Section 4:

Theory of the Firm



1. [10 points| Suppose a competitive firm has a production possibilities
set denoted Y, an input requirement set denoted V' (y), and a produc-
tion function denoted f(x).

(a) Prove that if Y is a convex set then V(y) is a convex set.

(b) Prove that the converse of the statement in part (a) is false; this
is easily done by making a graph of a counterexample.

(c) Prove that V(y) is a convex set if and only if f(x) is a quasiconcave
function.
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2. [11 points] The in_;put requirefnent set given by
V) = {(o1,2) € RL: o > )

(for y >0) is convex for what nonnegative values of @ and 7
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Answer all of the following five questions.

1. Suppose a firm’s input requirement set is given by

' V(y)={z1,22 : az1 +/ETz +bza 2y},

. Is V(y) a convex set?
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2.. Is the input requirement set given by

1

V(y) = { (xl’ij € R2 1z + azi/?'mg/‘q’ +zo2>y }

convex, given that the output level y is strictly positive?
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3. [12 points] Consider the input requirement set
V(y) = {xeRy w1 2y, jo2 > i},

(a) Is this technology monotonic?
(b) Is V convex? (Prove this formally.)
(¢c) What is the production function for this technology?
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4. Suppose a firm produces output y from inputs zy. and z3.

(a) Give an example of an input requirement set for this technology -

which is not closed.

(b) Give an example of an input requirement set for this techhdldgy
which is empty for at least some y.

(c) Give an example of an input requirement set for this technology
which is not monotonic.

(d) Give an example of an input requirement set for this technology
which is not convex.



- Exam |
1294
§l A(/\SW(Z( H
4 Answes will ij leve. Erom Verita s Imﬁé@w/ {0 - |
*) V(a) ’fX,X, Lax b7y, x,>o} ¥ ket cho gecl
72\,«5 i &M vff fxed Xy, d““/j, sie Gl tonnsfiet
4 cmrrgfm‘ Se5 Vb te o X, ‘fs i Wa) wlal Wﬁéﬂ*ﬁocet
X, = dviv) : | ' _
! v, ¢ v a) X “ - (d:ﬁmw&)uaumwaﬁ
. (Jud,ur‘;‘&ﬁ G Poﬂq‘ ho'/- h l/[&) )

1

b) Va) oy, x, x(!—a)7m x(l ) é} ,:euf@#rww}
' Eea};”y X ("a)/a-? |- ‘a7/

..—-

X, =7 ].—-' f"-‘ ?/U ,Jo ‘M‘vvcfS‘
h,ob‘:)aéfvoi'celaﬂ | |

{xnxz_' ax - m“’bh ’3} '?Mﬂd{7: """%y[m:t EE&M

ﬂ.e}r)wdw/-.bk/:ao#w 8 :ﬁ(,,) = 4X;” VXI,‘ X +é)(,_

oL  _ XC
—a—x'"—a,-J—l/_... L,/L'?/&.I3‘\—”L

s posrhire
' /ﬂo.r ‘
J) C'a wlaﬁ 4‘4#&"&:;@ of’/’[&/@?ﬂ“if/’éh 74““%""\‘/”"’7"[‘) 3/ y
'A_ /. “~f 2
px ]
,5;(‘-?: ﬁ;ia—le xl]” -‘}Y' Xy
az_ﬁ l "‘/7_ —/L
ex, T TRk K
of )1_ - 22 ‘/7. 3/'L
By, . "X % Hh D ;jf-* AR




Exam |
1 49y ,
Answer Y ot

2F B mex DL B Jvésr=

Convey ’—”7,,',“éa~<r tachoor

cot & ot (tph ¢ éo»/fj
ot it ¢ shaglt Ge)

‘U/)/Qutomvlwrw* (=Vly)) i zL?‘twwx



Section 2.
Answer one of the following two questions.

1. [8 points] Suppose a competitive firm uses water w to produce output ¢
according to the production function ¢ = y/w. Suppose the price of
water is 1.

(a) The firm’s Board of Directors is considering hiring a new Chief
Executive Officer (“CEO”) who claims to be able to change the
firm’s production function to ¢ = 2y/w. How much should the
firm be willing to pay this new CEO?

(b) The notion of a firm having two production functions—namely
¢ = v/w under the old CEO and ¢ = 2,/w under the new CEO—
is completely inconsistent with the standard neoclassical idea of
“a production function.”

i. Describe this situation in a way that is compatible with stan-
dard neoclassical idea of “a production function.”

ii. Once you have formulated the correct production function,
graph it. This may require a three-dimensional graph, but it
should be a rather easy one to draw.

iii. Is the technology monotonic? convex? regular? Why?

iv. Are all inputs to production being paid their marginal prod-
uct? Why or why not? (If you think there are good arguments
on both sides of this question, you need not decide which ar-
guments are better: just give both sides’ arguments.)

Note that in the US, the position of CEO is almost always a full-
time position held by one person. Assume that is true in this
problem.

Summer 2013 Qualifying Exam Section 2 Question 1
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2. Sﬁppose a price-taking firm uses inputs z; and z to produce output y
according to the production function y = ,/Z1++/72. Find this firm’s
cost function. )

You should state the second-order conditions for this problem, but you
do not have to verify that these conditions hold. You may state the
conditions symbolically in terms of the derivatives of the Lagrangian.
(If this had been a qualifying exam, I may have asked you to verify
that the second-order conditions held.)
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2015 Qualifying Exam Sec. 1 Qu. 1

1. [14 points] Suppose a price-taking firm uses inputs x; and x, to
produce output y according to the production functiony = ,/x1 +/x3.
Find this firm’s cost function.

Explicitly verify that the second-order conditions hold in this partic-
ular problem. (It is not enough to state the conditions symbolically in
terms of the derivatives of the Lagrangian.)
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2. [12 points]
Suppose a price-taking firm uses inputs 1 and zg to produce output y
according to the production function ¥y = /z1 + +/Z3.

(a) Find this firm’s cost function.
(b) Do the second-order conditions for this problem hold?

(c) How would the analysis in (a) and (b) change if the firm were not
a price taker?
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4. [8 points] Suppose a price-taking firm has a production function
Y =T122

where y is output and x; and x5 are inputs. These inputs have prices
wy and ws, respectively.

Suppose that during one time period, the firm spent $4 on inputs. How
much output did it produce during this period? The only variables in
your answer should be w; and ws,.
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3. [11 points] A firm produces output y from inputs x; and x5 whose prices

are wy and wy, respectively. The firm takes these input prices as given.
: o 1/2_1/2
The production function is y = z" "x5'".

(a) This firm has what kinds of returns to scale?
(b) Find this firm’s cost function.

¢) Determine whether “the algebraic function you found in part b)”
g
is concave in w.

Fall 2010 Ex. 1 Qu. 3
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4. A competitive firm buys goods z; and z; and combines them in order
to produce good y according to the production function

Y = /T1 +2/35.

The price of z; is w;, the price of z, is wy, and the price of y is p. .

w1 Wy y?

4w +wg

(b) Find the firm’s demand for z; as a function of prices and output.
Pl .

4wy +wg)?”

(c) Find the firm’s profit function. Hint 1: this is easier if you.use the
4’U)]_+'LU2
answer to part (a). Hint 2: the answer is o P

(a) Find the firm’s cost function. Hint: the answer is

Hint: the answer is (

(d) Find the firm’s demand for z; as a function of prices only. Hint:
the answer is p?/(dw?).
(e) In two sentences or less, describe but do not carry out the proce-

dure you would use to verify that the answers to parts (b) and (d) '
) |

are compatible with each other.
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2015 Final Exam Qu. 4

4. [13 points] A firm has two plants with cost functions c¢;(y;) = y% and
c2(y2) = y2. What is the cost function of the firm?






2017 Qualifying Exam Sec. 3 Qu. 1
1. [10 points]

(a) A firm has two plants with cost functions c;(y;) = y% /2 and
2(y2) =ya.

i. Sketch the marginal cost curves of the two plants on one
graph.

1. What is the cost function of the firm?

1. According to your cost function, how much would it cost
this firm to produce an output of 1/4? (If you got part (ii)
right, this question is so easy that you may wonder why I
ask it. The reason I ask it is that if you got part (ii) wrong,
this question may reveal your error to you.)

(b) A firm has two plants. One plant produces output according to
the production function x‘fxé_“. The other plant has a production
function xbx} 2.

i. What is the cost function for this technology?

ii. If this firm wanted to produce a total output of 2, how much

would be produced in each plant?

10
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2. [10 points] Suppose a competitive firm has a profit function denoted
7(p) and a production possibilities set denoted by Y whose generic
element is denoted by y.

In solving the problems below, if you use Hotelling’s Lemma, you should
prove it (using the Envelope Theorem).
(a) Show that 7(p) in increasing in output prices and decreasing in
input prices.
(b) Show that m(p) is homogeneous of degree one in p.
(c¢) Show that y*(p) is homogeneous of degree zero in p.

(d) Varian (p. 41) writes that properties such as these (emphasis
added by me):
... follow from the definition of the profit function alone
and do not rely on any properties of the technology.

Why do such properties actually depend on technology, in the
sense that there are some technologies for which 7(p) is not even
defined for a competitive firm?

Summer 2011 qualifying exam, Sec. 2 Qu. 2
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_ . @ 4. [6 points] Prove to me all you can about the dependence of the profit

Cxamn, L function on prices. If you use an Envelope Theorem result, you do
1000 not'have to prove the Envelope Theorem, but you should state it and

explain how it is relevant.

HE
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s | 3. (a) Prove that the cost function is homogeneous of degree one in
Ml B input prices. '
(b) Prove that the cost function is concave in input prices.
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4. A profit-maximizing firm’s profit function 7(p) is convex. What is the
intuition for this? (Instead of giving the intuition you may give the
proof of convexity, but you do not have to give the proof of convexity.)
What are the implications of convexity of the firm’s profit function
for the firm’s demand functions for inputs and supply function(s) for
output(s)? (This has something to do with the Envelope. Theorem,
though I am not asking you for a formal proof.) .
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3. [12 points]

(a) Prove that the profit function of a competitive firm is convex in p. P wqpow
(b) Suppose y(p) is the net supply function of a competitive firm. - v M
i. Prove that 0y;/0p; > 0.

ii. Explain what 0y;/0p; > 0 means.
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2. [15 i:)oints] A competitive profit-maximizing firm’s profit function
7(p) is convex.

(a) Give the intuition for this result.
(b) Give a formal proof of this result.
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2.1 In class, we were able to show that Hicksian demand curves are downward-
sloping by differentiating both sides of the “Envelope Theorem” result
h(p,u) = Vpe(p,u) with respect to p, then invoking the concavity
of e(p,u) in p. ' '
Derive the analogous testable implication for the profit-maximizing
competitive firm by applying the same type of reasoning. In other
words, apply the Envelope Theorem (“Hotelling’s Lemma”); invoke .
the convexity of the profit function, and describe mathematically and
non-mathematically the result you end up with.

You do not have to prove the convexity of the profit function, but you
should give the intuitive explanation of why it is convex. You should
prove Hotelling’s Lemma using the Envelope Theorem.
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2. [15 points] Suppose a cost-minimizing firm which is competitive in
its input markets has a production function f(x). Show that this firm’s
input demand curves are downward-sloping. Prove all your assertions .
except the Envelope Theorem.

<
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3. [11 points] A cost-minimizing firm buys two inputs z; and z; at given
prices w; and wa, respectively, in order to produce output y accord-
ing to the production function y = f(x). What conditions must the
production function f satisfy in order to ensure that when output in-
creases, the firm’s purchases of z; also increase? (You may assume
that the firm’s second-order conditions are satisfied.)
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3. [10 points] Suppose a firm produces one output. The output is pro-
duced using one purchased input called “x,” but production is ad-
versely affected by air pollution made by other firms, the amount of
which is called “d” (for “dirty air”). Let the price of z be “w.”

(a) How is this firm’s purchases of  changed by a change in the
amount of air pollution? Find a symbolic answer to this question,
then speculate about its sign.

(b) How is this firm’s profits affected by a change in the amount of
air pollution?

Econ 6710, Spring 2000 Exam 1
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4. Refer to Figure 1 and consider the following argument:

Suppose the price of input 1 falls. A competitive firm may
respond to this by increasing output. If it does, the amount
of input 1 purchased by this firm may actually fall, as illus-
trated in Figure 1.

[

Explain why this argument is false.
If part of your reasoning involves claiming that some functionis con-
cave or convex, you should prove that it really is concave or convex.
To help you, here is the proof that a consumer’s expenditure function
is concave in prices: .
e(tp+ (1-t)p’,uo) = min (tp+ (1-t)p)x

. x s.t. u(x)=ug

>  mi tp-x)+  min 1-t)p’ -
~ x sit. ug:)zuo( P ) x s.t. u(x)=ug (( )p x)

=te(pyuo) + (1-t)e(Pw).
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2. [12 points]

(a) Prove Hotelling’s Lemma y = Vp 7(p).
(b) Prove that the profit function 7(p)is convex.

(c) Refer to Figure 1 and consider the following argument:

Suppose the price of Input 1 (energy) rises. A competi-
tive firm may respond to this by decreasing output. If it
does, the amount of Input 1 (energy) purchased by this
firm may actually rise, as illustrated in Figure 1.

Explain why this argument is false.
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2. [14 points]

(a) Answer the following questions assuming a competitive cost-
minimizing firm.

i

il.

iil.

1v.

Prove that input demand curves x(w, y) are homogeneous of
degree zero in w.

As some of you may already know, Euler proved the follow-
ing: if f(x) is differentiable and is homogeneous of degree k,
then

N fX)-x=kf(x).
(Do not forget that the left-hand side has a “-x” in it.) What

property of input demand curves can you derive from this
result, given what you already know from part (i)?

Rewrite your answer to part (ii) for the special case when
the total number of inputs is exactly three.

For any two inputs j and k, here are two definitions:

oxj(w,y)/owr > 0 <<= j and k are “substitutes”
oxj(w,y)/owr <0 <= j and k are “complements.”

Use the previous parts of this question, and other informa-
tion, to prove that if the total number of inputs is three, then
every input has at least one substitute.

Prove that every input has at least one substitute (regardless
of what the total number of inputs may be).

(b) Answer the following questions assuming a competitive profit-
maximizing firm.

i.

1.

il.

Prove that net output curves y(p) are homogeneous of degree
zero in p.

What property of net output curves can you derive from the
result that if f(x) is differentiable and is homogeneous of
degree k, then Vg f(x) - x = k f(x), given what you already
know from the part (i)?

Rewrite your answer to the part (ii) for the special case when
3
y € R°.



iv. For the special case when y € R3, tell me everything you
know about the signs of

mooan L m
op1 op2 op3

and thoroughly describe what these results mean intuitively.
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2.

Consider a cost-minimizing firm which produces an outl')ut y using two
inputs z; and T2 according to the production function y = f(z1,z).

Make the usual assumptions that the firm takes the prices of z; and z,

to be fixed, that both 8f/0z; and 8f /6, are strictly positive, and
that there are diminishing returns to each input.

Call an input “inferior” if when output mcreases, the firm chooses to
use less of this input.

(a) Is it possible for both z; and 2 to be inferior (simultaneously)?
You should be able to answer this without solving any optimiza-
tion problem; indeed, undergraduate students who do not know
calculus should be able to answer this.

(b) Under what conditions is z; inferior? (This is not a question
undergraduates could solve.)

(c) Under what conditions is z2 inferior?

(d) Use the answers to (a), (b), and (c) to argue that it is impossible
for fis to be very negative.

(e) Could z; or x5 ever actually be inferior? When?
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Section 2.
Answer one of the following two questions.

1. In this problem, if you would like to use the Envelope Theorem, you
need not prove it. On the other hand, if you assert convexity or con-
cavity of a function, you should prove that.

(a) Derive the basic comparative-statics results for a competitive
profit-maximizing firm when all relevant prices change.

(b) Derive the basic comparative-statics results for a competitive
cost-minimizing firm when all relevant prices change.

(c) Compare and contrast your answers to (a) and (b). Are they
contradictory or consistent with each other?
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Question 8. Consider a profit-maximizing firm that produces a good which
is sold in-a competitive market. It is observed that when the price of the
output good rises, the firm hires more skilled workers but fewer unskilled
workers. INow the unskilled workers unionize and succeed in getting their
wages increased. Assume that all other prices remain constant.

. a) What will happen to the firm’s demand for unskilled workers?

b) What will %Eppen to the firm’s supply of output? '
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new: 2020 Final Exam, Qu. 1.
1. [17 points]

(a) Given that Hotelling’s Lemma can be written as 'y = V, z(p),
what does this imply for V, y?

(b) Argue that the profit of a competitive firm using two inputs y;

and y3 to produce output y; with a concave production func-
tion f(y2, y3) =y1 could be modeled as having profit

T =f(2,y3)p1+y2p2+y3p3.

Be sure to state the sign of each of the variables in this equation.

(c) Given profit as in part (b), find the comparative statics derivative
9y2/0p3.

(d) What would it mean intuitively for dy,/dp3 to be positive? Do
not forget the sign convention for y,. Throughout this prob-
lem, you can assume that the second-order conditions for a profit
maximum are satisfied.

(e) Given profit as in the preceding parts of this question, find the
comparative statics derivative dy,/dp;.

(f) Argue that if dy,/0p3 > 0 then dy,/dp; > 0.

(g) Argue that if dy,/9p; > O then dy;/dp> > 0. Do not use a
comparative statics argument here; instead, reason directly from
part (a) of this problem.

(h) Parts (f) and (g) together mean that dy, /dp3 > 0 implies oy, /0opr >
0. What does this last condition mean intuitively? Do not forget
the sign convention for y;.
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3.

Bral  Exam
. 1999

| Quettion B

[15 points] Suppose a profit-maximizing competitive firm uses two
inputs, £; and 9, to produce output according to the production a
function y = f(z1,22). Under what circumstances will increases in

wy, which is the price of the first input, cause output to fall?
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3. [17 points] Suppose a cost-minimizing firm uses two inputs to produce
output (using a production function with smooth isoquants). If a tax

is imposed on one of the inputs, does the firm’s use of the other input

go up or down? By how much?
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2. [11 points] A competitive profit-maximizing firm uses two inputs, z;
and z3, to produce output according to the production function f(z1, z2),
where f{ > 0 and f; > 0.

Find an expression for the effect of an increase in the price of the second
input on the firm’s output. Determine the sign of this expression if it
is possible to do so.
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3. Suppose a price-taking profit-maximizing firm uses two inputs, z1

and x5, to produce output according to the production function f(z1,z2).

(a) What are the second-order conditions for a profit maximum?

(b) How will the firm’s demand for z; change when all the exogenous
variables experience small changes simultaneously?

(c) Attempt to sign the components of your answer to (b), assuming
that the conditions you found in (a) hold. If a sign is determi-
nate, explain the intuition behind the sign, otherwise state the
underlying conditions which would lead to an indeterminate sign

being positive or negative and explain why those conditions are
not surprising.
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4. [17 points| Suppose a competitive, profit-maximizing firm uses one in-
put z to produce one output according to a production function f(x).
(a) What is the first-order condition for optimality?

(b) Using the first-order condition, verify that the input demand has
the correct level of homogeneity.

(c¢) Find an equation describing how the endogenous variable changes
when all of the exogenous variables change simultaneously.

(d) Prove that the homogeneity found in (b) actually is evident in (c).

Fall 2011, Final Exam Qu. 4
For answer see Fall 2005 Exam 1 Qu. 1
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5. Suppose a firm’s profit depends on its choice of inputs x; and x5 and
also on some exogenous parameter “a.” Find dzy/da and tell me
everything you know about its sign. (Hint: think about second-order o
conditions.) ! :
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2015 Final Exam Qu. 3

. [18 points] Suppose a competitive profit-maximizing firm uses gasoline
and engines to produce output “y.” Suppose a new type of engine is
developed which can produce the same output using less gasoline. The
best way to model this “technological progress” would be to assume that

the production function changed from

y = f(gasoline, old engines)
to

y = g(gasoline, old engines, new engines)

for old and new production functions f and g. However, an easier way
to model this technological change would be to use one production func-
tion “f,’

y = f(a - gasoline, engines),
where « is a parameter indicating the state of technology, and where the

distinction between old and new engines is ignored (they are both “en-
gines”). Use this production function “f” when answering this question.

(a) Would technological progress be indicated by « rising or falling?
Why?

(b) Assuming all prices remain unchanged, will technological progress
(as measured by «) cause the demand for gasoline to rise or to fall?
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3. Suppose a profit-maximizing firm uses inputs z; and 2 to make output

according to the production function y = xi/ 3 :z:;/?’ where y is output.
Let p be the price of output.

(a): What are the firm’s first-order conditions?
(b) By differentiating the firm’s first-order conditions (not by solv-
ing the first-order. conditions), determine whether the firm’s pur- .

chases of z; increase or decrease if output price falls (say, as a
result of a tax).
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3.

[11 points] A competitive firm buys inputs 1 > 0 and 25 > 0 at' .

exogenously given' (that is, “fixed”) prices wy and wg, and combines
them in order to produce good y according to the production function

Ly =aal

'Where a>0and f > 0. It then sells y at a fixed price p.

(a) What is the c:;ffect of a change in wy on y? (Hint: You may want

to find out what happens to 1 and to 2y but you do not have to.)
Do not expand any determinants for this part of the question; you
may leave the determinants unevaluated.

(b) For what values of @ and f is your answer to part (a) valid?
You should not leave determinants unevaluated in this part of
the question.
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2. Suppose a competitive firm uses inputs z; and z; to produce output
according to the production function

o, o) = a3+ 0300 4 23
(a) What second-order conditions would have to be satisfied in order
for this firm to have a profit-maximizing production plan?
Are these conditions satisfied for the above function? (The answer
to this requires some messy algebra.)

(b) Assume that the second order conditions discussed in part (a) are -
satisfied. - Calculate how the firm’s demand for second input z,
changes when the price of the first input z; changes, and deter-
mine the sign of this derivative. :
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Summer 2007 Qualifying Exam Section 2 Qu. 1

1. [12 points]
Suppose a profit-maximizing firm produces apples from two inputs, x1
and x4, according to the production function f(x1,x2). Suppose the
government imposes a specific tax of ¢ dollars per pound on apples.
Suppose the demand curve for apples is horizontal.

(a) Derive an expression showing how the firm’s purchases of z
change when the tax goes up infinitesimally.

(b) Find the sign of the expression you derived in part (a). Hint: It
may be easiest to do this in an indirect way, arguing the standard
Hotelling’s Lemma with the standard profit function (whose con-
cavity or convexity you may merely assert; you do not have to
prove it).

(c) Derive an expression showing how the firm’s profit changes when
the tax goes up infinitesimally. Find the sign of this expression.
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3. [17 points] Suppose a competitive firm transforms a single input (z) into
two outputs (¢ and ¢z) according to a well-behaved, fully differentiable
inverse production function.

Further suppose that the government introduces an ad valorem tax (t)
on each unit of ¢; sold; the definition of an ad valorem tax is that the
firm has to pay tp1q; in taxes, where p; is the price of good 1. (In other
words, the tax is not a “specific tax,” which would have a tax payment
of tgy.)

Derive an expression for how this tax will change each of the following,
and sign the expression if possible.

(a) the firm’s demand for the input z;

(b) the supply of the taxed commodity ¢;; and

(c) the supply of the untaxed commodity ¢s.

Fall 2012 Final Exam
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Answer all of the following three questions.

1. [11 points] Suppose a competitive firm produces output ¢ from inputs
z1 and x4 according to the production function

= ofw)

where @ > 0 and 8 > 0.

(a)

What level of output will the firm produce? You do not need to
simplify your answer! Leave your answer as unsimplified as you'd

like.
When are the second-order sufficient conditions satisfied?
When are the second-order necessary conditions satisfied?

If the second-order conditions are violated either always or some-

times, what do you think the firm’s level of output will be in
those cases?
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2. [11 points] Suppose a competitive firm produces output g from inputs
z; and z9 according to the production function

q = afe)

%

where @ > 0 and § > 0. Assume the second-order sufficient conditions
for the firm’s problem are satisfied.

(a) By how much would the firm’s choice of g change if @ rose slightly?
(b) Do you think the firm’s choice of ¢ would rise or fall if a rose

slightly?

Hint 1: If A = (a b> then
c d

Hint 2: P
—a® = a®Ina, not za® L.
dx

Hint 3: It might be easiest to use Cramer’s Rule at some point in
answering this question.
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Exam |
119%
Guestion 3 1

3. Suppose a firm uses inputs z; and x2 to produce output y according

to the production function y = g(z1) + h(z2). Let C denote the ﬁrm s
cost function. R
Show that the firm’s marginal cost curve, dC/dy, is given by

w1 g (@) (3) + wag" (w1)h!(22)
[ (1)]2h" (z2) + g" (1) M (z2)]

Also, speculate about the sign of this expression.

(Ideally, this would be a function of w and y instead of a function of -
w and z; and z2. However, that would be more work, so I do not .

want you to try to figure that out.)
Hint: Find dz;/dy and da:2 /dy, then think about how C= w1 Ty +weTy -
changes with y.
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Fall 2019 Final Exam Qu 3:
old: 1998 Exam 1 Qu 3, but with an added part (b).
. [17 points]

Suppose a firm uses inputs x; and x; to produce output y according
to the production function y = g(x) + h(xz). Let C denote the firm’s
cost function.

(a) Show that the firm’s marginal cost curve is given by

dC _ w1 g'(x1) h'(x2) + wp 8" (x1) I (x2)
dy  [8(xDPh"(x2) + g" (x))[H (x2)]?

where w = (w1, w>) is the vector of input prices. Also, speculate
about the sign of this expression.
Hint: Find dx; /dy and dx;/dy, then think about how C = wx; +
wox, changes with y.

(b) If g(x1) = 2y/x1 and h(xz) = 2,/x2, find dC/dy as a function of
w and y instead of a function of w, x;, and x;.
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1. [11 points] The most commonly used approximation to an arbitrary

function f(z) about the point z = a is given by

f'(a) "(a) f™(a)
f@) = f@) + L@ o)+ T8 gy T g,
which is called the “nth-order Taylor polynomial for f about z = a”
(where the ! operator denotes the factorial).

(a) Suppose a firm has a cost function C(y) where y is output. Prove
that the second-order Taylor polynomial for C around y = 0 is

c"(0) ,

Oly) ~ C(0) + OOy + <52 4P

(b) What are the second-order conditions for profit maximization for
a competitive firm if you replace its true cost function C(y) with
the second-order Taylor polynomial for C around y = 07 If you
wish, you can make the notation easier by using « as an abbre-
viation for C'(0) and use B as an abbreviation for C"(0)/2.

(c) What are the second-order conditions for profit maximization for
a competitive firm if you replace its true cost function C(y) with
the first-order Taylor polynomial for C around y = 07 If you wish,
you can make the notation easier by using the same abbreviations
suggested in part (b). Please explain your answer.

(d) What are the second-order conditions for profit maximization for
a competitive firm if you replace its true cost function C(y) with
the third-order Taylor polynomial for C around vy = 07 If you
wish, you can make the notation easier by using the same abbre-
viations suggested in part (b), and by using a new abbreviation
for v as is most convenient for you. Your answer should be a
condition on the parameters of the cost function, so it should not
involve y or the optimal level of y, denoted y*.

You may need to use the fact that the roots of the quadratic
equation az? + bz + ¢ = 0 are

—b 4+ v/b? — dac
2a ’
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Section 1.
Answer all of the following three questions.

1. [14 points] Suppose a competitive firm produces output ¢ and incurs
total costs given by the following total cost function:

(q) =3 - +2q+1.

(a) On one graph, sketch this firm’s Marginal Cost curve, its Average
Cost curve, and its Average Variable Cost curve.

Hint: “Average Variable Cost” means the average of: “total cost
minus fixed cost,” where “Fixed Cost” means ¢(0).

Give numerical coordinates for:

i. the minimum of the Marginal Cost Curve;

ii. the minimum of the Average Variable Cost Curve;

iii. the vertical-axis intercept of the Marginal Cost Curve, if it
has such an intercept;

iv. the vertical-axis intercept of the Average Cost Curve, if it has
such an intercept;

v. the vertical-axis intercept of the Average Variable Cost Cost
Curve, if it has such an intercept.

(b) Explicitly find the supply curve of this firm for all non-negative
values of the price of ¢, which is denoted by “p.” (Note that I am
not asking you to to find the inverse supply curve.) Be sure to
check second-order conditions.

Hint: if az® + bz + ¢ = 0 then

—b+ Vb? — 4dac
2a '

Tr =
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1. [12 points]
Suppose a competitive firm earns profit m by producing output @ using
a cost function C(Q) with @ > 0. .
(a) Under what conditions is this firm’s supply curve upward-sloping?
(b) Suppose the cost function has the form

' V38
&vd.'- O(Q) = 4\/54' 5 Qz

(a graph of this function is attached to this exam). Find the firm’s
supply curve. You do not have to find it explicitly; implicitly is
enough. Be sure you work through the following steps to help
ensure your answer is right.

i. For what values of @ are the appropriate second-order con-.
ditions satisfied?

ii. For the values of @) you found in (i), what are the correspoﬁd—
ing values of p?

iii. For other values of p, what is the optimal quantity supplied?
(Hint: at other values of p, does the @ which satisfies the
first-order condition yield a maximum or 'a minimum?)

12
10

N S Oy ©
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This is a graph of the cost function of Part 1's Question 1. |
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Fall 2022 Final Exam Qu. 2 is new

. [20 points] Although as discussed in class the notion of using “capi-
tal” K as an input for a production function is problematic (because it
invariably entails aggregation by value), here we ignore this difficulty
and assume output is given by a production function f of labor “L”
and “capital” K, so outputis f(L, K). Let the price of output be p, the
price of labor be w, and the price of capital be r. Assume L > 0 and
K > 0.

(a) Suppose the objective of the firm is to maximize profit 7.

i. State the first-order conditions for a solution to the firm’s
problem. State these in terms of L, K, and f and its deriva-
tives, not solely in terms of the derivatives of & such as ﬂ}(.
Assume an interior solution.

ii. State the second-order sufficient conditions for a point sat-
isfying those first-order conditions to be a solution to the
firm’s problem. State these in terms of L, K, and f and its
derivatives, not solely in terms of the derivatives of 7 such
as my, .

iii. Show that if the sufficient conditions for production func-
tion f to be strictly concave are satisfied, then the second-
order conditions you derived in part (ii) are satisfied.

iv. If f has the form L?K? with @ > 0 and 8 > 0, what con-
ditions on @ and on 8 would ensure satisfaction of the suffi-
cient conditions for f to be strictly concave?

v. What type of returns to scale does f = L?K” have if & and 8
satisfy the conditions which you derived in part (iv)?

(b) Now suppose that the objective of the firm is not to maximize
profit, but is instead to maximize something called “return to
capital,” which is 7/K. In the rest of this problem, assume
p = w =r = 1 for simplicity. Write the production function
as f(L, K) as before, but do not assume that f = LYK5.

1. Show that the first-order conditions for a solution to the
firm’s problem, assuming an interior solution, are

’ —1
O:fL and
K
fe f-L
0=—=——-——.
K K?



ii. State the second-order sufficient conditions for a point sat-
isfying those first-order conditions to be a solution to the
firm’s problem. State these in terms of L, K, and f and its
derivatives, not solely in terms of the derivatives of 7 such as
n% - You do not have to otherwise simplify the expression
you get.

iii. Now do assume that the production function takes the Cobb-
Douglas form, f = LYK? with @ > 0 and 3 > 0.

A. Use one of the first-order conditions to show that

1

L(I—lKﬁ —
a

and use the other first-order condition to show that

Lelgho 1
1-p5
B. If @ + B < 1, what do you conclude from the previous
step about the assumption in part (b)(i) that the solution
is interior?
C. What is the amount of output at non-interior points?
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2018 Qualifying Exam Sec. 1 Qu. 1

1. [20 points] Consider a perfectly competitive firm which purchases
labor [ and machines m, and with these inputs produces an output in
the amount of y - / - m, where y is a random variable representing
uncertain knowledge of the production function. (The notation is in-
spired by the fact that “ " is pronounced in a similar way to the third
and fourth letters in “technology.”) Output sells for a price p. Labor
costs w per unit and the price of machines is p,, per unit.

Unlike the firms discussed in the textbook, this firm is constrained in
how much it can spend on labor and on machines. It can only spend
at most CR dollars on labor and on machines, where CR, which is
exogenous to the firm, is the amount of credit extended to the firm by
its lenders. Its total net costs are the amount it spends on hiring labor,
the amount it spends on buying machines, and r - CR, where r > 0
is the interest rate and hence r - CR is the amount of interest which
the firm has to pay back to its lenders. (The loan principal, CR, is
both part of total revenue and part of total cost, so it cancels out of
the expression for profit.)

(a) State mathematically the firm’s optimization problem.

(b) Suppose the owner of the firm believes 7 will take the value
one with probability one. Under this assumption, find the opti-
mal amount of labor /* and machines m* which the owner will
hire. You need not check second-order conditions. Assume the
spending constraint is satisfied with equality.

(c) Prove that the optimized level of profit, 7*, given the firm owner’s
expectation that y = 1, is
. {p CR
T =
4p,w
(d) Suppose the owner’s opportunity cost of running this firm is de-

noted by “OOC.” What inequality must be satisfied in order for
the owner to decide to operate this firm?

—(1+r)} CR.

(e) If OOC = 0, what values of CR are necessary to induce the
owner to operate this firm?

(f) Assuming that the owner rationally decides that he should op-
erate the firm (rather than engaging in an alternative activity),
prove that z* is increasing in CR. Explain in non-mathematical

2



(2)

(h)

(1)

terms what this implies for the demand for credit by the owner
of the firm.

Suppose the supplier of credit to the firm is a bank. The bank
creates credit “out of thin air” (out of nothing); it incurs no cost
in creating credit. (This is because the loan expands both the
asset and the liability side of the bank’s balance sheet, but you
do not need to know that.) The bank is not as optimistic as the
firm owner about the value of . Instead, the bank believes ¥
will be zero with probability pr, > 0 (“bad probability””) and
will be one with probability 1 —pr;, < 1. Assume that whether ¥
is 0 or 1 will only be known after the bank lends CR to the firm
and after the firm has used CR to purchase / and m.

Argue that in “the bad state of the world” (that is, when ¥ turns
out to be zero), the firm will be bankrupt and the bank will lose
CR dollars.

Suppose that the bank maximizes
pry In[#y — CR] + (1—pr) In[#) + r CR]

where #y > 0 is the bank’s initial amount of wealth. (This
comes from assuming the bank is risk-averse and maximizes its
expected utility, but you do not need to know that.)
i. Argue from the bank’s objective function that the bank’s op-
timal level of CR, denoted by CR*, satisfies CR* < #j.

1i. Prove that pr
CR* = (1—prb——”) Y .
r

You do not have to check second-order conditions.

iii. Considering parts (h)(ii) and (f), would the firm owner pre-
fer to borrow from a bank with large % or from a bank with
small #4?

iv. Prove that CR* > 0 and r > O imply

,
1, <
PTb 1+r

<r

Show that if the owner rationally decides that he should operate
the firm (rather than engaging in an alternative activity), and if
00C =0, then




() The “expected value” (not “expected utility”) of the bank is
EVip =pr,(#o — CR*) + (1—pr,) (#y +r CR").

1. Make a conjecture about the sign of 0EV /0pr;,. As always,
explain your answer.

ii. [If you are running short on time, I recommend skipping this
part because it takes a while and it’s not worth very much.]
Prove that the conjecture you just made is correct. Hint 1: it
is easier to work with o(EVy,/#0)/0pr,,. Hint 2: use (h)(iv).

(k) Briefly argue against the following opinion: “in this model, it
is easy to define ‘the rate of profit, and ‘the rate of profit’ is

equal to ‘the return on lending money’.” (There is more than
one correct way of answering this question.)



4»“”/7"7 ﬁua%a\ i/ Seedmn 1 Semme. 2018 Hyzro &UM&’} E X

a) pm‘ff IS P lfm, - W/e'ﬁ,, m -r CR
— L————"'V-"“—"/
Fotzl revenve ~ fota| lost

e spending Gonstrant 's  wA tp.m SCR
Re fim s problegs, s 4 miximize Hesbp xpesson Lo prafit sebfe 4
e i Joending Constramt .
) i j =1,
of = pdm WL T CR )R- WLy )
Frs? ordec Condi s
O =¢R- WO = P . e tos ramt [fgods /52)

O:J’;,:fm-w,lw = fm-:(lf'/l,)w :>h1:/[+/1>l;;/

O =pl Fadp syl (+2)p, = 4 -(102) B

7

(ﬂ:‘ Lu[-}f»\m

=w(l+2)%*/’m //*2)/%

_ WPy PaW W Py

= (1) [,/[}47”';—— _—g(u,f)—%ﬂ-.
S _lf_);: e _ b Mo L Y
© 3 dw fm /ﬂnd fu}f}y/w%ﬂj ] QPMJJ;%S m Gl )

* CR w = EF

m ,JV’)M 2 Pm



_ _CR ce R e
P2 2w =W Tw “Pa 3. rCR
- PR (R pCR?
me w Tz ~ -rCR - J/: " ~(1+r) CR
m

*
c’) Y 7 00C wiM v%as m Ce) .

e> SVIJSJ-,’-L-}.\-\j (C) 's last %l/a;.e.ufh«‘iéf n'*/)\+u C//))

(R
¢,’ - (Hr)] CR Z2 O
I

C/€4,9 C){>O/ else e form Cennot b, Zny l o m . So

“J
P(E (H-) >
‘/pmh/— ro=-0o
CcR
G 7 14

CR 2 (14r) ?Z’”W

0/)7/727>44é /)0719/7#67‘27'7:914, y %e /u'/}yer /hpuf‘ }m"as /3,4.,,

W, d,n;///thkﬁe) r

£re, aud ﬂe Aywef m/')%.,f'/ohzc P ,‘s/ /{6/710)% (/Nd"f ,,’»piwh:i .



VSn\j He last #Pu;;w\ 744:7‘« [C)/

2m¥

fn.. & P R
e P W CR 4 /4me —[/w)]. 1
yf,mw C& + E/—(,— >0 Shce }DO’M\ 7l¢/ms Zre

posihve
/;;)«-oy\ /ﬂ') —4'77'””"“’[ Fwen
He reasonsry m () for CR).

w%/w 07[ M 74»\ has @tlhdéﬂfrrg MA/ 4 credt .

0/)7’7@;«744 : ﬂa’J 3 /wédﬁ &Weﬂl/’n’ﬁh%w%[ﬁﬁ Aa’f/hércé.w%
rehorns o JCa(g wL’(,_ W#u/‘/oh'a_ 5 a Cowfhf/ So % /?m
L/ﬁ—n# %D/Dwd.'u 2n /)1)[},,"‘[; Wahi—.

9) HoU =0, ptis e, 5o dobal prenve is 240, bt ol losts

*
lre “lo+ 2“(0/ So v <O :ﬂeém rs Aﬂ‘méhfpl{; #en: 13 h«’ﬂ‘l/tﬁ\fj

7 Pegback He bak, so e bank loses CR.

N ,
) ® M (R “cedsd Wy Hen Hetrsttom n He A%L;béfc’cﬁvﬁ

16“&7‘777*1, p)’é ’ék (%' [R> p Woult{ Le P’Z 4‘ /é M/";‘kl’w"k{)/
whedh, 3 wot defoed .

@ MM[%&“& #ﬂ)ﬁn)‘(}; ﬂéjfﬁﬁ"f?éhovébn wt Nf/'?tc‘f '/‘D CR
yiclda O = _’_Bb_,__ + /- %

W, -cR W, +reR r ’ >



-, (%WCR) +(r “rf)l)/j,z/o,[/gl
{%‘CR)(%—M’CR) . ﬂ(ﬁihzmha?’b’l"sm?l

Zero, SO

0 =

O - ’7"@ /% tr éR) 4 [y—r/)ﬁa)(z/o‘(k>

I CT Bk i )

B N AT A

From (£) #he trm wints a5 mpch (R 4s iF con et B (K,
He biggey Ty, Ha bigger CR™, He amomt of Credit otfondey
Ae bark is. So He hrm ouner onld vant +o bomow fop o
bonk vith aoige T,

QD From (W(i0), ad ()5 €ssomphon thet W >0, CR™>D mplies

4

Hat /r/’Q‘E%‘>O

l"—rFVb_Pr5>0
r >(1+f)]>r6
L v
1w = Pl .

Whewore r>0 ¥

——

L4y =Y.

.
e
Ophoned nterpretihen. & pr, >0, Ho bank ol ust (ond o e fo,



From (e), for fre vurer towent 30 opecsts He frm,

CR > //+r) z/f;;—"——kf

EFvom [A)(ii)/ (R - [/'/7"6 - —/’;,:é')'l’\/,,. f(/é;#ﬁ?'ﬁj 7%3:7\74,’

(/{ PWJM% Mezwzﬁ'?-

i) © Presemebly whon Hle prebebility of Mo bad stite of Horn 14

Nheases, e Capectedvalve of Hy bay b 1ol Al 1 bevk

Can mq/7 mé/qm‘ﬂ? 5] mzkny @ﬁ—wfl 2od 4t L‘jk /WA . 7+ wr [
ot mgke mény loans,

® Td/(lhﬂ (R ™ from (W)ir),
Y= pr [T~ (1 pr, - B2 ", |

4 0-pr) Z Wotr ll-pr, - f’;é) Mfo]

PN

: /"f/w#) +)+r-rrm'm-r’m‘frw”/’“b Py
PR ) e S} ey
:Frbz(zjrr,r,‘Lr) ‘PYL(2+ZT) tltr
>(24rr¥) pr)o- 2(1er) pry + 1w

2 Vi /m;)
o Pr.

= 2 (2+"+ J?) f)'b~?-(1+r> . We wwld Cke +o



[re,(e Hat Aus is hegatve :
Z/ZH'*'%)PQ -2 1¥r) <? 0

[2+r+'})/;yb —{ 1) <?O

? /7")" r+r7‘ _ yz-f_r
Po< Smrd ~ 30 T ear s,
r+ v rtrTE) rte2v 4
Flrat)
= _,__._—-——,7———

wlhel s trve From “\)(ﬂ/>

k) The "sehrn om Cewstrg ey "/ Werding recdit) ix 7.
Gpms il very about how o deloe He vt of poAL" m Hs muddl.
Presmebly its pomeete i p Yt —s00- P2 or
P X n Wl Pam - r (R -
He frst & of e mest 1o p benk, He secnd o He Koy gmar

Ko devamnsr of “He rite of oy ¢

wght be pom , He valee of
Ho Afm 5 mackaes (s I'/)m/ lap

ta| ')/ er i mmght he R
o uat easy b deccde whit Ple most vseli] detoi iy f

h/'l-e M'tl o*f Pnﬂ’i ! is, Mp/ tu)\a_‘)‘tlrer f‘f” 1‘6/ i/' /’De;M Seeyn 7LD ée
€gval to r



2013 Qualifying Exam Sec. 3 Qu. 1

1. [10 points] Consider a perfectly competitive firm which purchases
labor / and machines m, and with these inputs produces an output in
the amount of f(/, m). Output sells for a price p. Labor costs w per
unit and the price of machines is p,, per unit.

Unlike the firms discussed in the textbook, this firm is constrained in
how much it can spend on labor and on machines. It can only spend
at most CR dollars on labor and on machines, where CR, which is
exogenous to the firm, is the amount of credit extended to the firm by
its lenders. Its total net costs are the amount it spends on hiring labor,
the amount it spends on buying machines, and r - CR, where r > 0
is the interest rate and hence r - CR is the amount of interest which
the firm has to pay back to its lenders. (The loan principal, CR, is
both part of total revenue and part of total cost, so it cancels out of
the expression for profit.)

(a) Show that the Hessian of the Lagrangian for the profit-maximization

problem is
5 0 _pfl/ + Aw _pf:;1 + j~pm
V% =| —pf/+lw 4 "
TRl Pl P
P+ 4Pm Pl Pfoum

Hint: Make use of the first-order conditions.

(b) Show that if the spending constraint is not binding, the second-
order sufficient conditions for a maximum profit for the firm can
be expressed in terms of a rather simple property of the produc-
tion function, and state what the “rather simple property” is.

10
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3. Suppose a firm uses inputs z; and z2—which we shall collecti;re'ly
call x—to produce output a,ccordmg to a production function f(x).

Further suppose:

e the firm takes the price of output as a constant, p;
o the firm takes the price of z; as a constant, w; and

o the firm takes the price of x5, called “q,” as a functi(;n of the
amount of input 2 which it buys: g(z3). Suppose the more of z,
the firm wishes to purchase, the higher the price it must pay to
buy xs.

Finally, suppose the firm’s second-order conditions for profit maxi-
mization are fulfilled. '

Exam \
\2q%F

Question 3
© .

(a) Find the expression for how the firm’s purchases of z; vary when
x1’s price varies. ‘

(b) Under what situations is this firm’s input demand curve for in-
put 1 downward-sloping?

(c) How does your answer to’ part (b) change if the supply curve
which the firm faces for input 2, namely g(z3), is linear?
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2. [8 points]

(a) A monopolist produces output “z,” faces a demand curve p(zx, @),
and has a cost function ¢(x). The parameter “«o” shifts consumers’
demand for his product up, and the monopolist can choose «, but
the cost to the monopolist of « is ba.

Implicitly find the monopolist’s optimal choices.
(b) If, in part (a),
p(z, ) = 10a — 3z and
c(z) = 22,
are the second-order conditions satisfied when the first-order con-
ditions are?

Summer 2013 Qualifying Exam Section 2 Question 2
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621 Fochim of fzw Q)ali‘%:?y\gr Exam
o
1 Q@% Q(}L{)‘!’l\()l’\

Keﬁu« vecﬁ &u’]}e.nz)ou. i @ )

Questz’on 3. Suppose a firm uses two inputs #; and z, to produce output y
according to the productlon function y = f(z1, T2).

. The firm is a monoposony purchaser of input-1; the supply curve of input 1
is wy; = ax; where w; is the price of input 1 and a is a constant. '

The firm is a competitive purchaser of input 2. The price of input 2 is ws.

The firm is a monopolist. The demand curve for its output is p = 10 — Y
where p is the price of its output.

a) Guess at the sign of 8y /0a. Explain the economic interpretation behind.
your guess.

.b) Calculate y/9a and find out as much as you can about its sign. (Hint:
If you have calculated dy/da but are having trouble determining the
sign, try to express the troublesome term as a function of the firm’s
marginal revenue. You should know the sign of the firm’s marginai
revenue.)
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2. A profit-maximizing firm produces output from inputs z; and z, ac-

cording to the following production function:
f@1,32) =In(zy +1) + 25"

The firm is competitive in its output market; the price of its output
is p. The firm is competitive in the market for ;; the price of z; is w;.
The fitm is a monopsonist in the market for z,; the supply curve it
faces for 3 is given by we = 10 + 0.5z, where w; is the price of z,.

(a) Show that if p = 11 and w; = 1 then z; = 10 and z, = 1.
(b) Show that for this firm

- 1
@ar 0 | [dm| _ |71 mE| [dw ]|
" and therefore

| dea | : | .
dz, ,.— . " :
: | -1 2—_:55—1 ?,1—1'(;%75+1) wy |
(mvizen) |70 AL 5]

Ey ar dp
(c) Sﬁow that if p =11 and wy = 1 then
, dry = =11dw, + dp
. d$2 =" : i%‘dp .
(d) Start from “p =11 a,nd“'wl = 1.” Then suppose that simultaneously

. wy increases by $e/unit and p increases by $¢/unit-where € is a small
positive number. -Using the result of part (c), determine whether:

i. ~ thefirm’s demand for &; goes up or down;
i the firm’s demand for z; goes up or down;
iii. the firm’s output goes up or-down.
(e) Are the firm’s second-order conditions for a maximum satisfied when

p=11 and w; =17
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Answer all of the following three questions.

. Let y be output, w; be the cost of input 1 and z; be the amount of
input 1, and let wy be the cost of input 2 and =3 be the amount of in-
put 2. Are the following observations consistent with cost-minimizing * |

- behavior? Explain thoroughly. s

year|y w, Wy T T3
1 [4 3 1 6 6
2 |5 '2 2 10 4
3 |6 15 8 11" 2

.,
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5. [7 points] Which of the following two environments would a compet-
itive firm prefer to be in? :

(a) The pricefof input 1 is $10 half the time and $20 half the time.
(b) The price of input 1 is $15 all the time.

Why?
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5. Suppose a firm is competitive in its output market. The price of out-:

put, p, is 2. This firm produces output using only one input, labor “L.”
The firm is the single purchaser of labor (it is a “monoposonist”).
Therefore, the wage rate “w” (the price of labor) will depend on how
much labor the firm buys.

(a) Suppose the supply curve of labor is w = L where L is the amount
of labor the firm hires.

i. What is the derivative of the firm'’s profit function with re-
spect to p? ‘
ii. How does the firm’s demand for labor change when p changes?

(b) Suppose the supply curve of labor is w = g(L) where L is the
~ amount of labor the firm hires.

i. What is the derivative of the firm’s profit function with re-
‘spect to p? ' .
ii. How does the firm’s demand for labor change when p changes?

Tl Exam
9%
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