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Uncertainty
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1. A consumer’s utility function is u(w) = w® where w is wealth. His
initial wealth consists of $4 plus a lottery ticket which pays off §12
with probability 1/2 and $0 with probability 1/2. This' consumer’s
preferences over lotteries obey the expected utility hypothesis.
Suppose p denotes the lowest price at which this consumer will willingly
part with his lottery ticket.

- (a) Show that '
dp _ —(4+p)*In(4 + p) + §(In 16)16* + §(In 4)4°
da - a(4 + p)a'—l .

Hint: although 22V is yz¥~!, £4° is y°Iny.

~ (b) Does p increase or decrease as a increases slightly from a = 1?7 (If you -
do not have a calculator or for any other reason you do not wish to
numerically simplify your answer, that is fine; as long as your answer
has only numbers and no variables, it is simplified enough. You should
explain how you would answer the question if you had a calculator,

though.)
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Answer all of the following six questions.

1. In a lottery, suppose two outcomes are equally likely to occur, and only
those two outcomes can occur. Suppose the lottery is a fair game.

Let a be the amount of money an agent would have to be paid in order
to make him indifferent between participating in and not participating
in the lottery.

Let b be the amount.of money an agent would be willing to pay to
have the right to avoid participating in the lottery.

Suppose the Expected Utility Hypothesis holds.

(a) If the agent is risk-neutral, find a and b.

(b) If the agent is risk-averse, is a > b, @ < b, a = b, or can you not
tell? Be sure to show all your work.
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Question 2.1 Suppose a consumer has monetary wealth W. There is some

probability that he will lose an amount L—for example, there is some prob-

ability -his house will burn down. The consumer can purchase insurance that
will pay him ¢ dollars in the event that he incurs this loss. The amount of

money that he has to pay for ¢ dollars of insurance coverage is 7¢; here  is

the premium per dollar of coverage.

The consumer can decrease the probability of the loss by performing a level .
of effort e. (For example, e might measure the number of times every month
that the consumer checks the operation of the fire-detecting equipment in his
home.) The consumer dislikes effort, so the only reason he might set e # 0
is because e decreases the probability of the loss. The probability of the loss
can be written p(e).

Assume that ¢ is set by the consumer, not by the firm. Suppose there is only
one firm and one consumer. Assume that the expected utility hypothesis
holds.

a) What is the consumer’s objective function? Do not assume any specific
functional forms beyond what the problem statement above allows you
to assume.

b) What is/are'the consumer’s first-order condition/conditions for a max- g
imum?- ‘ "
c) What is the firm’s objective function? Do not assume any specific func-
tional forms beyond what the problem statement above allows you to

assume.
d) What is/are the firm’s first-order condition/conditions for a maximum?
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Answer all of the following six questions.
Each question is worth 10 points.

1. Assume a consumer has utility function u(w) = —1/w where w is
wealth, and assume the consumer obeys the Expected Utility Hypoth-
esis.

(a) Denote the consumer’s current wealth by wg. How much would
he be willing to pay for a lottery ticket promising to pay $1 with
probability 1/2 and $0 with probability 1/2? It is possible to
solve this exactly but you only need to derive the appropriate..
formula which this price must obey.

(b) Suppose the consumer owns the lottery ticket described in part (a)
and he also owns wp in sure wealth. How much money would he .
have to be paid in order to convince him to sell the lottery ticket?
Tt is possible to solve this exactly but you only need to derive the .
appropriate formula which this price must obey.

®
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Question 1
B

1 621 Section (must answer one)
Question 1. Suppose a consumer’s utility function is w(f) = In f where f is
the number of pounds of good-tasting fish that the consumers eats.

This consumer goes to a store and sees two kinds of fish on sale, fish of type 1
and fish of type 2. The consumer knows that fish of type 1 is good tasting
fish. The consumer believes that fish of type 2 is good-tasting fish- with
probability 1/2 and that fish of type.2 is bad-tasting fish with probability 1/2.

a) Under what circumstances will the consumer buy some fish of type 27
b) Sketch the consumer’s demand curve for fish of type 1.
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621 Section (must answer one)

1. There are two types of lottery tickets available on the market. One
type of lottery ticket pays the owner 1 apple with probability 1/2 and
2 apples with probability 1/2. This type of lottery ticket costs $1 each.

The other type of lottery ticket pays the owner 0 oranges with prob-
ability 1/2 and 5 oranges with probability 1/2. This type of lottery
ticket costs $2 each.

If the utility an agent enjoys from consuming z apples and y oranges is
given by u(z,y) = zy, and this agent’s income is $4, how many of each
type of lottery ticket will the consumer buy? Assume the consumer
obeys the Expected Utility Hypothesis.

Be very clear and very careful with the notation you use in your expla-
nation. '
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2. A consumer with initial wealth $200 and utility function In w (where w -

is “wealth”) faces an uncertain prospect in which with probability 1/2
he will win $100 and with probability 1/2 he will lose $100. Assume
the consumer’s preferences satisfy the Expected Utility Hypothesis.

(a) The consumer has an opportunity to pay $p to an insurance com-
pany. In return, the insurance company will pay the consumer
nothing if the consumer wins $100, and the insurance company
will pay the consumer $3p/2 if the consumer loses $100. What is
the consumer’s optimal value of p?

(b) The consumer has an opportunity to pay $p to an insurance com-
pany. Unlike the case in part (a), in return, the insurance com-
pany will pay the consumer nothing if the consumer wins $100,
and the insurance company will pay the consumer $p/2 if the
consumer loses $100. What is the consumer’s optimal value of p?
[Hint: the answer is not $250, although that answer is worth some
partial credit.]
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@

3. Suppose a consumer has a utility function u(w) where w is wealth,
and suppose this consumer’s preferences obey the Expected Utility
Hypothesis. Suppose this consumer is offered the opportunity to bet
on the flip of a coin that has a probability 7w of coming up heads. If he
bets $z, he will have w + z if heads comes up and w — z if tails comes
up. '

Find how the amount of money “z” the consumer wishes to bet changes
as m increases. You may ignore the possibility that £ = 0 for the
purposes of this exam.
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Question 1

S

Answer all of the following three questions.

1. Suppose a consumer’s utility function under certainty is uw(w) where
w is his wealth. This consumer is forced to play a lottery in which there
are only two outcomes, —$1 and +81. The probability of each outcome
is one-half. However, this consumer can change the probabilities by
paying a bribe to the person running the lottery. If the consumer pays
a bribe of z, the probability of the bad outcome, namely —$1, will be -

1
142’

Do =

Assume the expected utility hypothesis holds.

(a) Does this form of the probabilify of the bad outcome make sense? -
(b) What is the consumer’s first-order condition?
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Question 2.1 Suppose the consﬁmption bundle of a slave is fixed and unchang-
ing. Suppose the utility of this slave depends on the number of hours he works

. each day, h, and the number of times he is beaten each day, b. Suppose the
* maximum working day for a slave is 18 hours.

Let: A be a number between zero and one. This slave’s owner has decided to
set b equal to-a fixed number “B” > 0 with probability A (1 — —) and thls
slave’s owner has decided to set b equal to zero with probability 1—A4 (1— -—
Therefore, b is never equal to anything other than B or zero.

a) What happens if A = 07 fA=17 Why does the above specification
of the probabilities for b = B and b = 0. make sense? Why do these

specifications allow one to mathematically model h as a “free” choice of o

the slave?
b) What is the slave’s first order condition? Be as specific as you can.

c) Suppose slave labor is the only input to the production function f(h).
The slave owner sells output at an exogenous price of p and incurs
monitoring costs of A. Ignore all other production costs (assume they
are fixed in this problem). :

If p increases, does A go up or down? You will probably not be able
to come up with a definitive answer, but tell me as much as you can
mathematically about the answer. :
'According to your intuition, what should the answer be (up or down)?
Why?
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_Answer all of the following three questions.

1. Suppose a firm has a fixed amount of money, T', which the firm wants

to spend to give two of its employees extra training. Let #; be the
amount of money it spends to give training to employee number 1 and
let to be the amount of money it spends to give training to employee
number 2, "

If both employees continue working for this firm, suppose the benefit
which the firm will receive from their training is f(¢1) + f(%2).- The
firm is completely sure that employee 1 will continue working for the
firm, -but the firm thinks there is a probability of p that employee 2

* will quit his job after he gets the training. If that happens then the
benefit which the firm will receive from training the two workers is

only f(t1).:

(a) [2 points] Guess what the sign of dt3/dp is and explain your guess.

(b) [6 points] Mathematically determine the sign of dtz/dp, assum-
ing that the firm maximizes the expected benefit of training the

workers. Concerning second-order conditions: make whatever as- -

sumptions you think are appropriate, then explain.

3
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4. [15 points] Suppose there are 8000 used cars in an economy. Their

true values are uniformly distributed from $2000 to $6000 (which
means there are 2 cars which are worth $2000, 2 cars which are worth

Frnal Exam
1999

Q\}&g-\-i‘ow g

$2001, 2 cars which are worth $2002, etc.). Car sellers know the true
value of each car, but car buyers do not.

Suppose car buyers are willing to pay 1.16 for a car of value 6. Suppose
car sellers are willing to sell a car of value @ for any price.equal to or
greater than 6. ~

Graphing price p on the vertical axis and the quantity of cars sold, Q,
on the horizontal axis, draw the demand and supply curves and find

—— the_equilibrium p and Mte these graphs are dlfferent from those
drawn in class, where the. horxzontal axis was 6.) T
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Question 3

3. ‘A consumer’s utility function is given by u(w) = /w where w is wealth.

The consumer is an expected utility maximizer, and his initial wealth
is $16. Denote by v the amount of money the consumer would be
willing to pay in order to obtain the following lottery ticket.

“With probability 1/4, you are the Row player in the fol-
- lowing game, and with probability 3/4, you are the Column
player in the same game. The game is as follows, with payoffs

in dollars.
Column
1 m r
t123({03(0,0 2
Row m|3,0]|2,2]|0,3.
b |0,0[20(1,2

(Do not consider mixed strategies.

(a) Find the equation which v must satisfy. (You do not have to
calculate the numerical value of v. In fact, it is impossible. to
calculate the numerical value of v exactly.)

(b) What is the expected value of the lottery?

o
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Answer 3 cont. .
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