
Section 8: 

Normative General Equilibrium 



5. [17 points] Let Eo be the initial state of the natural environment (clean 
air, clean water, and so forth). 

Suppose that there are two persons in the economy, and these two 
persons are indexed by "i)) for i = 1,2. 

Each person is able to remove ei units of the environment and consume 
them. No one owns the environment, so the person pays nothing for 
the right to ),emove ei from then environment. 

The resulting state of the natural environment, called "E,)) is given by 
Eo ~ el - ez· 

Besides consuming ei, both persons also enjoy the natural environme~t 
in which they live, and their utility functions are given by. 

(a) 

(b) 

(c) 

Ui = 2JeiE for i = 1,2. 

In the formula for Ui, why does E have no subscript? 
>, 

What action will each person take? 

Find the first-order conditions characterizing Pareto Efficient al­
locations for this problerp.. Do not attempt to solve these first-
order conditions. 

(d) Is the self-interested behavior of each person consistent with Pareto 
EffiCiency in this problem? 
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Answer all of the following four questions.

1. [17 points]

(a) We have discussed three ways of finding the contract curve of a
two-person economy:

i. Solve max U1 s.t. U2 is fixed (and subject to feasibility con-
straints);

ii. Solve max U2 s.t. U1 is fixed (and subject to feasibility con-
straints);

iii. Solve max αU1 + (1− α)U2 subject to feasibility constraints

(where U1 is the utility of person 1, U2 is the utility of person 2,
and α ∈ [0, 1]).

Suppose in this two-person economy there are only two commodi-
ties, so we can use an Edgeworth-Bowley Box. Explain, using this
Box, why these three approaches all generate the contract curve.

For (i), it might help to start by illustrating what allocation it
results in for a few different endowments. The same comment
holds for (ii).

(b) Recall that we say two agents are of the same “type” if both their
preferences and their initial endowments are the same.

Explain why, in the core, any two agents of the same type must
receive the same bundle (the “equal treatment in the core” result).
Although you can get full credit for answering this question with
a correct mathematical proof, you can also get full credit if you
simply give the intuition for the result, and that is what I will
do on my answer sheet. You may make any assumptions you
wish on the consumer’s preferences, but please explain why those
assumptions are relevant to the result.
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2. [12 points] Consider a two-person pure exchange economy. Suppose 
Xij represents person i's consumption of good j. Suppose the utility 
functions of the two persons are 

Ul = xi{2xi~2 

U2 = x~{4x~~4 . 

Find two equations in two unknowns, or three equations in three un­
knowns, or four equations in four unknowns, whose solution will define 
the contract curve of this economy. You do not have to solve the equa­
tion system nor give an explicit solution; an implicit solution will be 
enough. 

,j 
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2. [12 points] 
Oonsider a two-person, two-good economy with persons named Smith 
and Jones and goods named 1 and 2. Suppose the amount of goods 
1 and 2 that Smith consumes is denoted by Xls and X2s, respectively. 
Suppose the amount of goods 1 and 2 that Jones consumes is denoted 
by Xlj and X2j, respectively. Suppose Smith's utility function is Us = 
xlsx~s and Jones's utility function is Uj = XljX~j' Suppose the total 
amount of good 1 in the economy is 3 and the total amount of good 2 
in the economy is 4. 

(a) Find the location of the contract curve in the Edgeworth Box 
of this economy. Suppose the Edgeworth Box has Smith's origin 
in the lower-lefthand corner, and describe the contract curve as 
a function of Smith's consumption, Xls and X2s, not of Jones's 
consumption. Graph Smith's consumption of good 1 on the hor­
izontal axis and Smith's consumption of good 2 on the vertical 
axis. 

(b) What is the slope of the contract curve? Is it positive or negative? 

(c) What is the second derivative ofthe contract curve? Is it positive 
or negative? 

(d) As pointed out on p. 554 of the text by Sydsreter and Hammond, 
which is attached to this exam, the gradient \I F of a function F 
is orthogonal to the tangent of its level curve. 

1. Calculate the gradient of the utility function of Smith at an 
arbitrary point on the contract curve. 

ii. From this, calculate the slope of the gradient of the utility 
function of Smith at an arbitrary point on the-contract curve. 

iii. Is'the answer to part (d)(ii) the same as the slope you found 
in part (b)? 

IV. Suppose a pair of indifference curves, one for Smith and one 
for Jones, pass through the same point on the contract curve. 
At this point, is the tangent line to Smith's indifference curve 
peri)endicular to the contract curve? At this point, is the 
tangent line to Jones's indifference curve perpendicular to 
the contract curve? 
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Section 1. , 
Answer both of the following two questions. 

1. Suppose there are two consumers, Tom and Harry, and each obtains 
utility from hours of sleep, . s, and from consuming good:J:. Tom and 
Harry's utility functions are 

ut(St,:J:t) == St:J:t and Uh(Sh,:J:h) = 8h:i;h 

respectively. Neithe~ Tom nor Harry has any initial endowment of :J:j 
their initial endowments of time are 

wt=l and wh=2, 

respectively, and they divide their time into hours of sleep and hours 
of work "wI!. (Be careful not to confuse w and w even though the two 
letters look similar.) . 

The total amount of good :J: in the economy is created from the tOtal 
amount of work w in the economy according to the production function 
:J:~4w. 

(a) Find the Pareto Optimal allocations of St, :J:t, St, and Sh. Hint: 
the answer can be written in several formsj one is 

. :J:t = 20: 

:J:h = 6 - 20: 

, I, 

I I 
I 
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(b) Suppose Tom and Harry form a two-person competitive economy. 
However, suppose there is government interference in this econ­
omy: the government subsidizes TOIn's purchases of z and taxes 
Harry's purchases of x, using so-called ad valorem ("according 
to value"] taxes T. (Note that Tom is poor and Harry is rich 
because of the differences in their endowments, Also, ignore any 
constraint conc~rning the government's budget balance.) 

i. Explain why Tom solves the problem 

maxStXt s.t. (l-St)Pw =pa:zt(l-T) 
Bt,Z& . 

and why Harry solves the problem 
. , 

ii; Show that in competitive equilibrium, 

St = l and Sh = 1 . 

iii. Either show that in competitive equilibrium 

'" 6(1+T) 
Xt = 3-T 

or show that in competitive equm,brium 

'" . 12 (l-'T) 
xh = 3-T 

(you do not haye to explain both of these). 

I, I 

IIPI 
I 

iv. From your answers to (a), (b-ii) , and (b-iii), explain that 
the allocation in the two-person competitive economy with 
distortionary taxes can only be Pareto Optimal if the tax 
rate T is zero. 

'I, 
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2. [14 points] Consider a two-agent two-commodity pure exchange econ-
omy, with agents named Smith (“s”) and Jones (“j”) and commodities
named apples (“a”) and bananas (“b”). Suppose the total number of
apples in this economy is 1 and the total number of bananas in this
economy is also 1, but both apples and bananas are completely divisible
(which means they can be cut into arbitrarily small pieces).

Denote Smith’s endowment by ωs = (ωsa, ωsb) and denote Jones’s en-
dowment by ωj = (ωja, ωjb). Suppose Smith consumes xsa apples and
xsb bananas, and Jones consumes xja apples and xjb bananas. Sup-
pose Smith’s utility function is us = xsaxsb, and suppose Jones’s utility
function is uj = xjaxjb.

Suppose this economy has a social planner who wants the competitive
equilibrium to be a certain arbitrary vector named

x̄ = (x̄sa, x̄sb, x̄ja, x̄jb) ,

and in order to ensure that the competitive equilibrium does result
in x̄, the social planner transfers Ta apples from Smith to Jones and
transfers Tb bananas from Smith to Jones, all before any trading occurs.
Note that Ta and Tb could take any sign (that is, they might not be
positive). Also, note that because x̄ is assumed to be the outcome
of a competitive equilibrium, it cannot be completely arbitrary, only
somewhat arbitrary.

Find the values of Ta and Tb. (Note that their existence is guaranteed
by the Second Theorem of Welfare Economics.)

Hint: The values of Ta and Tb may not be unique.
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2. The Second Theorem of Welfare Economics states that (given certain 
conditions) it is possible to achieve any Pareto Efficient allocation via 
competitive markets, if, before the competitive markets open, lump-· 
sum transfers can be imposed. 

Suppose there are two consumers in an economy; the first has utility 
function Ua = Xa Ya and the second has utility function Ub = Xb Yb, 

where x and Y are the two goods and "a" and "b" represent the first 
and second consumer, respectively. The initial allocation is (wxa , wya ) 

for the first consumer and (Wxb, Wyb) for the second ~onsumer. For 
an arbitrary Pareto Efficient point in this ec;onomy, what lump-sum 

, transfers (Tx, Ty.) from consumer "a" to consumer "b" are required in 
order for that Pareto Efficient point to be the outcome of competitive 
markets? (It is possible for Tm or Ty to be negative.) Hint: I found it 
easier to calculate the Pareto Efficient points using the "social weights" 
approach. 
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2018 Final Exam Qu. 4

4. [17 points]
Suppose a pure exchange economy consists of two consumers, Smith
“S” and Jones “J ,” and two commodities, apples “a” and bananas “b.”
Suppose the total number of apples in the economy is 3 and the total
number of bananas in the economy is 2. Suppose the utility functions
for Smith and for Jones are

uS(aS, bS) = ln aS + 3 ln bS and
uJ(aJ, bJ) = ln aJ + ln bJ ,

respectively.
Consider an Edgeworth Box with Smith’s origin being in the lower
left-hand corner of the box and with apples graphed on the horizontal
axis.

(a) Find an expression for the contract curve of this economy. You
may leave it in implicit form.

(b) Show that the point on the contract curve corresponding to Smith
getting two apples is (aS, bS) = (2, 12/7).

(c) Find the equation of the tangent line to the indifference curve of
Smith which passes through the point given in part (b). (Hint 1:
marginal rate of substitution. Hint 2: one way to write the equa-
tion of a generic straight line is y = mx + b (where “b” stands for
the general mathematical intercept, not for “bananas,” and “y”
stands for a general mathematical dependent variable, not for a
particular economic concept); another is y − y1 = m (x − x1).)

(d) Describe in the context of the Second Theorem of Welfare Eco-
nomics the economic interpretation of the tangent line you de-
rived in part (c).
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new: 2019 Final Exam, Qu. 1.
Resembles 2018 Final Exam Question 4

1. [17 points]
Suppose a pure exchange economy consists of two consumers, Smith
“S” and Jones “J ,” and two commodities, apples “a” and bananas “b.”
Suppose the total number of apples in the economy is 10 and the
total number of bananas in the economy is 10. Suppose the utility
functions for Smith and for Jones are

uS(aS, bS) = 2 ln aS + ln bS and
uJ(aJ, bJ) = ln aJ + ln bJ ,

respectively.
Consider an Edgeworth Box with Smith’s origin being in the lower
left-hand corner of the box and with apples graphed on the horizontal
axis.

(a) Find an expression for the contract curve of this economy. You
may leave it in implicit form. (I did not derive it by maximizing
the utility of one person holding the other person’s utility fixed;
I did it a different way.)

(b) Show that the point on the contract curve corresponding to Smith
getting four apples is (aS, bS) = (4, 5/2).

(c) Find the slope of the contract curve, and using this result, make
a rough sketch of the contract curve in the Edgeworth Box.

(d) Taking the price of bananas to be the numéraire, what would the
price of apples have to be in order for the point (4, 5/2) on the
contract curve to be a competitive general equilibrium?

(e) Tell me everything you know about the indifference curves of
Smith and of Jones which pass through the point (4, 5/2) on the
contract curve. Make a rough sketch of these two indifference
curves in your Edgeworth Box diagram, including information
gained from part (d).

2
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2. [18 points] Suppose an economy consists of two price-taking persons,
“a” and “b”. Person a has available 1 unit of “time” which he divides
between rest Ra and labor la. Person b has available 1 unit of “time”
which he divides between rest Rb and labor lb.

Good “x” is produced by one competitive firm according to the pro-
duction function

x = labor hired .

This firm is completely owned by Person a.

Let the amount of good x consumed by Person a be xa and the amount
of good x consumed by Person b be xb. Let X = xa + xb. (Although
the symbol for the good, “x,” and for the total amount of it produced,
“X,” are easily confused, only the latter plays an important role in the
equations needed to work out this problem.)

Suppose production of x causes air pollution which decreases the utility
of Person b but not of Person a (perhaps because Person a lives far away
from the source of the air pollution). The utility functions of the two
individuals are

ua = xaRa

ub = xbRb −X .

Suppose that Person b always sees “X” as exogenous; he never thinks of
X as being xa+xb (even though it is), and therefore he never considers
the effect of his own consumption of x on the amount of air pollution.

To combat pollution, the government may intervene in this economy by
imposing a tax of TX on the firm, where T ≥ 0. (So the marginal tax
rate on the firm’s output is T and the total tax revenue is TX.) If it
does so, it gives half of the money it receives to each consumer. Neither
consumer ever knows where this money comes from; each consumer
thus considers it a “lump sum” gift. Call the amount of money each
consumer receives from the government “t.” Clearly t ≥ 0.

Take the price of labor as the numéraire.

(a) Does the production function have increasing, decreasing, or con-
stant returns to scale? Why?

(b) Show that, in equilibrium, 2t = TX. (This is very easy.)
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(c) Find the demand for x, supply of l, and demand for R of Person a,
assuming nothing about the values of T and t except that they
are not negative.

(d) Find the demand for x, supply of l, and demand for R of Person b,
assuming nothing about the values of T and t except that they
are not negative.

(e) Using your results so far, show that

T =
2t

1− t
.

(Hint: use the production function.)

(f) Find the general equilibrium price of x and find the amount of
firm profit.

(g) Find the equilibrium demand for x of Person a, and find the equi-
librium demand for x of Person b. It is fine if they are functions
of t, but they should not be functions of T (you can use the result
of part (e) to eliminate T ).

(h) Show that in general equilibrium,

ua =
1− t2

4
and

ub =
−3 + 4t− t2

4
.

(You can think of these as being the indirect utility functions.)

(i) Using the results of part (h), suppose the government is controlled
by a social planner who wishes to maximize

W = αua + (1−α)ub

for α ∈ [ 0, 1]. Find the social planner’s optimal value of t. Why
does it make sense?

(j) In this problem, is the competitive equilibrium with no govern-
ment intervention Pareto Optimal?
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Section 2. 
Answer one of the following two questions. 

1. [12 points] 
Baby Alice has two grandfathers, Grandpa Smith and Grandpa Jones. 
Suppose there is one good, called "X", and suppose the consumption 
of that good by Baby Alice, Grandpa Smith, and Grandpa Jones is 
XA, Xs, and xl, respectively. 

Grandpa Smith has an endowment of 3 units of good x, of which he 
consumes Xs and gives XSA to Baby Alice: 

Xs + XSA = 3. 

Grandpa Jones has an endowment of 3 units of good x, of which he 
consumes XJ and gives XJA to Baby Alice: 

Baby Alice has no endowment of good Xi all of her consumption con­
sists of gifts from her grandfathers: 

XA =XSA +XJA ' 

Baby Alice's utility function is 

Grandpa Smith's utility function is 

Grandpa Jones's utility function is 

(So the grandfathers care about their own consumption and the utility 
of Baby Alice.) 

(a) Find the values of XSA, XJA, XA, Xs, Xl, Us, Ul, and UA. Assume 
that each grandfather takes the other grandfather's actions as 
fixed. (So this is technically an equilibrium in the sense of Nash.) 
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(b) Denote the values found in part (a) as X~A' xjA' x~, x~, xj, u~, 
uj, and u~. Now suppose that instead of giving xh and xjA, each 
grandfather increases his gift by € > O. Show that for sufficiently 
small €, this change increases everyone's utility compared with 
the situation of part (a). 

(c) Is the Nash Equilibrium efficient? 

(d) Briefly speculate about the welfare implications of this example 
if, instead of Baby Alice having two grandfathers, she had folir 
great-grandfathers. 
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2017 Final Exam Qu. 2

2. [17 points]
Baby Alice has two grandfathers, Grandpa Smith and Grandpa Jones.
Suppose there is one good, called “x”, and suppose the consumption of
that good by Baby Alice, Grandpa Smith, and Grandpa Jones is xA, xS,
and xJ, respectively.

Grandpa Smith has an endowment of 3 units of good x, of which he
consumes xS and gives xSA to Baby Alice:

xS + xSA = 3 .

Grandpa Jones has an endowment of 3 units of good x, of which he con-
sumes xJ and gives xJA to Baby Alice:

xJ + xJA = 3 .

Baby Alice has no endowment of good x; all of her consumption consists
of gifts from her grandfathers:

xA = xSA + xJA .

Baby Alice’s utility function is

uA(xA) = ln xA .

Grandpa Smith’s utility function is

uS(xS, uA) = ln xS + uA .

Grandpa Jones’s utility function is

uJ(xJ, uA) = ln xJ + uA .

(So the grandfathers care about their own consumption and the utility of
Baby Alice.)

(a) Find the values of xSA, xJA, xA, xS, xJ, uS, uJ, and uA. Assume that each
grandfather takes the other grandfather’s actions as fixed. (So, as
you’ll study next semester, technically this is an equilibrium in the
sense of Nash.) Denote the values you find as x∗SA, x∗JA, x∗A, x∗S , x∗J , u∗S ,
u∗J , and u∗A.



(b) Suppose a social planner maximizes a social welfare function which
weights the utility of Grandpa Smith and Grandpa Jones equally but
puts no weight on Baby Alice’s utility. Denote the social planner’s
optimal transfers, allocations, and the resulting utility levels as x̂SA,
x̂JA, x̂A, x̂S, x̂J, ûS, ûJ, and ûA. Find these values.

(c) Using the answers to parts (a) and (b), determine whether the alloca-
tion in part (a) is efficient. If it is not efficient, are the transfers from
the grandfathers to Baby Alice in part (a) too large or too small?
If you do not have a calculator, you may leave logarithms uneval-
uated and explain what procedure you would follow if you had a
calculator. Note that 2 ln 2 ≈ 1.39, ln 2 ≈ 0.69, ln(9/2) ≈ 1.51, and
ln 3 ≈ 1.10.



(See previous 
question.)









1. [12 points] 
We wish to construct an Edgeworth Box for a case in which the two 
agents have altruism for each other. 

Suppose Person 1 consumes Xl units of good x and Yl units of good y, 
and suppose Person 2 consumes X2 units of good x and Y2 units of 
good y. Suppose the total amount of x available to the two persons is 
1 unit and suppose the total amount of Y available to the two persons 
is also 1 unit. 

(a) First suppose the utility functions of the two persons are given 
by 

Ul(Xl, Yl, U2) = Xl + Yl + ~U2 
. 1 

U2(X2, Y2, Ul) = X2 + Y2 + 2Ul . 

By solving for Ul as only a function of Xl and Yl, and solving 
for U2 as only a function of X2 and Y2, argue that the contract 
curve would be the same as if the two persons were not altruistic, 
indeed the same as if the utility functions of the two persons were 

- .... _--.instead_givenhy-_ .... __ ._ _________ .____ __ ._ 
Ul(Xl, Yl) = Xl + Yl 

U2(X2, Y2) = X2 + Y2 . 

(b) Re-work part (a) supposing that the utility functions of the two 
persons are not given by 

Ul(Xl,Yl,U2) = Xl +Yl + ~U2 
U2(X2, Y2, Ul) = X2 + Y2 + ~Ul' 

but instead are given by 

Ul(Xl,Yl, U2) = XlYl + ~U2 
U2(X2, Y2, Ul) = X2Y2 + ~Ul . 

You should obtain 

Ul(Xl, Yl) = 2XIYl - ~Xl - ~Yl + ~ 
U2(X2, Y2) = 2X2Y2 - ~X2 - ~Y2 + ~ . 

In this case, will the outcome of the agents' behavior be affected 
by their altruism? 
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(c) The rest of this question concerns the persons of part (b). Draw 
an Edgeworth Box (put Xl on the horizontal axis and Yl on the 
vertical axis). In this Box, indicate the regions where: 

• aUd aXl > 0; 

• aUd aXl < 0; 

• aUd aYl > 0; 

• aUdaYl < 0. 

Also in this Box, indicate the regions where: 

• aUz/ axz > 0; 

• aUz/ axz < 0; 

• aUz/ ayZ > 0; 

• aUz/ ayz < 0. 

You may reason by analogy with the results for Person 1. 

(d) In each region of the Box, draw a small dot, and from this dot 
draw an arrow showing the direction ("northwest," "northeast," 
"southwest," or "southeast") of increasing utility for Person 1. 
Also, from each dot draw an arrow showing the dirction of in­
creasing utility for Person 2. 

(e) ConsideringUl as afunctiQnoL~land Yl, and considering_Uz as 
a function of Xl and Yl (not 'of Xz nor YZ), it is trivial to show 
that 

Ul(o,O) = ~ 
Ul(~'~) =. ~ 
Ul(~'~) = ~ 
U1(1, 1) = ~ 

Uz(O, O) = ~ 
Uz(i,~) = ~ 
Uz(~,~) = ~ 
Uz(l, 1) = ~ 

so I do not want you to prove that they are true. Use these facts 
to argue that the only Pareto Efficient points (Xl, Yl) in this two­
person economy are (0,0) and (1,1). 

(f) The conclusion for this economy is that in it, altruism leads to 
complete inequality as the only efficient allocation. This may be 
counterintuitive; the explanation can only be that the rich people 
are happy because they are rich, and the poor people are happy 
because the rich people are rich. Briefly conjecture what param­
eter values of the utility functions would have to be changed in 
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order to reverse the conclusion that “altruism leads to complete
inequality as the only efficient allocation.” (One or two sentences
will suffice here; do not work out anything mathematically, be-
cause I am asking only for a reasonable conjecture, not a proof.)
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[19 points] Suppose there are two persons in a pure-exchange economy; 
they are named "a" and "b". Their utility functions, which depend on, 
the amounts of the two goods "x" and "y" which they consume, are: 

Ua = Inxa + In Va 

Ub = 2ln Xb '+ In Vb • 

(So "xa" is the amount of good x which consumer "a" consumes.) 
The consumers' initial endowments are given by the following vectors, 
where the first entry of the vector is the initial amount of good x and, 
the second entry of the vector is the initial amount of good y: 

Wa = (10,10) 

. Wb = (1,1) 

Suppose the social planner's social welfare function is 

, 
Suppose the I:\ocial planner is unable to directly allocate commodities 
to individuals; all the social planner is able to do is to make lump-sum 
transfers of good V but not good x from one person to theother._ 

What should the social planner do to achieve his objective? Stop when 
you find one equation in one unknown whose solution would enable you 
to solve the rest of the problem by simple substitutions. Do not try 
to solve that equation! 

I I, 
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. In[1]:= 

xa := (330-11 T)/(34+T) 
ya := ((34+T)/32) * xa 
possibleTs = Solve[ xa*ya 
N [possibleTs] 

OuH4J= 

(ll-xa) "2 * (ll..,ya), T]; 

{{T -> 6.05199}, {T -> -6.39809 + 8.67742 I}, {T -> -6.39809 - 8.67742 I}} 
In[5J:= 

(* So the first possible T is the right one (the others are imaginary 
numbers. *) 

(* Assign "T" to the correct'value.*) 
T=T/.possibleTs[[l]] 

OuH7J= 

1/3 1/3 
290 131072 2 (1648492544 + 287440896 Sqrt[33]) 

-r--) - +--------------------------------
129 . 1/3 1/3 

129 (1648492544 + 287440896 Sqrt [33]) 129 2 
In[8l:= 

{N[T],N[xa],N[ya]} 
OuH8J= 

{6.05199, 6.57715, 8.23213} 
In[9J:= 

xb=ll-xa; yb=ll-ya; 
{ N [xb], N [yb] } 

OuH10J= 

{4~42285, 2~76787} ~ 
Int11J:= 

F"ScfYl (1/4. 11 ) 10 ~f'D0'~ 
~S~ ("b '') 

{"a's utility", N[ Log[xa]+Log[ya]]} 
--{HbLs-ut-il it;y n ,-N ~-2Log-[-xb].-I-J.,og[¥b III 

OuHllJ= 

{a's utility, 3.99165} 
OuH12J= 

{b's utility, 3.99165} 

v ~ 'h--cwh17h. 1U fL. fUfU lvv-e- tI.t. J~ 
u1.ur1 
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Answer all of the following five questions. 

1. [12 points] Consider a two-person, two-commodity economy in which 
"Xi/' represents the amount of commodity i belonging to person j. 
SllPpose the utility function of person 1 is 

In Xu + In X21 

and the utility function of person 2 is 

Inx12 + Inx22' 

Suppose the initial endowments of persons 1 and 2 are WI = (1,1) and 
W2 = (2,1), respectively. Find the core of this economy. 
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2. [13 points, divided as: 3 points for (a), (e), and (f) taken together; 
3 points for (b) and (c) taken together; 3 points for (d); 4 poi~ts 
for (g).] 
In an exam from a previous year, I (Prof. Lozada) asked the following 
question: 

Consider a two-person, two)"commodity economy in which 
"Xi/' represents the amount of commodity i belonging to 
person j. Suppose the utility function of person 1 is 

In Xn + In X2I 

and the utility function of person 2 is 

InXI2 + Inx22. 

Suppose the initial endowments of persons 1 and 2 are WI = 
(1,1) and W2 = (2,1), respectively. Find the core of this 
economy. 

I have attached the two-page handwritten answer to this question right 
after page:O 6f:r.qm Mimi.. Please look at those two pages. 

3 of ~ 'l>"eoSiio",. 
(a) After the old answer sheets are two pages with computer-drawn 

graphs. You should ignore all of the typewritten computer com­
mands on this page, which are written in a language I do not 

1 



expect you to be familiar with. Find Fig. 1. Its horizontal axis 
is, as labeled, U1 = In(xll . ~Xll)' and its vertical axis is, as 
labeled, U 2 = In[(3-xll) . (2-~Xll)]' As indicated, the graph 
shows what happens in this (U1 , U2 ) space as Xu goes from V6/2 
to 3-..;3, in other words, as Xll goes approximately from 1.23 to 
1.27. Give an economic interpretation of this curve in (U1 , U2 ) 

space. Hint 1: I have never shown you a graph in (U 1 , U2 ) space 
before, so I am not asking you to remember something, I am ask­
ing you to interpret something which is new to you. Hint 2: Look 
back to the old answer sheet, especially the bottom of its second 
page, for help. 

(b) All the remaining parts below pertain to finding the core of the 
"2-replica" of the above economy, in other words, finding the core 
of the economy with two people who are identical to Person 1 
above and two people who are identical to Person 2 above. 
To begin, explain why one of the first steps in finding the core of 
the 2-replica might be to solve 

max[adn(xllx21) + (1-a)ln(x12x22)] 

for a E [0,1] such that 

2Xll + X12 = 4 and 

2X21 + X22 = 3 . 

Read part (c) before you answer part (b). 

(c) Next, explain why one of the first steps in finding the core of the 
2-replica might be to solve 

max [a In(xll X21) + (1-a) In(x12 X22)] 

for a E [0,1] such that 

Xu + 2X12 = 5 and 

X21 + 2X22 = 3 . 

(d) Solve the problem in part (b). I-lint: one way of' expressing the 
answer is 

Xll = 2a 

X12 = 4 - 4a 

X21 = ~a 
X22 = 3 - 3a. 

2 



Next, argue that not all a E [0,1] are economically relevant, and 
that the economically relevant a's are 

a E [~, 1-~] ~ [0.58,0.59]. 

Hint: When I worked the last sentence of this part, one of my 
intermediate steps was to solve 6a2 - 12a + 5 > 0. In solving 
that it was helpful to remember that ifax2 + bx + c = ° then 

x = (-b ± Vb2 - 4ac)/2a. 

(e) Find Fig. 2 on the first sheet of computer-drawn graphs. It is 
related to parts (b) and (d) above. Its horizontal axis is, as 
labeled, U1 = In(2a . ~a), and its vertical axis is, as labeled, 
U2 = In[(4-4a) . (3-3a)]. As indicated, the graph shows what 
happens in this (U1 , U 2 ) space as a goes from ~ to 1- ~. Give 

an economic interpretation of this curve in (U1 , U 2 ) space. 

(f) Find Fig. 3 on the first sheet of computer-drawn graphs. It is 
related to part (c) above. Guess what Fig. 3 shows. Hint: I give 
part of the answer away in the first two sentences of part (g), so 
you might want to read them before answering. 

(g) Find Fig. 4, on the second sheet of computer-drawn graphs. Fig. 4 
just superimposes Figs. 1, 2, and 3. I have indicated what values 
of Xll correspond to two important points in Fig. 4. 

i. Explain the economic conclusions which come from Fig. 4. 
Then: 

11. draw an Edgeworth Box, as on the second page of the old 
exam answer; 

iii. in this Edgeworth Box, show the core of the 2-replica of the 
economy; and 

iv. in this Edgeworth Box, show how the core of the 2-replica 
compares to the core of the original economy; and finally, 

v. explain why this result (the result of subpart (iv) which you 
just completed) is just what one would expect. 

3 
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Corerep 
1n[1]:= 

ParametricPlot[ {Log [xoneone*(2/3)xoneone], Log[(3-xoneone) (2-(2/3)xoneone 
{xoneone, Sqrt[6]/2, 3-Sqrt[3]}] 

0.74 

0.73 

f W '0.72 
)(1\ E r 4) 3 -13 ] ~ 

l 

;;. 0.71 ---~ 
I 

wi .... 
')<. 

Out[1]=~ 
-Graphics-

1n[2]:= 

ParametricPlot[ {Log[3 alpha A 2], Log[(4-4alpha) (3-3alpha)]), 
{alpha, 1/Sqrt[3] , 1-(1/Sqrt[6])}] 

~c 
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P. ............. 
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Out [2]= 

-Graphics-
1n[3]:= 

0( E [73 I 1-- k] 
0.01 0.02 0.03 .05 

ParametricPlot[ {Log[(5 alpha/(2-alpha))*(3 alpha/(2-alpha))], 
Log[( (5(1-alpha))/(2-alpha) ) ( (3(1-alpha))/(2-alpha) I]}, 
{alpha, (-1+Sqrt[15])/7, (1l-Sqrt[30])/13}] 

0.72 

0.715 

0.71 

OuH3]= 

-Graphics-
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4. [17 points] Consider a pure exchange economy with two persons named 
"a" and "b" and two commodities named ((I)) and "2.)) The utility 
function and endowment of person "a)) are given by 

Wa = (1,0) 

and the utility function and endowment of person "b" are given by 

Wb = (0,2). 

(a) Find the competitive general equilibrium prices and quantities in 
this economy. 

(b) Find the Pareto Optimal allocations in this economy. 

(c) Is the competitive general equilibrium in this economy Pareto 
Optimal? Should it be? 

(d) What is the core of this economy? (Sketching an Edgeworth Box 
might help in answering this.) 
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6. [11 points] . 

(a) Suppose an economy consists of two persons, A, and B. Theyhave 
initial endowments Wa and Wb, respectively. They have consump­
tion bundles Xa and Xb, respectively. They have utility functions 
ua(xa) and Ub(Xb), respectively. 
What procedure would you use to calculate the core of this econ­
omy? List all the steps. If there are optimization problems in­
volved, give the Lagrangians and state what the unknown~' are. 
You need not calculate nor state any first-order conditions. I 
just want you to state a step-by-step procedure which someone 
else who knew multidimensional optimization but knew nothing, 
about the core could follow to calculate the core, if that person 
knew what the utility functions were. 

(b) Suppose an economy consists of three persons, A, B, and C. They 
have initial endowments W a , Wb, and We, respectively. They have 
conf;lumption bundles X a , xb,'and Xc, respectively. They have util­
ity functions ua(Xa), Ub(Xb); and uc(xe), respectively. 
What procedure would you use to calculate the core of this econ-

- -omy? List all--the steps. If there are optimization problems in-­
volved, give the Lagrangians and state what the unknowns are. 
You need not calculate nor state any first-order conditions. I 
just want you to state a step-by-step procedure which someone 
else who knew multidimensional optimization but knew nothing 
about the core could follow to calculate the core, if that person 
knew. what the utility functions were. 
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2020 Qualifying Exam Sec. 1 Qu. 2

2. [17 points]

(a) Suppose an economy consists of two consumers, Jones “ 𝑗” and
Smith “𝑠,” and two commodities, apples “𝑎” and bananas “𝑏.”
Suppose that the total amounts of apples and bananas in this
economy are given by

𝑎 𝑗 + 𝑎𝑠 = 1 and
𝑏 𝑗 + 𝑏𝑠 = 1

and the utility functions for Jones and Smith are

𝑢 𝑗 (𝑎 𝑗 , 𝑏 𝑗) = 𝑎 𝑗 · 𝑏 𝑗

𝑢𝑠 (𝑎𝑠, 𝑏𝑠) = 𝑎𝑠 + ln(𝑏𝑠+1) .

Derive the equation or equations which I must have used to draw
Figure 2 (this economy’s “utility possibility frontier”), which
shows all the possible utility levels for Jones and for Smith for
all the Pareto Optimal allocations possible in this economy. Do
this by:

i. eliminating 𝑎𝑠 and 𝑏𝑠 from your calculations;
ii. either giving the answer as one equation containing 𝑢 𝑗 and 𝑢𝑠,

or giving the answer as two equations, each expressing 𝑢 𝑗 or
𝑢𝑠 as a function of 𝑎 𝑗 (or 𝑏 𝑗), and give the relevant upper and
lower bounds of 𝑎 𝑗 (or 𝑏 𝑗).

(I add these requirements because there are many equally-good
ways of solving this problem and if students choose among these
ways arbitrarily, it will take me a very long time to grade the
varying answers.)

(b) What is the 𝑢 𝑗-intercept and the 𝑢𝑠-intercept of the curve in Fig-
ure 2?

(c) If the initial endowments are 𝑎 𝑗 = 0, 𝑏 𝑗 = 1, 𝑎𝑠 = 1, and 𝑏𝑠 = 0,
indicate in Figure 2 which part of the utility possibility frontier
would be in the core of this economy.
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𝑢 𝑗

𝑢𝑠

Figure 2. The utility possibility frontier.
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Figure 5. The utility possibility frontier.
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2016 Final Exam Qu. 4

4. [17 points] Suppose an economy consists of two persons, denoted “1”
and “2,” and two commodities, apples “a” and bananas “b.” Suppose
there is no production in this economy (that is, apples and bananas are
available for free—though in limited quantities, as explained below).
Suppose the utility functions of persons 1 and 2 are

u1 = a1 + b1 and

u2 = a2 +
1
4 b2

respectively.

(a) Explain why one of the lines in Figure 1 represents all possible com-
binations for the utility of the two people, (u1, u2), if the society has
available 16 apples and no bananas. Confirm that the coordinates
given for the four points on that line are their correct coordinates.
(Figure 1 is not an Edgeworth Box.)

(b) Explain why one of the lines in Figure 1 represents all possible com-
binations for the utility of the two people, (u1, u2), if the society has
available no apples and 32 bananas. Confirm that the coordinates
given for the four points on that line are their correct coordinates.

(c) Suppose a social planner is trying to decide if this society should
have “16 apples and no bananas” or “no apples and 32 bananas.”
Call the first option “a (16, 0) economy” and the second option “a
(0, 32) economy.”
Is a move from (u1, u2) = (4, 7) to (u1, u2) = (12, 4) an actual Pareto
Improvement?

(d) The definition of a “Potential Pareto Improvement” is:

Economy E ′ is a “Potential Pareto Improvement” over econ-
omy E if there exists at least one (re)allocation of com-
modities in E ′ which is preferred by everyone to a given
initial allocation of commodities in E .

Explain why a move from the economy generating (u1, u2) = (4, 7)
to the economy generating (u1, u2) = (12, 4) is a Potential Pareto
Improvement. Use the points given on the diagram in your expla-
nation.

(e) Is a move from (u1, u2) = (12, 4) to (u1, u2) = (4, 7) an actual Pareto
Improvement?

5
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(f) Explain why a move from the economy generating (u1, u2) = (12, 4)
to the economy generating (u1, u2) = (4, 7) is a Potential Pareto Im-
provement. Use the points given on the diagram in your explana-
tion.

(g) In light of the results in (d) and (f) of this question, criticize the
decision to use the criterion of “Potential Pareto Improvement” to
make social decisions. In other words, attack the following position:

“A social planner should choose economy E ′ over econ-
omy E if E ′ is a Potential Pareto Improvement over E .”
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Answer to Question 4, Final Exam, Econ. 7005, Fall 2016
a. If a social planner were to give 100% weight to Person 1, then Person 1

would get all of this society’s resources: 16 apples and no bananas. In
that case, u1 = 16 + 0 = 16 and u2 = 0 + 1

40 = 0, giving rise to the point
(16, 0) on the horizontal axis of Figure 1.

If a social planner were to give 100% weight to Person 2, then Person 2
would get all of this society’s resources: 16 apples and no bananas. In
that case, u1 = 0 + 0 = 0 and u2 = 16 + 1

40 = 16, giving rise to the point
(0, 16) on the vertical axis of Figure 1.

Since this is a pure exchange economy and the utility functions are linear,
social weights between 0% and 100% for either person would generate
a straight line between the endpoints. The equation of this line is u2 =

−u1 + 16. Points (6, 10) and (12, 4) lie on this line because

10 = −6 + 16 and

4 = −12 + 16 .

b. If a social planner were to give 100% weight to Person 1, then Person 1
would get all of this society’s resources: 0 apples and 32 bananas. In that
case, u1 = 0 + 32 = 32 and u2 = 0 + 1

4 · 0 = 0, giving rise to the point
(32, 0) on the horizontal axis of Figure 1.

If a social planner were to give 100% weight to Person 2, then Person 2
would get all of this society’s resources: 0 apples and 32 bananas. In that
case, u1 = 0 + 0 = 0 and u2 = 0 + 1

4 · 32 = 8, giving rise to the point (0, 8)
on the vertical axis of Figure 1.

Since this is a pure exchange economy and the utility functions are linear,
social weights between 0% and 100% for either person would generate
a straight line between the endpoints. The equation of this line is u2 =

−1
4u1 + 8. Points (4, 7) and (14, 4.5) lie on this line because

7 = −1
4 · 4 + 8 and

4.5 = −1
4 · 14 + 8 .

c. No. An actual Pareto Improvement requires all agents to be better off (or
at least no worse off). In the case of this move, Person 2’s utility falls
from 7 to 4, so it is not an actual Pareto Improvement.

d. The initial point (4, 7) is in the “(0, 32) economy.” The other economy,
the “(16, 0) economy,” would be a Potential Pareto Improvement over the

1



(0, 32) economy if there exists at least one (re)allocation of commodities
in the (16, 0) economy which is preferred by everyone to the initial point
(4, 7) in the (0, 32) economy. There is such a point: Figure 1 shows that
the point (6, 10) in the (16, 0) economy is preferred by everyone to the
initial point (4, 7) in the (0, 32) economy. Hence the (16, 0) economy is a
Potential Pareto Improvement over the (0, 32) economy.

Optional: Another way to express this is: starting at (4, 7) in the (0, 32)
economy, we should move to the (16, 0) economy because—thinking
about moving to the point (12, 4) in the (16, 0) economy—the ‘winner’
(Person 1) could compensate the ‘loser’ (Person 2) in such a way that
(at (6, 10)) both people are better off in the (16, 0) economy then they
were in the original (0, 32) economy at point (4, 7). Economists who
advocate that in this situation a social planner should change from the
(0, 32) economy to the (16, 0) economy even if the winner does not actu-
ally compensate the loser, just because the winner could compensate the
loser, are using the “Kaldor compensation criterion.” This is the same as
the “Potential Pareto Improvement” criterion described in the exam ques-
tion. See https://en.wikipedia.org/wiki/Kaldor_compensation_
criteria.

e. No. An actual Pareto Improvement requires all agents to be better off (or
at least no worse off). In the case of this move, Person 1’s utility falls
from 12 to 4, so it is not an actual Pareto Improvement.

f. The initial point (12, 4) is in the “(16, 0) economy.” The other economy,
the “(0, 32) economy,” would be a Potential Pareto Improvement over the
(16, 0) economy if there exists at least one (re)allocation of commodities
in the (0, 32) economy which is preferred by everyone to the initial point
(12, 4) in the (16, 0) economy. There is such a point: Figure 1 shows that
the point (14, 4.5) in the (0, 32) economy is preferred by everyone to the
initial point (12, 4) in the (16, 0) economy. Hence the (0, 32) economy is
a Potential Pareto Improvement over the (16, 0) economy.

Optional: Another way to express this is: starting at (12, 4) in the (16, 0)
economy, we should move to the (0, 32) economy because—thinking
about moving to the point (4, 7) in the (0, 32) economy— the ‘winner’
(Person 2) could compensate the ‘loser’ (Person 1) in such a way that (at
(14, 4.5)) both people are better off in the (0, 32) economy then they were
in the original (16, 0) economy at point (12, 4).

g. Part (d) showed that the (16, 0) economy is a Potential Pareto Improve-
ment over the (0, 32) economy. Part (f) showed that the (0, 32) economy

2

https://en.wikipedia.org/wiki/Kaldor_compensation_criteria
https://en.wikipedia.org/wiki/Kaldor_compensation_criteria


is a Potential Pareto Improvement over the (16, 0) economy. So each
economy is a Potential Pareto Improvement over the other. Clearly a so-
cial planner using the decision rule given in the question would not know
which economy to prefer.

Note: This phenomenon is called the “Scitovsky Paradox.” See Tibor
Scitovsky, “A Note on Welfare Propositions in Economics,” Review of
Economic Studies, 1941: 77.
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