s >0 ad ke 7 [ wovld be i He tore.

s
L2 & )69 '\ Pese po's om 11 uk(.'l—, pusibility hromtre could
. be m the tore




Us

1+In2

y

1 W

Figure 5. The utility possibility frontier.

22



2016 Final Exam Qu. 4

. [17 points] Suppose an economy consists of two persons, denoted “1”
and “2,” and two commodities, apples “a” and bananas “b.” Suppose
there is no production in this economy (that is, apples and bananas are
available for free—though in limited quantities, as explained below).

Suppose the utility functions of persons 1 and 2 are

up = ai +b1 and

u =ap+ %bz
respectively.

(a) Explain why one of the lines in Figure 1 represents all possible com-
binations for the utility of the two people, (11, uy), if the society has
available 16 apples and no bananas. Confirm that the coordinates
given for the four points on that line are their correct coordinates.
(Figure 1 is not an Edgeworth Box.)

(b) Explain why one of the lines in Figure 1 represents all possible com-
binations for the utility of the two people, (11, u»), if the society has
available no apples and 32 bananas. Confirm that the coordinates
given for the four points on that line are their correct coordinates.

(c) Suppose a social planner is trying to decide if this society should
have “16 apples and no bananas™ or “no apples and 32 bananas.”
Call the first option “a (16,0) economy” and the second option “a
(0,32) economy.”

Is a move from (uy,uy) = (4,7) to (u, ur) = (12,4) an actual Pareto
Improvement?

(d) The definition of a “Potential Pareto Improvement” is:

Economy E’ is a “Potential Pareto Improvement” over econ-
omy E if there exists at least one (re)allocation of com-
modities in E’ which is preferred by everyone to a given
initial allocation of commodities in E.

Explain why a move from the economy generating (uy, u) = (4,7)
to the economy generating (u,up) = (12,4) is a Potential Pareto
Improvement. Use the points given on the diagram in your expla-
nation.

(e) Is amove from (uy,uz) = (12,4) to (11, u2) = (4,7) an actual Pareto
Improvement?



Uz
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6 12 14 16 32 u
Figure 1

(f) Explain why a move from the economy generating (1, u>) = (12,4)
to the economy generating (u1, u) = (4,7) is a Potential Pareto Im-
provement. Use the points given on the diagram in your explana-
tion.

(g) In light of the results in (d) and (f) of this question, criticize the
decision to use the criterion of ‘“Potential Pareto Improvement” to
make social decisions. In other words, attack the following position:

“A social planner should choose economy E’ over econ-
omy E if E’ is a Potential Pareto Improvement over E.”



Answer to Question 4, Final Exam, Econ. 7005, Fall 2016

a. If a social planner were to give 100% weight to Person 1, then Person 1
would get all of this society’s resources: 16 apples and no bananas. In
that case, u; = 16 +0 =16and u, = 0 + %0 = 0, giving rise to the point
(16, 0) on the horizontal axis of Figure 1.

If a social planner were to give 100% weight to Person 2, then Person 2
would get all of this society’s resources: 16 apples and no bananas. In
that case, u; =0+0=0and u, = 16 + %O = 16, giving rise to the point
(0, 16) on the vertical axis of Figure 1.

Since this is a pure exchange economy and the utility functions are linear,
social weights between 0% and 100% for either person would generate
a straight line between the endpoints. The equation of this line is up =
—uy + 16. Points (6, 10) and (12, 4) lie on this line because

10=-6+16 and
4=-12+16.

b. If a social planner were to give 100% weight to Person 1, then Person 1
would get all of this society’s resources: 0 apples and 32 bananas. In that
case, u; =0+32=32and up = 0+ % -0 = 0, giving rise to the point
(32,0) on the horizontal axis of Figure 1.

If a social planner were to give 100% weight to Person 2, then Person 2
would get all of this society’s resources: 0 apples and 32 bananas. In that
case,u; =0+0=0and up, =0+ % -32 = 8, giving rise to the point (0, 8)
on the vertical axis of Figure 1.

Since this is a pure exchange economy and the utility functions are linear,
social weights between 0% and 100% for either person would generate
a straight line between the endpoints. The equation of this line is up =
—%ul + 8. Points (4,7) and (14, 4.5) lie on this line because

7=-%-4+8 and
45=-1-14+38.

c. No. An actual Pareto Improvement requires all agents to be better off (or
at least no worse off). In the case of this move, Person 2’s utility falls
from 7 to 4, so it is not an actual Pareto Improvement.

d. The initial point (4,7) is in the “(0,32) economy.” The other economy,
the “(16, 0) economy,” would be a Potential Pareto Improvement over the



(0,32) economy if there exists at least one (re)allocation of commodities
in the (16, 0) economy which is preferred by everyone to the initial point
(4,7) in the (0,32) economy. There is such a point: Figure 1 shows that
the point (6, 10) in the (16,0) economy is preferred by everyone to the
initial point (4,7) in the (0, 32) economy. Hence the (16,0) economy is a
Potential Pareto Improvement over the (0, 32) economy.

Optional: Another way to express this is: starting at (4,7) in the (0, 32)
economy, we should move to the (16,0) economy because—thinking
about moving to the point (12,4) in the (16,0) economy—the ‘winner’
(Person 1) could compensate the ‘loser’ (Person 2) in such a way that
(at (6,10)) both people are better off in the (16,0) economy then they
were in the original (0,32) economy at point (4,7). Economists who
advocate that in this situation a social planner should change from the
(0,32) economy to the (16, 0) economy even if the winner does not actu-
ally compensate the loser, just because the winner could compensate the
loser, are using the “Kaldor compensation criterion.” This is the same as
the “Potential Pareto Improvement” criterion described in the exam ques-
tion. See https://en.wikipedia.org/wiki/Kaldor_compensation_
criteria.

. No. An actual Pareto Improvement requires all agents to be better off (or
at least no worse off). In the case of this move, Person 1’s utility falls
from 12 to 4, so it is not an actual Pareto Improvement.

. The initial point (12,4) is in the “(16,0) economy.” The other economy,
the “(0, 32) economy,” would be a Potential Pareto Improvement over the
(16, 0) economy if there exists at least one (re)allocation of commodities
in the (0, 32) economy which is preferred by everyone to the initial point
(12,4) in the (16, 0) economy. There is such a point: Figure 1 shows that
the point (14,4.5) in the (0, 32) economy is preferred by everyone to the
initial point (12,4) in the (16, 0) economy. Hence the (0, 32) economy is
a Potential Pareto Improvement over the (16,0) economy.

Optional: Another way to express this is: starting at (12,4) in the (16, 0)
economy, we should move to the (0,32) economy because—thinking
about moving to the point (4,7) in the (0,32) economy— the ‘winner’
(Person 2) could compensate the ‘loser’ (Person 1) in such a way that (at
(14,4.5)) both people are better off in the (0, 32) economy then they were
in the original (16, 0) economy at point (12, 4).

. Part (d) showed that the (16,0) economy is a Potential Pareto Improve-
ment over the (0, 32) economy. Part (f) showed that the (0,32) economy

2


https://en.wikipedia.org/wiki/Kaldor_compensation_criteria
https://en.wikipedia.org/wiki/Kaldor_compensation_criteria

is a Potential Pareto Improvement over the (16,0) economy. So each
economy is a Potential Pareto Improvement over the other. Clearly a so-
cial planner using the decision rule given in the question would not know
which economy to prefer.

Note: This phenomenon is called the “Scitovsky Paradox.” See Tibor
Scitovsky, “A Note on Welfare Propositions in Economics,” Review of
Economic Studies, 1941: 77.
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