
Section 3: 

Consumer Theory 



Fall 2021 Final Exam Question 2
Consumer Theory

2. [16 points]
Suppose a consumer consumes only two goods, x and y. In this case,
if the consumer has lexicographic preferences, then the consumer will
choose between bundles (x1, y1) and (x2, y2) in one of the following
two ways. The first is that if x1 ̸= x2, the consumer prefers the bundle
whose x is larger; but if x1 = x2, the consumer prefers the bundle
whose y is larger. The second is that if y1 ̸= y2, the consumer prefers
the bundle whose y is larger; but if y1 = y2, the consumer prefers the
bundle whose x is larger.
If a consumer has lexicographic preferences, there is no utility func-
tion which represents his or her preferences.
Figure 1 is one author’s attempt to describe a particular situation in-
volving lexicographic preferences, with Y (measured on the vertical
axis) representing the consumer’s consumption of food and E (mea-
sured on the horizontal axis) representing the state of the natural en-
vironment. (I know that calling food “Y” is unusual, but the graph is
not mine so I did not choose the notation.)

(a) Why can the solid lines in Figure 1 not be indifference curves?
(b) The author calls the solid lines in Figure 1 “quasi-indifference

curves.” Describe in words the preferences of the consumer
depicted in Figure 1, making a plausible conjecture about the
meaning of the quasi-indifference curves. (If your conjecture
turns out to be wrong, you nevertheless may earn many points
if your conjecture is reasonable and your interpretation of the
graph is consistent with your conjecture.)

(c) Sketch the income expansion path in Figure 1.
(d) Show that there exists a (different) consumer whose preferences

can be represented by a utility function who has the same in-
come expansion path as the path you drew in part (c). Do this by
sketching this consumer’s indifference curves.
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152 Post Keynesian and ecological economics

income level the higher the satisfaction of the consumer (bundle A is pre-
ferred to C), which is what the arrows on each vertical quasi-indiff erence 
curve once again are meant to indicate.

What are the implications of such a preference set for contingency 
evaluation studies? Assume the consumer starts with combination A, with 
an income exceeding the minimum threshold. Suppose this consumer is 
being asked about a possible reduction in the size of the environmental 
good from E0 to Ed. The likely willingness to pay (WTP) of this person 
will be (Ya – Y*), that is, the entire discretionary income of the consumer, 
beyond the threshold income level. The consumer would wind up at com-
bination C. Note however that the consumer is not indiff erent between 
combination C and combination B, as was presumed in the neoclassical 
analysis of Figure 7.3. In Figure 7.4, the consumer still prefers combina-
tion C to combination B. The measured WTP thus underestimates the true 
value of environmental goods in the consumer mind. Note in addition that 
whatever the proposed reduction in the size of the environmental good, 
the income that can be given up remains the same, unless the reduction is 
so small that it does not trigger any negative feeling on the part of the con-
sumer. On the other hand, if the consumer were to start with combination 
F, below the threshold level of income, WTP would be zero, or near zero, 
since more income is always preferred to less in this region.

Y
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AB
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Yf

Figure 7.4  Contingency value assessment with choices of a lexicographic 
nature: quasi-indiff erence curvesFigure 1.
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2018 Exam 1 Qu. 3

3. [11 points]
Suppose a price-taking utility-maximizing consumer has a utility func-
tion of u(x) = ln x1 + ln x2 and faces prices p1 and p2 for commodities
x1 and x2, respectively; and has income m.

(a) Find this consumer’s optimal consumption for x1 and x2 (called
x∗

1 and x∗
2, respectively).

(b) Find ∂x∗
1/∂p1 and ∂x∗

2/∂p1.
(c) Find this consumer’s income expansion path as a function of x∗

1.
(Imagine a graph where x∗

1 is on the horizontal axis). Hint: one
way to proceed is to consider x∗

2/x∗
1.

(d) How will the income expansion path shift when p1 changes?
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2. [14 points] Suppose a price-taking consumer has utility function

u(x) = xα1
1 x

α2
2 · · ·xαn

n

for commodities x1, x2, . . . , xn, where n is a positive integer greater
than two. Find this consumer’s demand for each of the commodities.
(You need not check the second-order conditions.)

Final Exam, Fall 2013







2. [12 points] 
Suppose the consumers in this problem are competitive. This is true 
for both parts ( a) and (b) of this question! For simplicity, assume there 
is bnly one consumer (this just saves on notation). This consumer only 
consumes two goods, X and Y. Suppose this consumer's income is $10, 
the price of good X is $2/unit, and the price of good Y is $l/unit. 
Suppose the consumer's utility function is X 1/ 2yl/2. 

(a) How much X and Y will this consumer buy? Be sure to verify 
the second-order conditions. 

(b) Suppose when this consumer goes to the store to buy X and Y, he 
can only find 4 units of Y in the store. (This should be less than 
the amount you calculated that he desired to buy in part (a).) 
What do you think will happen? Bidding the price of good Y 
up? In the end, how much X and Y will he end up with? 
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2019 Qualifying Exam Sec. 3 Qu. 2

2. [16 points]
[Completely optional introduction: This will show that it is incorrect to use the
change in “consumer surplus” as a measure of welfare change in the general
case of goods having arbitrary income effects.]

(a) Suppose a consumer has a utility function u = x1/2
1 x1/2

2 and income
m = 2 and takes the prices p1 and p2 as given. If x1 is “cheese,” find
the consumer’s (Marshallian) demand curve for cheese.

(b) Make a rough, somewhat large sketch of this consumer’s demand
curve for cheese for 0 < x1 = 1 and identify the quantity demanded
of cheese for prices p1 of 1, 2, 3, and 4 dollars per pound (“$/lb”)
of cheese.

(c) Consider the following explanation of consumer surplus, which re-
sembles what one might find in an undergraduate microeconomics
textbook.

Consumer surplus, which is the area under the demand
curve, measures how much a consumer would be willing
and able to spend to buy cheese. To illustrate this, consider
how much money the consumer whose demand curve you
drew in part (b) would be willing and able to spend to buy
a certain total amount of cheese. If the price of cheese
were $4/lb, he would be willing to buy [fill in this blank,
which is part (i) of this sub-part] pounds of cheese, and
so would spend the amount of money shown by area [fill
in this blank, which is part (ii) of this sub-part] in the di-
agram. [Designate areas in your graph by giving labels
such as A, B, C, etc. to the vertices of those geometric ar-
eas, rather than say by shading the areas, because shading
may make part (d) harder to superimpose onto this graph.]

If after making this transaction the price of cheese were
to fall to $3/lb, he would be willing to buy more cheese,
raising his total cheese purchases to [fill in this blank, which
is part (iii) of this sub-part] pounds of cheese, and so would
in total spend the amount of money shown by area [fill in
this blank, which is part (iv) of this sub-part] in the dia-
gram.

If after making this transaction the price of cheese were
to fall further, to $2/lb, he would be willing to buy more

12



cheese, raising his total cheese purchases to [fill in this
blank, which is part (v) of this sub-part] pounds of cheese,
and so would in total spend the amount of money shown by
area [fill in this blank, which is part (vi) of this sub-part]
in the diagram.

If, finally, after making this transaction the price of
cheese were to fall even further, to $1/lb, he would be
willing to buy more cheese, raising his total cheese pur-
chases to [fill in this blank, which is part (vii) of this sub-
part] pounds of cheese, and so would in total spend the
amount of money shown by area [fill in this blank, which
is part (viii) of this sub-part] in the diagram. This amount
of money is approximately equal to consumer surplus and
thus shows that [fill in this blank with the conclusion of this
argument, which is part (ix) of this sub-part].

(d) In this part you have to show that the explanation in part (c) is
wrong. To do this, suppose the consumer has already spent the
money to purchase, at a price of $4/lb, the amount of cheese you
answered in sub-part (i) of part (c). Suppose the consumer has taken
ownership of this amount of cheese but has not eaten it yet. Before
eating this cheese and before buying any x2, the consumer gets the
opportunity to buy more cheese at a price of $3/lb.

i. Show that he will not buy the total amount of cheese given in
sub-part (iii) of part (c) by showing that the total amount of
cheese he will actually buy is 7/24 ≈ 0.29 (where “≈” means
“is approximately equal to”). Hint: first calculate how much
extra cheese he will buy.

ii. Superimpose onto your prior graph this consumer’s new de-
mand curve for cheese for prices of 3, 2, and 1 dollars per
pound, giving a numerical value for the amount of cheese de-
manded at each of these prices.

iii. Construct an argument that the consumer surplus described in
part (c) is not actually “how much a consumer would be willing
and able to spend to buy cheese.” Include a conceptual expla-
nation of why the the demand curve you derived in part (a)
generated a misleading answer to part (c).

13
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1. Suppose a consumer's utility fun~tion u is given by u(x) = Xl x~ where 
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(a) Is this utility function concave? 
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· 5. If a consumer has a standard budget constraint and a utility function 
u(x), = xr + x2) what conditions on CY have to be satisfied if the 
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2. I suggest you read both parts of this question before you begin to work
on the first part.

(a) Suppose a consumer has a quasiconcave utility function u(x)
where x ∈ Rn. Prove that if

x∗ satisfies the first-order conditions for the problem

max
x

u(x) s.t. p · x = m (1)

where p are the prices (which the consumer takes as
given) and m is income,

then

x∗ must actually solve (1).

(b) Show that if the consumer does not take p as given, but rather has
some influence over it—say he receives lower prices for a partic-
ular commodity if he buys a great deal of it—then it is no longer
necessarily true that “if x∗ satisfies the first-order conditions for
(1) then x∗ must actually solve (1).”

2005 Qualifier, Section 2
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2. [14 points] Suppose a person consumes two goods, x and y. The price
of x is $0.50 per unit (that is, $1/2 per unit). The price of y reflects a
volume discount, and is

1− 0.12y

as long as that is positive. The consumer’s income is $2. This con-
sumer’s affordable set is the shaded area in the graph below.

Suppose this consumer’s utility function is

x+ y + 1
10

lnx+ 1
10

ln y .

Some of this consumer’s indifference curves are shown in the graph
below.

75s12q

1

0 1 2 3 4

x

0

1

2

3

4

y

(a) Show that the utility function is strictly concave.
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(b) Show that any (x∗, y∗, λ∗) satisfying

2 = − 1

10
· 2.4y2 − 10y

4.8y2 − 10y + 1
+ y − 0.12y2

x = −1

5
· 2.4y2 − 10y

4.8y2 − 10y + 1

λ = 2 +
1

5x

(or an equivalent set of equations) satisfies the first-order condi-
tions for utility maximization. (These equations should have been
written as functions of x∗, y∗, and λ∗, but I omitted the asterisks
for enhanced legibility.) Do not try to solve the system for y∗, x∗,
or λ∗.

(c) What sufficient condition would ensure that a vector (x∗, y∗, λ∗)
satisfying the conditions of part (b) actually is a maximum? Your
answer should be a function of x∗, y∗, and λ∗, but you can omit
the asterisks for enhanced legibility.

(d) It can be shown that (x∗, y∗, λ∗) = (0.704259, 2.26171, 2.28399)
satisfies the conditions of part (b). This point is marked as a dot
on the graph. However, it violates the condition of part (c) (do
not prove this; take my word for it). What is the implication of
this violation? Could you have predicted this violation?

(e) What do you guess the consumer’s utility-maximizing bundle is?
Why? (I am asking for a guess here, not a mathematical investi-
gation.)

Summer 2012, Qualifying Exam, Section 1 Qu. 2
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2. [11 points] Suppose a utility-maximizing consumer does not take prices
as given. You should represent the prices of the two commodities x1
and x2 he may consume by p1(x1) and p2(x2), respectively.

(a) What are the sufficient conditions for a utility maximum? Your
answer may include λ∗, x∗1, and x∗2.

(b) Presuming the conditions in (a) are satisfied, what else needs to
be true in order for x1 to be a normal good?
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3. Suppose a COllsumer buys only two goods, Xl and X2, from his fixed 
income m.The prices' for tl{e two goods are PI and pz, respectively. 
Under what conditions will a rise in P2 cause the consumer's purchases 
of Xl to fall? (Your answer may coiltain A *, xi, and x:n. 
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1. [11 points] S:uppose a price-taking consumer receives utility from two 
goods, Xl and. X2' How, does the consumer's demand for good 1 change 
when the consumer's' income changes infinitesimally? 
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5. Suppose a price-taking utility-maximizing consumer receives utility
from two goods x1 and x2.

(a) How does this consumer’s demand for good 1 change when p1
changes infinitesimally?

(b) How does this consumer’s demand for good 1 change when p2
changes infinitesimally?

(c) Express, as a function of the change in p1, how this consumer’s
demand for good 1 changes when: “p1 and p2 change simultane-
ously in such a way that p1 + p2 is unchanged.”

2
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2. [10 points] Suppose a consumer has a standard budget constraint and 
has a utility function of the form 

, 

where a E (0,1) and j3 > o. 
(a) Find the Marshallian demand for Xl. 

III ,i\l' 

(b) How does the Marshallian demand for Xl change as j3 changes? 
Why? 

(c) Find the Hicksian demand for Xl. 

(d) How does the Hicksian demand for Xl change as j3 changes? Why? 
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V 2. [16 points] Suppose a consumer's utility function takes the form u(x, V) 
and is quasiconcave. Suppose the consumer's income is fixed at m. 
Under what conditions on u will x be an inferior good? 

I 

I 

To receive full credit, your answer should involve only u or its deriva­
tives. 

" (You lose five points if you have to ask me to give you the definition 
of an "inferior good.") . . 

I I, 
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3. [11 points] Suppose a consumer’s utility function takes the form u(x, y)
and is quasiconcave. Suppose the consumer’s income is fixed at m. Un-
der what conditions on u will x be a Giffen good?

To receive full credit, your answer should involve only u or its deriva-
tives.

(You lose three points if you have to ask me to give you the definition of
a ”Giffen good.”)









5. [14 points] Consider a consumer who has a quasi-concave utility func­
tion defined over two goods. Determine, if possible, the sign of the 
slope of this consumer's Hicksian demand curve for good 1 if the con­
sumer does not take the price of good 2 as given, but rather considers 
the price of good 2 to be a function of how much of good 2 he consumes. 
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Answer all of the foll~wing three questions. 

1.. [llpointsj Supp·ose a consumer's utility function is given by a quas}-
concave function U(Xl, X2). . 

(a) Suppose the consumer takes the price of Xl as given and the price 
of X2 as given. Call these prices Pl and P2. Let income be m . 

. ImpliGitly findthe consumer's demand for Xl and X2 and verify 
that these demands actually do maximize the consumer's utility. 

(b) Suppose the consumer takes the price of Xl as given, but the 
consumer faces a price of X2 which declines the more ofx2 the 
consumer buys. Implicitly find the consumer's demand for Xl 

and X2 and try to verify that these de:rnands actually do maximize 
the consumer's utiiity. 

Proposition 2. [T~st of Pseudoconvexity.] Let f be a C2 function 
defined in an open, convex set S in Rn. Define the "bordered Hessian" 
determinants O'l'(x)" r =: 1, ... , n by 

0 fi(x) ... f;(x) 

O'l'(x) =: 
fi(x) i{'l (x) " . ff~(x) 

.. 
f~(x) f~/l (x) f~~(x) t=~20ob 

. (?K •. { 

A sufficient condition for f to be pseudo convex is that O'l'(x) .( 0 for r =: 2 ' 
. , ., n, and all XES.. ' , 

[Proposition 2': Similarly, a sufficient condition for f to be pseudo concave is that or(X) 
alternate in sigJ.? beginning wi,th > 0 for r = 2, " . , n, and all XES.] . 
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4. [11 points] Compose a problem of economic importance which involves 
quasiconcavity. Then work the problem you composed and demonstrate 
the importance of quasiconcavity in your mathematical working-out of 
that p:t:oblem. 
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2. [11 poi:nts] Suppose a price-taking consumer has income m and utility' 
,.function u ' In y + lnz where yand z are the two goods which the" 
consumer buys. For this consumer, calculate separately the left.:hand 
side' and right-hand side of the Slutsky Equation 

8xy(p, m) _ 8hy(p, v(p, m)) _ 8xy(p, m) ( ) 
8 - 8 8 X z p,m , pz 'pz m 

,(where X denotes the Marshalliandemand curve and h the Hicksian 
demand curve), 'and show that the left-:-hand side is equal to the right­
hand side. (In the pr~cess, it helps to calculate the consumer's indirect 
utility function.) 
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3. [11 points] Suppose a consumer consumes two goods, x1 and x2, and
has a utility function of

u(x) = x
1/2
1 x

1/2
2 .

This consumer takes the prices of the goods p1 and p2 as given, and
has a fixed income m.

(a) Find the consumer’s Hicksian demand curve for good 1, h1(p, û),
without explicitly solving a utility-maximization problem.

(b) Find this consumer’s expenditure function. Hint: one way of writ-
ing this consumer’s expenditure function is(

p2
p1

)1/2

p1 û+

(
p1
p2

)1/2

p2 û .

(c) Find this consumer’s indirect utility function from this consumer’s
expenditure function. Hint: one way of writing this consumer’s
indirect utility function is

mp
−1/2
1 p

−1/2
2 .

(d) Derive this consumer’s Marshallian demand function for good 1
from the consumer’s indirect utility function.

(e) Using your answers to parts (a) and (d), verify the Slutsky equa-
tion

∂x1
∂p1

=
∂h1
∂p1
− x1

∂x1
∂m

for this consumer. (In other words, calculate each side of this equa-
tion separately, then show that they are equal to each other.) If
you need this consumer’s Marshallian demand function for good 2
in order to solve this problem, you may deduce its form by sym-
metry from the answer to part (d) instead of deriving it.
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2. Suppose a consumer's expenditure function e(p, u) is equal topl'P~-au;' 
. where the p's denote prices and u denotes a utility level. 

(a) Find the consumet's Hicksian demand qlrve for good 2, h2(p, u). 
(b) Fjnd the consumer's Marshallian demand turve for good 2, X2 (p, m), , 

where m is income. . .'. 

(c) Verify the following Slutsky equation for this consumer: 

8X2(p, m)_ 8h2(p, u) _ ( ) {)X2(p, m) 
J:l - J:l X2 p,m J:l • 
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4. Suppose a consumer has a standard budget' constraint and a utility 
function ,u(x) = Xl + !X2. Find this consumer's indirect 'utility ftmc­
tion. 
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Answer all of the following five questions. 

1. [8 points] Give a two-dimensional graphical interpretation of the result 
that the indirect utility function is quasiconvex in prices. 
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1. [11 points] Suppose a consumer receives utility from consumption of 

two goods, Xl and X2, according to the utility function x~ x~l-a), where 
aE(O,l)~ 

(a) Find this consumer's indirect utility function. 

(b) Verify that this consumer's indirect utility function is quasiconvex 
in p. Directly check for quasiconvexitYi do not use the result that 
a convex function is quasiconvex, and do not use the result that 
a strictly convex function is quasiconvex. (If you could not solve 
part ( a), then work part (b) with the indirect utility function 
hl m - a In PI - (1 - a) In P2, which mayor may not be the correct 
answer to part (a).) 
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2017 Exam 1 Qu. 1

1. [11 points]

(a) Suppose a consumer has income m and a standard budget constraint
and a utility function u(x, y) = α ln x + β ln y with α > 0 and β > 0.
Find this consumer’s indirect utility function v .

(b) From your answer to part (a), find ∂v/∂m and ∂2v/∂m2. Interpret
these in terms of “the marginal utility of money.” What is the sign
of ∂v/∂m and ∂2v/∂m2? What do these signs imply for the shape
of a graph of v versus m?

(c) Find ∂v/∂m by using the Envelope Theorem and verify that you get
the same answer you got in part (b). Explain why the Envelope
Theorem is relevant to the problem.

(d) Suppose another consumer has income m and a standard budget
constraint and a utility function û(x, y) = xαyβ with α > 0 and
β > 0. Without solving an optimization problem, explain why this
consumer has the same demand curves for x and y as the consumer
in the earlier parts of this question.

(e) Find this second consumer’s indirect utility function v̂ and find
∂v̂/∂m and ∂2v̂/∂m2.

(f) Is the sign of ∂v̂/∂m the same as the sign of ∂v/∂m? Why or why
not?

(g) Is the sign of ∂2v̂/∂m2 the same as the sign of ∂2v/∂m2? Why or
why not?









1<_.' 

2. [11 points] Suppose a price-taking consumer has a utility function 

u(x) = 2lnxl +lnx2 

over two goods Xl and X2. 

(a) Show that this consumer's indirect utility function is 

. 2m m 
v(p,m) = 21n- +In-

3Pl 3P2 

where PI is the price of the first good, P2 is the price of the second 
good, and m is income. 

(b) If the price of the first good rises, what change in income would 
leave utility unchanged? [Hint: It is possible to use the indirect 
utility function from part (a) in answering part (b).J 
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2015 Qualifying Exam Sec. 2 Qu. 2

2. [8 points]

(a) If the price vector faced by a price-taking consumer changes
from p to γp, what change in income would leave utility un-
changed? Why?

(b) Suppose a price-taking consumer has a utility function

u(x) = 2 ln x1 + ln x2

over two goods x1 and x2. If the price of only the first good rises,
what change in income would leave utility unchanged?

8
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3. Suppose a consumer's utility function u is given by u(x) = x~/2 + 2X2 

wherE! Xl and X2 are amounts of two commodities consumed. Find this, " 
consumer'sindirect utility function and expenditure funciion. ' 
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2. Supp~se a consumer obtains utility.from consumption of two goods, Xl 

and X2, according to the utility function u(x) = x~ X2' This consumer's 
incom~ is denoted by m. The consumer takes the price of the second 
good as a constant,P2' However, the consumer's actions influence Pl, 
the price of the first good; PI increases with the consumer'S purchases 
of Xl according to the relationship PI = xl/3. 

(a) Find this consumer's indirect utility funCtion. 

(b) Find this consumer's expenditure functi,on. 
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4. Suppos~a consumer's expenditure function is 

Find the consumer's (di~ect) utility function. 
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3. [11 points] Suppose a consumer's indirect utility function is given by 

v(p,m) = Inm - alnpl - (1- a) Inp2. 

Find this consumer's: 

(a) expenditure function; 

(b) (direct) utility function. 
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2. Suppose the indirect utility function of a cons;umer is given by 

. 4m3 

v(p,m) = 27 2' 
PIP2 

(a) Find the (direct) utility function. 

(b) Find the Hicksian demand curve for· good 1. 
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2. [11 points] Suppose a consumer with income m faces given prices p1 and
p2 for commodities x1 and x2, respectively. Suppose this consumer’s
indirect utility function is

v(p,m) = m(pr1 + pr2)
−1/r

for some positive constant r.

(a) Find this consumer’s Marshallian demand curves for x1 and x2.

(b) Prove either that this consumer’s (direct) utility function u(x1, x2)
can be written as x

r
r−1

1[
x

r
r−1

1 + x
r

r−1

2

]r +
x

r
r−1

2[
x

r
r−1

1 + x
r

r−1

2

]r


−1/r

or as (
x

r
r−1

1 + x
r

r−1

2

) r−1
r

or, with ρ = r/(1 − r), as

(xρ1 + xρ2)
1/ρ

(which is called the “Constant Elasticity of Substitution” (“CES”)
utility function). Hint: at some point you may find it helpful to
multiply

1

x1 + x
−1
r−1

1 x
r

r−1

2

by one in the form of x
1

r−1

1 /x
1

r−1

1 in order to obtain

x
1

r−1

1

x
r

r−1

1 + x
r

r−1

2
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'. Question 3;..1£ a consumer's expenditure function is e(p, u) = (pI + P2')11r u, 
find the'consumer's:· ., 

a) (direct) utility function; 

b) Marshallian demand curve for good 2; 

c) Hicksian demand curve fo~ good 2. " 

If you decide to solve an optimization problem when you answer this question, 
you de net have to. verify that the second-order conditiens hold, but yeu do., 
have to. state the secend-erder cenditions. In stating these second-order 
cenditiens, it is acceptable to. leave derivatives unevaluated, as leng as the 
only things yeu have left undene are siI;llple differentiatiens. 
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new: 2019 Exam 1, Qu. 1.
Resembles 1997 Exam 1 Question 2 and 1996 Qualifying Exam Question 3

1. [11 points]
If a consumer’s expenditure function is e(p, ū) = pa

1p1−a
2 ū, find the

consumer’s:

(a) (direct) utility function;
(b) Marshallian demand curve for good 2;
(c) Hicksian demand curve for good 2.

If you decide to solve an optimization problem when you answer this
question, you do not have to verify that the second-order conditions
hold, but you do have to state the second-order conditions. In stating
these second-order conditions, it is acceptable to leave derivatives un-
evaluated, as long as the only things you have left undone are simple
differentiations.
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1. [11 points] Suppose the expenditure function of a consumer is e(p, u) =
(pr1 + pr2)

1/ru where p1 and p2 are prices, p is the vector (p1, p2), and u
is utility. Find this consumer’s Marshallian demand curves.

Fall 2011, Exam 1 Qu 1







I' 

E.x~M t 
"LOOq 

QV,0.;+rO/1 1..­
G) 

2. [11 points] Suppose a consumer has utipty function U(Xl,X2) = In Xl + 
In X2 where Xl and X2 are quantities of two goods. Suppose the con­
sumer's income is m and let the prices of the goods be PI andp2 
respectively. 

(a) Find the consumer's Marshallian demand curves. (Hint: the an­
swers are xi = m/(2pl) and X2 = m/(2P2)') 

(b) State and verify the second-order conditions. 

(c) By using the Slutsky equation, ~d how the consumer's Hick­
sian (Le., "compensated") demand curve for the first commodity 
varies as P2 varies. (I want a formula for the appropriate deriva­
tive.) (Hint: the answer is m/(4plP2).) 

(d) Find the indirect utility function. (Hint: one way of writing the 
answer is In[m2/(4PIP2)].) 

(e) Find the expenditure function. (Hint: the answer is 2JPIP2 eU / 2 

where "e" is the irrational number 2.718 .... ) 

(f) From the expenditure function, derive the cOnSumer's Hitksian 
demand curve for the first good and find how this demand changes 
with changes in P2. (Hint: the answer is eu / 2/(2JPIP2).) 

(g) Verify that the answers to parts (c) and (f) are the salne. You 
may want to use part (d) to help. 

(h) How does the consumer's Hicksian demand curve for the second 
commodity vary as.Pl varies? 
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1. [20 points] Suppose a price-taking consumer consumes two com­
modities x and y and has a utility function of the form 

u(x,y) = alnx + j3lny. 

Suppose the price of x is Px and the price of y is Py. 

(a) Show that this consumer's indirect utility function can be written 
as 

[ aCi.j3f3mCi.+f3 ] 
v(Px,Tiy, m) = In p~p~(a + j3)Ci.+f3 

where m is the consumer's income. 

(b) Show that this consumer's expenditure function is 

(c) Form this consumer's money metric indirect utility function, 

Your final expression should not explicitly involve the indirect 
utility function v. 

( d) Briefly explain the economic interpretation of your answer to part (c). 
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1. [13 points] Suppose a price-taking consumer consumes two commodi-
ties x and y and has an indirect utility function of the form

v(p̄x, p̄y,m) = ln

[
ααββmα+β

p̄αx p̄
β
y (α + β)α+β

]
where m is the consumer’s income, p̄x is the price of x, and p̄y is the
price of y.

(a) Show that this consumer’s expenditure function is

e(p̄x, p̄y, u) = (α + β)

(
p̄αx p̄

β
y

ααββ

) 1
α+β

exp

(
u

α + β

)
where exponentiation is denoted by “exp” to avoid confusion with
the notation for the expenditure function e.

(b) Form this consumer’s money metric indirect utility function,

µ(p̂x, p̂y; p̄x, p̄y,m) ≡ e(p̂x, p̂y, v(p̄x, p̄y,m)) .

Your final expression should not explicitly involve the indirect
utility function v.

(c) Show that this consumer’s utility function is either

u(x, y) = α lnx+ β ln y

or a monotonically increasing function of this (such as xαyβ).

Summer 2011 qualifying exam, Sec. 1 Qu. 1
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Answer all of the following four questions. 

[13 points] Let hi(P, uO) denote a consumer's Hicksian demand curve 
for good i when the consumer faces prices P and enjoys utility level uO , 
Prove that 

8hi 8h· _=_3 
8pj 8pi 

by using the definition of .the expenditure function and by 'using th~ 
/ Envelope Theorem. 

I i I 
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Question 2. Let Ii' and 'j' be any two commodities which a consumer buys. If' 
the Hicksian (or "compensated") demand function of a consumer is h(p, uo), 
prove that fJhijfJPi ~ 0 and that fJhdfJpj = fJhj j8pi. ' 

You do not have to prove the Envelope 'J:'heorem here, but you do have to 
prove all other results whi'ch you use. 
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2015 Final Exam Qu. 2

2. [18 points] If hi denotes a competitive consumer’s Hicksian demand
curve for good i and pi denotes the price of good i, prove that

∂hi/∂pi ≤ 0 and

∂hi/∂pj = ∂hj/∂pi .

If you use an “Envelope Theorem” result, prove it (by applying the En-
velope Theorem). If you contend that a function is concave or convex,
prove it.

3
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Fall 2021 Exam 1 Question 3

3. [11 points]
Suppose a consumer has an n × n negative semidefinite symmetric
Slutsky Substitution Matrix S, but an economist has data only on
n′ < n of the commodities. Should the n′ × n′ matrix S′ (whose i, j
entry is ∂hi/∂pj ) which is formed by using data only from n′ of the
commodities be negative semidefinite and symmetric? (This question
requires a proof, not just a “yes or no” answer.)

4
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3. [11 points] Starting from the identity

hk(p, u) ≡ xk
(

p, e(p, u)
)

where xk is the Marshallian demand for good k and hk is the Hicksian
demand for good k, determine the conditions on x under which

∂xj(p,m)

∂pi
=
∂xi(p,m)

∂pj
.

[Fall 2004 Exam 1.]
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2017 Final Exam Qu. 1; resembles 1997 Ex. 1 Qu. 1, and has the same
answer as it (see next problem)

1. [16 points]
Prove that a consumer’s expenditure function e(p, u) is concave in p.
Fully explain your work.
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Answer all of the following three questions. 

1. Prove that a consumer's exp!'lnditure function e(p, u) is concave in p. 
Fully explain your work. . 

Hint: . Here is the beginning and middle of a bare, unexplained proof 
that a firm's cost function c(w,y) is concave inw: 

TO'prove: c(twa+(l-t)Wb, y). 2:: tc(wa,y)+(l:"'t)C(Wb,y) for 0 ~ t~ 
1. 

Proof: 

c(twa+ (l-t)Wb, y) ~ min [twa + (l-t)Wb]·X .. 
. xev(y) 

= min [twa· X + (l~t)Wb . x] 
xev(y) 

> min twa·x+ min (l-t)Wb·X. 
-:- xev(y) xeV(y) 
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iO)q~ 

Qu.e.1+t()V\ i- @ 

621.Section (must answer one) . 

Question 1. Suppose a price-taking consumer buys n commodities q which,., 
are indexed by i, as in: Ql, q2, ... , qi, ... , qn'" Let the price of commodity i 
be Pi. Let the'consumer's income be m. Let the consumer's budget share for 
item i be 

." Let 

What is this? 

Let 

What is this? " 

8lnqi 
€ij = 81npj . 

" 81nqi 
'rJi = 8lnm' 

a) Prove the so-called Cournot Aggregation Condition: 

, L aj €ji = -ai . 
, " ". j , 

As a hint: differentiate the budget constraint with r.espect to Pi. 

b) Prove the so-called Engel Aggregation Condition: 

Laj'iJj =1. 
j 

As a hint: differentiate the budget constraint with respect to m. 
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new: 2020 Exam 1, Qu. 1.

1. [11 points]
Suppose a consumer consumes two goods, “1” and “2,” and that if
the consumer consumes x = (x1, x2) amounts of those two goods, his
utility function is

u(x) = x1 x2 .

Assume
x1 ≥ 0
x2 ≥ 0 .

Consider another family of preferences

ûγ(x) = (x1 x2)2 + γ

where γ ∈ R1 = (−∞,∞).

(a) For what values of γ do ûγ(x) and u(x) represent the same pref-
erences?

(b) State whether or not u is homogeneous, and if it is, state its de-
gree of homogeneity.

(c) State for what value or values of γ, if any, ûγ(x) is homogeneous
and what the degree of homogeneity is (or the degrees of homo-
geneity are).

(d) State whether or not u is homothetic. Hint: You could use the
definition of homotheticity to prove this, but you need not go
through that trouble here: there is a way to answer by using the
answer to a previous part of this question and then just appealing
to a result that I showed in class and that you do not have to prove
here.

(e) State for what value or values of γ, if any, ûγ(x) is homothetic.
Use the definition of homotheticity given in class as the basis for
your answer.

2



Answers to Exam 1, Econ. 7005, Fall 2020
1. (a) Observe that û is the following transformation f of u:

ûγ = f (u) = u2 + γ .

The domain is u ≥ 0 because the problem states that x1 ≥ 0 and
x2 ≥ 0, making u = x1 x2 ≥ 0. As the following graph shows,
this f (u) is increasing in u over the entire domain u ≥ 0 for all γ.
(The value of γ could be negative or positive or zero.)

This shows that “ûγ is an increasing transformation of u” (which
just means that ûγ is increasing in u (that is, dûγ/du > 0), not
that ûγ > u; note that the latter is not true in the graph I drew be-
cause ûγ is sometimes negative while u is never negative). There-
fore, ûγ(x) and u(x) represent the same preferences for all values
of γ.

(b) A function f (x) is by definition “homogeneous of degree k” if
f (λx) = λk f (x). Here, we have u(λx) = λx1 · λx2 = λ2x1 x2. So
u is homogeneous of degree 2.

(c) Here,

ûγ(λx) = (λx1 λx2)2 + γ

= λ4x2
1 x2

2
?= λk [x2

1 x2
2 + γ] = λkûγ(x)

so ûγ(x) is homogeneous only if k = 4 and γ = 0.
(d) From part (b), u is homogeneous. All homogeneous functions

are homothetic, so u is homothetic.
(e) If ûγ(x) is homothetic then, by definition,

ûγ(x) = ûγ(y) (1)

would imply that
ûγ(λx) = ûγ(λy) . (2)

(1) implies that

x2
1 x2

2 + γ = y2
1 y2

2 + γ ⇔

x2
1 x2

2 = y2
1 y2

2 . (3)

1



On the other hand, (2) would imply that

λ2x2
1 x2

2 + γ = λ2y2
1 y2

2 + γ

λ2x2
1 x2

2 = λ2y2
1 y2

2

x2
1 x2

2 = y2
1 y2

2 . (4)

Since (3) is the same as (4), ûγ(x) is homothetic.
Optional: Thus this problem shows three things:

• u and ûγ represent the same preferences;
• u and ûγ are not both homogeneous (in general); and
• u and ûγ are both homothetic.

This confirms what we said in class about homotheticity rather than
homogeneity being the important concept in consumer theory.

2



1. (a) Prove that Hicksian demand curves h(p) u) are homogeneous of 
degree zero in p. . 

(b) As some of you may already know) Euler proved the following: if 
f(x) is differentiable and is homogeneous of degree k) then 

\If(x)· x = kf(x). 

(Do not forget that the left-hand side has a ". x» in it.) What 
property of Hicksian demand curves can you derive from this 
result) given what you already know from part (a)? 

( c) Rewrite your answer to part (b) for the special case when the 
total number of commodities is exactly three. 

(d) For any two commodities j and k) here are two definitions: 

8hj(p) U)/8Pk ;:: 0 {:=;> j and k are "substitutes)) 

8hj(p) U)/8Pk < 0 {:=;> j and k are "complements.)) 

[B y the way) if instead of using the Hicksian demand curve hj (p) u) 
on the left-hand side) we used Marshallian demand curves Xj(p) m) 
where m is income) then we would use the terms "gross substi­
tutes)) and "gross complements)) on the right-hand side (but this 
is not important for this exam).] 
Use the previous parts of this question) and other information) 
to prove that if the total number of commodities is three) then 
every good has at least one substitute; 

(e) Prove that every good has at least one substitute (regardless of 
what the total number of commodities may be). 
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Short Section 

.6710 Section (must answer one) 

Question 1 .. On p.147 of Varian's Microecon6mic Analysis, he writes: 

We saw in our discussion of production theory that if a production 
function was homogeneous of degree 1, then the cost function could 
be writt'en.asc(w, y) = c(w) y. It follows from this observation 

. that if the utility function is homogeneous of degree 1, then the 
expenditure function can be written ase(p, u)=' e(p) u. 

You may use this information (without proving that it is true) in the ques­
tions. below. 

a) Prove that if the utility function is homogeneous of degree 1, then the 
indirect utility function can be written as 

v(p, m) .-: v(p) m. 
. I: 

lEntil You~ay ~se e(p,v(p, m»= m without proving it. 

b) Prove that if the indirect utility function canl:>e written as v(p, rh) = 
v(p) m, then the demand functions can be written as I I I 

-I.e., they are linear functions of income. Hint: You need not prove 
Roy's Identity. 

I 

c) Prove that ifthe demand functions can be written as Xi(P, m) = Xi(p) m 
-i.e., they are linear functions of income-then 

8Xi(p, m) _ 8xj(p, m) 
8pj . 8Pi 

Hint: If you use. the result that h = "Vp e here, then you snould prove 
that h = "Vp e. If you use the Slutsky equation here, then you should· 
prove the Slutsky equation. If you usehi(p, u) = Xi(p, e(p, u» here, 
you donot need to prove it. 
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An~wer all of the following three questions. 

1. If h(p, u) are the Hicksian demand curves for a consumer, prove that 
'dp· dh S O. 

Also:" very briefly discuss why this result, is or is not surprising. 

Hint: use the analogue for, consumers of ShElphard's Lemma; find a 
total differential. You do not have to prove Shephard's Lemma, nor, 
do you have to prove the convexity or concavity of a function, although 
if this were the qualifying exam then I would want you to prove these 
things. 

, I 

\ 

I II 
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Summer 2011 Qualifying Exam, Sec. 1 Qu. 2.

2. [13 points] On August 22, 2010, the Los Angeles Times published an
opinion piece entitled “Disincentivizing Greed” written by Neal Gabler
(who was then a public policy scholar at the Woodrow Wilson Center in
Washington, DC). Here is an excerpt of the piece; it essentially argues
that decreasing tax rates increases the amount of dishonest labor, which
is an assertion about a comparative statics derivative.

To a surprising degree, economic misfortune has corre-
lated with low top marginal tax rates. The top marginal tax
rate at the time of the 1929 crash was 24%. After his election,
Roosevelt promptly raised it to 63% and then to 94%, and
one could easily make the case that it was this rise, rather
than financial regulation, that played the primary. . . role in
curbing abuses by attacking greed at its source, without, by
the way, damaging the economy. Roosevelt essentially taxed
away big money.

During the long postwar economic boom, the top mar-
ginal rates hovered at 91%, removing a lot of the incentive to
game the financial system. There was no point in scheming
if you couldn’t profit from it. Still, the country prospered.
So did Wall Street.

Then came the greed deluge. . . .[W]hen President Reagan
cut the top marginal tax rate drastically from 70% to 50% in
1981 and then to 28% in 1988 (putting aside for the moment
the cut in the capital gains tax and other investment incen-
tives), that’s when the troubles began—from the S&L crisis
right through to the fall of Lehman Bros. It wasn’t enough
for the rich to be rich. Human nature being what it is, they
had to be super-rich. Or put another way, tax cuts, including
the Bush tax cuts, fed some of the worst aspects of human
nature and led to some of the worst excesses. It was just a
matter of time before Wall Street went wild.

When the fire of greed is stoked this way, financial reforms
cannot possibly bank it. . . .We now live in a country that
seems to worship wealth, and we may just have to live with
the consequences—a Bernie Madoff, an Enron, a Lehman
Bros., and a steep recession when the super-rich overplay

2



their hand. The alternative is regulation that goes to the
source by raising those marginal tax rates (and capital gains
taxes) and forcing the super-rich to merely be rich again. . . .

(a) Argue that a reasonable way—certainly not the only way, but a
reasonable way—to model the (indirect) utility that the “rich” or
“super-rich” people described in this article get from their pretax
income is

“honest income” +
√

“dishonest income” .

(This is not a standard way of modeling indirect utility, of course.)

(b) If the tax rate is t, interpret

“honest income” +
√

“dishonest income”

− t · (“honest income” + “dishonest income”) .

(c) Modelling “income” as a wage rate (consider an “honest wage”
and a “dishonest wage”) times a number of hours worked (con-
sider “honest labor time” and “dishonest labor time”) and impos-
ing some constraint on the number of hours humans work, discuss
whether or not the expression in part (b) supports Gabler’s hy-
pothesis by calculating an appropriate comparative statics deriva-
tive. Does the appropriate second-order condition hold?

Hint: If you substitute the constraint on working hours into the
objective function, the new problem has only one endogenous vari-
able, which is much easier to work with. You may ignore leisure
(and hence any leisure-labor tradeoff) in your answer.

3
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Section 1. 
Answer all of the following three questions. 

1. [12 points] 
There is an old saying, 

"Idle hands are the devil's workshop." 

In other words, excessive idleness ("leisure") is a bad thing for people. 

Suppose a price-taking consumer's utility depends on his purchases of 
a good x 2 0 and his consumption ofleisure z (the notation "z" recalls 
the sound at the beginning of the second syllable of "leisure"). 

(a) Argue that postulating a utility function of 

is a reasonable way of modeling the idea that excessive idleness 
is bad. 

(b) Suppose the wage rate (that is, the payment for the opposite of 
leisure) is w. Assume that all of the consumer's income comes 
from selling his non-leisure time. Suppose the price of x is p. 
What is the consumer's budget constraint? 

(c) From the first-order conditions, argue that in order for the opti­
mal x to be positive, the optimal z must be in [0,1). 

(d) Find the optimal x and z explicitly in terms of exogenous vari-
ables. 

(e) What does this consumer's labor supply curve look like? 

(f) Check the second-order conditions for the optimization problem. 

(g) What is this consumer's indirect utility function? 

1 
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This is the end of the 
Consumer Theory positive 

questions, and the beginning 
of the Consumer Theory 

normative questions.

The normative questions are 
not covered on the midterm 
exam.  So if you are studying 
for the midterm exam, you 
need not go beyond this 

point.



5. [11 points] Suppose a consumer buys only two commodities, called x 
and y, and suppose this consumer's preferences for x and yare strongly 
monotonic. Suppose the government is contemplating giving (for free) 
the consumer a certain amount more of commodity x. By drawing one 
graph with x on the horizontal axis and y on the vertical axis, illustrate· 
the typical result that for this contemplated change, "willingness to 
pay" is less than "willingness to accept." Also, describe how your .. 
graph would have to change in order to obtain the atypical result that 
WTP is equal to WTA. 
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1. [17 points] Using p to denote prices, m to denote income, e to denote
the expenditure function, and v to denote the indirect utility function,
consider the expression

e
(
· , v(p′,m′)

)
− e

(
· , v(p0,m0)

)
;

if the dot (“ · ”) is replaced by p0, this expression measures “Equiva-
lent Variation,” and if it is replaced by p′, it measures “Compensating
Variation.”

If a consumer buys two goods, a and b, at prices pa and pb, and has
utility function u = a × b, then find the Compensating Variation (not
the Equivalent Variation) for this consumer.

Fall 2010, Final Exam, Qu. 1
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Section 2. 
Answer two of the following three questions. 

1. Attached to this exam is an excerpt from pages 167 and 168 of Varian's 
textbook. This excerpt ends with Varian stating that 

( a) If pO. < pI, is EVgreater than or less than CV? 

(b) Related to compensating and equivalent variation are: 

• "willingness to pay" an amount of money In order to avoid 
suffering the price increase from pO to pi i and 

• ''willingness to accept" an amount of money in order to ac­
cept the price increase from pO to pl. 

Is "willingness to pay" equal to CV or to EV? Is "willingness to 
accept" equal to CV or to EV? Why? ' I , 
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new: 2019 Final Exam, Qu. 2.

2. [17 points]
Suppose a consumer consumes apples “a” and bananas “b” and has
utility function u = ln a + 3 ln b. Suppose this consumer takes the
price of apples pa and the price of bananas pb as given.

(a) Find this consumer’s expenditure function.
(b) Find this consumer’s indirect utility function “v” by using the

result of part (a), not by solving an optimization problem. (If
you were not able to solve part (a), then make up a hypothetical
solution for it in order to work this part of the problem.)

(c) One way of expressing the welfare change experienced by a con-
sumer who faced an initial price of apples p0a and an initial price
of bananas p0b and had an initial income m0 and then is placed in
a new economic environment in which his utility becomes u1 is
the “equivalent variation,” denoted EV , which can be expressed
in several ways, one of which is

v(p0a, p0b, m0 + EV ) = u1 .

Find an expression for the EV of this consumer.

3
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Fall 2021 Final Exam Question 1
Ch. 10 Partial Equilibrium

1. [17 points]
Suppose a consumer takes prices as given and consumes two goods,
x and y, which generate utility u(x, y) = xy. Suppose this consumer
faces an “original” situation with prices p0 = (p0

x, p0
y) and income m0,

or a “new” situation with prices p′ = (p′
x, p′

y) and income m′. One
definition of compensating variation is

CV = e(p′, v(p′, m′)) − e(p′, v(p0, m0))

and one definition of equivalent compensating variation is

EV = e(p0, v(p′, m′)) − e(p0, v(p0, m0)) .

(a) Find CV and EV if p′
x = p0

x + ϵ, p′
y = p0

y , and m′ = m0.
(b) If ϵ > 0, what is the sign of CV and what is the sign of EV?
(c) In the case when ϵ > 0, argue that EV is “willingness and ability

to pay,” and show mathematically that the absolute value of its
formula in part (a) is always less than income. In the case when
ϵ > 0, argue that CV is “willingness to accept,” and show math-
ematically that the absolute value of its formula in part (a) is not
always less than income.

2
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2021 Qualifying Exam Sec. 3 Qu. 1

1. [10 points] Let 𝑝0 be an “initial” price vector, 𝑝′ be a “final” price
vector, 𝑚0 be “initial” income, and 𝑚′ be “final” income. One defi-
nition of equivalent variation, 𝐸𝑉 , and compensating variation, 𝐶𝑉 ,
is

𝐸𝑉 = 𝑒(𝑝0, 𝑣(𝑝′, 𝑚′)) − 𝑚0

𝐶𝑉 = 𝑚′ − 𝑒(𝑝′, 𝑣(𝑝0, 𝑚0)
where 𝑒(·) denotes the expenditure function of a consumer and 𝑣(·)
denotes the indirect utility function of that consumer. Let 𝑢0 = 𝑣(𝑝0, 𝑚0)
and 𝑢′ = 𝑣(𝑝′, 𝑚′). Under the assumption that 𝑚0 = 𝑚′, Varian writes
on his page 167 that:

EV = e(p0 , u') - e(p', u') 

CV= e(p0 ,u0 ) - e(p',u0 ). 

Finally, using the fact that the Hicksian demand function is the derivative 
of the expenditure function, so that h(p, u) = oe I op, we can write these 
expressions as 

Po 

EV = e(p0 , u') - e(p', u') = l, h(p, u') dp 

Po 

CV = e(p0 , u0 ) - e(p', u0 ) = 1 h(p, u0 ) dp. 
p' 

(10.2) 

It follows from these expressions that the compensating variation is the 
integral of the Hicksian demand curve associated with the initial level of 

Show that if 𝑚0 ≠ 𝑚′, Varian’s (10.2) have to be modified to

𝐸𝑉 =

∫ 𝑝0

𝑝′
ℎ(𝑝, 𝑢′) 𝑑𝑝 + something more

𝐶𝑉 =

∫ 𝑝0

𝑝′
ℎ(𝑝, 𝑢0) 𝑑𝑝 + something more .

by finding what the “something more” parts are.

9



Answer to Summer 2021 Qualifying Exam, Section 3 Question 1
Let 𝑢′ = 𝑣(𝑝′, 𝑚′). Then

𝐸𝑉 = 𝑒(𝑝0, 𝑣(𝑝′, 𝑚′)) − 𝑚0 = 𝑒(𝑝0, 𝑢′) − 𝑚0 . (1)

Next, notice that the second equality in the first equation of Varian’s (10.2)
is still true when 𝑚0 ≠ 𝑚′:

𝑒(𝑝0, 𝑢′) − 𝑒(𝑝′, 𝑢′) =
∫ 𝑝0

𝑝′

𝜕𝑒(𝑝, 𝑢′)
𝜕𝑝

𝑑𝑝 =

∫ 𝑝0

𝑝′
ℎ(𝑝, 𝑢′) 𝑑𝑝 (2)

(the first equality here is the Fundamental Theorem of Calculus, that 𝑒 =∫
(𝑑𝑒/𝑑𝑝) 𝑑𝑝, and the second is, as Varian points out, ℎ(𝑝, 𝑢) ≡ 𝜕𝑒(𝑝, 𝑢)/𝜕𝑝).

So, if we can get the right-hand side of (1) to look more like the left-hand
side of (2), we should be able to express 𝐸𝑉 in terms of the right-hand side
of (2). To do this, add and subtract 𝑒(𝑝′, 𝑢′) from (1):

𝐸𝑉 = 𝑒(𝑝0, 𝑢′) − 𝑚0 + [𝑒(𝑝′, 𝑢′) − 𝑒(𝑝′, 𝑢′)]
= 𝑒(𝑝0, 𝑢′) − 𝑒(𝑝′, 𝑢′) − 𝑚0 + 𝑒(𝑝′, 𝑢′)

and from (2),

=

∫ 𝑝0

𝑝′
ℎ(𝑝, 𝑢′) 𝑑𝑝 − 𝑚0 + 𝑒(𝑝′, 𝑢′) . (3)

This is good enough for an answer. However, it’s easier to interpret if you
use the fact that 𝑚′ = 𝑒(𝑝′, 𝑢′), which is true because one of the four basic
identities on Varian’s p. 106 in Ch. 7 says 𝑚 = 𝑒(𝑝, 𝑣(𝑝, 𝑢)) and because at
the beginning of this answer I set 𝑢′ = 𝑣(𝑝′, 𝑚′). This results in

𝐸𝑉 =

∫ 𝑝0

𝑝′
ℎ(𝑝, 𝑢′) 𝑑𝑝 − 𝑚0 + 𝑚′ , (4)

showing that the “something more” asked for in the question is just the
change in income, 𝑚′ − 𝑚0.

The 𝐶𝑉 proof is completely analogous. Let 𝑢0 = 𝑣(𝑝0, 𝑚0). Then

𝐶𝑉 = 𝑚′ − 𝑒(𝑝′, 𝑣(𝑝0, 𝑚0)) = 𝑚′ − 𝑒(𝑝′, 𝑢0) . (5)

The second equality in the second equation of Varian’s (10.2) is still true
when 𝑚0 ≠ 𝑚′, for the same reason as given for the second equality in the
first equation of Varian’s (10.2) being still true when 𝑚0 ≠ 𝑚′, so

𝑒(𝑝0, 𝑢0) − 𝑒(𝑝′, 𝑢0) =
∫ 𝑝0

𝑝′

𝜕𝑒(𝑝, 𝑢0)
𝜕𝑝

𝑑𝑝 =

∫ 𝑝0

𝑝′
ℎ(𝑝, 𝑢0) 𝑑𝑝 . (6)

1



Add and subtract 𝑒(𝑝0, 𝑢0) from (5):

𝐶𝑉 = 𝑚′ − 𝑒(𝑝′, 𝑢0) + [𝑒(𝑝0, 𝑢0) − 𝑒(𝑝0, 𝑢0)]
= 𝑒(𝑝0, 𝑢0) − 𝑒(𝑝′, 𝑢0) + 𝑚′ − 𝑒(𝑝0, 𝑢0)

and from (6),

=

∫ 𝑝0

𝑝′
ℎ(𝑝, 𝑢′) 𝑑𝑝 + 𝑚′ − 𝑒(𝑝0, 𝑢0) . (7)

This is good enough for an answer. However, it’s easier to interpret if you
use 𝑚0 = 𝑒(𝑝0, 𝑢0) (setting 𝑢0 = 𝑣(𝑝0, 𝑚0)), resulting in

𝐶𝑉 =

∫ 𝑝0

𝑝′
ℎ(𝑝, 𝑢′) 𝑑𝑝 + 𝑚′ − 𝑚0 , (8)

showing that the “something more” asked for in the question is again just
the change in income, 𝑚′ − 𝑚0.
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2023 Qualifying Exam Sec. 3 Qu. 1

1. [12 points] Suppose a consumer gets utility from consumption of ap-
ples “𝑎” and bananas “𝑏” according to a strictly quasiconcave utility
function 𝑢(𝑎, 𝑏). Suppose the consumer’s initial consumption bundle
is (𝑎0, 𝑏0), and let 𝑈0 be 𝑢(𝑎0, 𝑏0) where 𝑢 is increasing in 𝑎 and 𝑏.
The purpose of this question is to investigate one way to define the
“value” to this consumer of giving this consumer more apples, mov-
ing his consumption bundle to (𝑎1, 𝑏0), where 𝑎1 > 𝑎0.

(a) (2 points) Let compensating variation “𝐶𝑉” for this environ-
ment which lacks prices and incomes be implicitly defined by

𝑢(𝑎0, 𝑏0) = 𝑢(𝑎1, 𝑏0−𝐶𝑉).

(In microeconomic theory textbooks, 𝐶𝑉 is only defined in en-
vironments with prices and incomes.) How could 𝐶𝑉 , defined
in this way, be interpreted as a measure of the value of moving
from 𝑎0 to 𝑎1?

(b) (2 points) Sketch a graph with 𝑎 on the horizontal axis and 𝑏

on the vertical axis, illustrating 𝐶𝑉 . Hint: begin by drawing the
indifference curve which 𝑢(𝑎0, 𝑏0) lies on.

(c) (3 points) By calculating the appropriate (total) differential, show
that

𝜕 𝐶𝑉

𝜕 𝑎1
=

𝜕𝑢(𝑎1, 𝑏0−𝐶𝑉)/𝜕𝑎1

𝜕𝑢(𝑎1, 𝑏0−𝐶𝑉)/𝜕(𝑏0 − 𝐶𝑉)

which is an abbreviated notation for

𝜕 𝐶𝑉

𝜕 𝑎1
=

𝜕𝑢(𝑎,𝑏)
𝜕𝑎 |

(𝑎1,𝑏0−𝐶𝑉)

𝜕𝑢(𝑎,𝑏)
𝜕𝑏 |

(𝑎1,𝑏0−𝐶𝑉)

. (1)

(d) (3 points) As 𝑎1 increases, does the strict quasiconcavity of 𝑢
imply that the right-hand side of (1) increases, decreases, or
remains constant? Why? (If you make an assertion about how
the strict quasiconcavity of 𝑢 affects the indifference curves, you
do not have to prove that assertion.) Hint: Rather than calculate
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any derivatives, think about what happens to the Marginal Rate
of Substitution of 𝑎 for 𝑏. It is completely acceptable for you
to simply assert, rather than rigorously prove, the connection
between the Marginal Rate of Substitution and this problem,
because that proof is an undergraduate-level exercise.

(e) (2 points) Sketch a rough graph of 𝐶𝑉 versus 𝑎1. Make sure the
first derivative of your sketch of 𝐶𝑉(𝑎1) is consistent with (1)
and the second derivative of your sketch of 𝐶𝑉(𝑎1) is consistent
with your answer to part (d).
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𝑎0 𝑎1

𝑏0 −𝑊𝐴𝑇𝑃

= 𝑏0 − 𝐶𝑉

𝑏0

𝑏0 +𝑊𝑇𝐴

= 𝑏0 + 𝐸𝑉

𝑏

𝑎

𝑈0

𝑈1

• ◦

•
𝑊
𝐴
𝑇
𝑃

𝐶
𝑉

=

𝑊
𝑇
𝐴

𝐸
𝑉

=

Figure 1. Two non-price- nor income-based measures of the value of a policy of
moving from 𝑎0 to 𝑎1 > 𝑎0. Only the compensating variation (𝐶𝑉) version of this
measure of value was asked for in this question.

Answer to Summer 2023 Qualifying Exam, Section 3 Question 1

(a) When apples increase from 𝑎0 to 𝑎1, utility goes up. What is the
maximum number of bananas the consumer is willing to give up for
this increase in apples? The answer is 𝐶𝑉 as defined in this equation,
because if the consumer had to give up more than this number of
bananas, the consumer would be worse off than if he had not gotten
the increased number of apples, whereas if the consumer only had to
give up less than this amount of bananas, he would be strictly better
off than he was originally, so he would not have given up a maximum
number of bananas.

(b) The graph is Figure 1, where the initial position is (𝑎0, 𝑏0), receiving
the extra apples moves the consumer to the open circle at (𝑎1, 𝑏0),
and if the consumer then gives up 𝐶𝑉 bananas, the consumer ends
up at the solid circle at (𝑎1, 𝑏0−𝐶𝑉), which is on the same 𝑈0 indif-
ference curve as when the process began.
The graph has extra information that was not asked for in this ques-
tion, and it is not expected that you included this extra information
in your graph. The extra, not needed information is the “willingness
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and ability to pay“ (𝑊𝐴𝑇𝑃), the “willingness to accept” (𝑊𝑇𝐴), the
“equivalent variation” (𝐸𝑉), and the “new” indifference curve 𝑈1.

(c) To take the differential of the equation defining 𝐶𝑉 , it is convenient
to rewrite it as being equal to zero:

𝑢(𝑎1, 𝑏0−𝐶𝑉) − 𝑢(𝑎0, 𝑏0) = 0.

In taking the differential, 𝑎0 and 𝑏0 are fixed, while 𝑎1 and 𝐶𝑉 vary:

𝜕𝑢(𝑎1, 𝑏0−𝐶𝑉)
𝜕𝑎1

𝑑𝑎1 +
𝜕𝑢(𝑎1, 𝑏0−𝐶𝑉)
𝜕(𝑏0 − 𝐶𝑉)

𝜕(𝑏0 − 𝐶𝑉)
𝜕𝐶𝑉

𝑑𝐶𝑉 = 0.

Since 𝜕(𝑏0 − 𝐶𝑉)/𝜕𝐶𝑉 = −1, this leads to

𝜕𝑢(𝑎1, 𝑏0−𝐶𝑉)
𝜕𝑎1

𝑑𝑎1 =
𝜕𝑢(𝑎1, 𝑏0−𝐶𝑉)
𝜕(𝑏0 − 𝐶𝑉)

𝑑𝐶𝑉

and the expression given in the exam follows.

(d) The key insight here is that the right-hand side of (1) is the marginal
rate of substitution of 𝑎 for 𝑏, as is shown in undergraduate Interme-
diate Microeconomics textbooks (and in Varian’s §7.1). (Note that
the right-hand side of (1) is positive.)
Next, the marginal rate of substitution is −1 times the slope of the
indifference curve, as is also shown in those texts.
Next, a quasiconcave function is defined as a function having con-
vex upper level sets. Since the utility function in this problem was
specified as being quasiconcave, its upper levels sets—and in par-
ticular, its upper level set for 𝑈0—is a convex set. This means that
the indifference curve 𝑈0, thought of as a function of 𝑎, is a convex
function. Since the utility function in this problem was specified as
being strictly quasiconcave, the indifference curve 𝑈0, thought of as
a function of 𝑎, is a strictly convex function, as drawn in Figure 1.
Hence its slope gets closer to zero as 𝑎1 increases. But this slope is
just −1 times (the right-hand side of) (1); hence (1) also gets closer
to zero as 𝑎1 increases.
It follows that 𝜕𝐶𝑉/𝜕𝑎1 gets closer to zero as 𝑎1 increases, so 𝜕2𝐶𝑉/𝜕𝑎2

1 <

0.
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(e) From the previous part, 𝐶𝑉 is a positive, increasing, concave func-
tion of 𝑎1 for 𝑎1 > 𝑎0. (“Positive” is implied by parts (a) and (b);
“increasing” is implied by (1) because its right-hand side is positive;
and “concave” is implied by part (d).) The rough graph should have
these properties. (Optional: at 𝑎1 = 𝑎0, 𝐶𝑉 is zero.)

Completely Optional Remarks

The problem has shown that the value of apples (in terms of bananas,
measured using 𝐶𝑉) (I would call this the “use value” of apples, as
opposed to their “exchange value,” which is their price; see https:
//en.wikipedia.org/wiki/Use_value) is an increasing, concave,
cardinal function of apple consumption. In the late nineteenth and
early twentieth centuries, an individual’s utility was seen by the Util-
itarians (or at least by Marshall and Pigou) as being an increasing,
concave, cardinal function of wealth. If in addition one assumes ei-
ther that everyone has the same utility function, or that the social
planner wishes to act as if everyone has the same utility function
when it comes to decisions on distribution, then maximizing social
welfare implies giving everyone the same amount of each commod-
ity. The rise of ordinalism destroyed this egalitarian argument. This
problem’s definition of use value resurrects it.
Historical comments: In his 1973 book “On Economic Inequality,”
Nobel laureate Amartya Sen calls cardinal “utilitarianism, the dom-
inant faith of ‘old’ welfare economics” (p. 23). He explains how
cardinal Utilitarianism came to have an egalitarian reputation (pp.
15–17):

Once the information content of individual preferences has
been broadened to include interpersonally comparable cardinal
welfare functions, many methods of social judgement become
available. The most widely used approach is that of utilitarian-
ism in which the sum of the individual utilities is taken as the
measure of social welfare, and alternative social states are or-
dered in terms of the value of the sum of individual utilities.
Pioneered by Bentham (1789), this approach has been widely
used in economics for social judgements, notably by Marshall
(1890), Pigou (1920), and Robertson (1952). In the context of
the measurement of inequality of income distribution, and in
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that of judging alternative distributions of income, it has been
used by Dalton (1920), Lange (1938), Lerner (1944), Aigner and
Heins (1967), and Tinbergen (1970), among others.

The trouble with this approach is that maximizing the sum
of individual utilities is supremely unconcerned with the inter-
personal distribution of that sum. This should make it a par-
ticularly unsuitable approach to use for measuring or judging
inequality. Interestingly enough, however, not only has utili-
tarianism been fairly widely used for distributional judgements,
it has—somewhat amazingly—even developed the reputation of
being an egalitarian criterion. This seems to have come about
through a peculiar dialectical process whereby such adherents of
utilitarianism as Marshall and Pigou were attacked by Robbins
and others for their supposedly egalitarian use of the utilitarian
framework. This gave utilitarianism a ready-made reputation for
being equality-conscious.

The whole thing arises from a very special coincidence un-
der some extremely simple assumptions. The maximization of
the sum of individual utilities through the distribution of a given
total of income between different persons requires equating the
marginal utilities from income of different persons, and if the
special assumption is made that everyone has the same utility
function, then equating marginal utilities amounts to equating
total utilities as well. Marshall and others noted this particular
aspect of utilitarianism, though they were in no particular hurry
to draw any radical distributive policy prescription out of this.
But when the attack on utilitarianism came, this particular as-
pect of it was singled out for an especially stern rebuke.

While this dialectical process gave utilitarianism its ill-deserved
egalitarian reputation, the true character of that approach can be
seen quite easily by considering a case where one person 𝐴 de-
rives exactly twice as much utility as person 𝐵. . .

Sen really did not think utilitarianism deserved its egalitarian repu-
tation, continuing (p. 18):

It seems fairly clear that fundamentally utilitarianism is very far
from an egalitarian approach. It is, therefore, odd that virtu-
ally all attempts at measuring inequality from a welfare point of
view, or exercises in deriving optimal distributional rules, have
concentrated on the utilitarian approach. It might be thought
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that this criticism would not apply at all if utilitarianism were
combined with the assumption that everyone has the same util-
ity function. But this is not quite the case. The distribution of
welfare between persons is a relevant aspect of any problem of
income distribution, and our evaluation of inequality will obvi-
ously depend on whether we are concerned only with the loss
of the sum of individual utilities through a bad distribution of
income, or also with the inequality of welfare levels of different
individuals. Its lack of concern with the latter tends to make util-
itarianism a blunt approach to measuring and judging different
extents of inequality even if the assumption is made that every-
one has the same utility function. As a framework of judging
inequality, utilitarianism is indeed a non-starter, despite the spell
that this approach seems to have cast on this branch of normative
economics.

However, this criticism by Sen of the consequences of “the assump-
tion that everyone has the same utility function” seems unconvinc-
ing.
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2022 Qualifying Exam Sec. 3 Qu. 1

1. [12 points] Suppose a consumer gets utility from two commodities,
apples 𝑎 and bananas 𝑏, according to the utility function

𝑢(𝑎, 𝑏) = 𝑎𝑏2 .

Suppose the consumer takes as given the price of apples, 𝑝𝑎, and the
price of bananas, 𝑝𝑏, and that the consumer has income denoted by 𝑚.

(a) Find this consumer’s demand for apples and demand for ba-
nanas. Do not bother checking the second-order conditions.

(b) For the rest of this problem, suppose that the price of apples is
𝑝𝑎 = 1/3 and the price of bananas is 𝑝𝑏 = 2/3.
If this consumer’s initial income is 𝑚0 = 3, determine his initial
consumption of apples and of bananas.

(c) If this consumer’s income changes to 𝑚′ = 4, determine his new
consumption of apples and of bananas.

(d) [Optional motivation for the rest of the problem: You might
think that all “valuation” methods for the $1 in extra income the
consumer gets when going from 𝑚0 = 3 to 𝑚′ = 4 would assign
this change a value of exactly $1, but do they?]
Make a sketch of this consumer’s indifference curve through his
initial consumption point (the one for 𝑚0 = 3) and this con-
sumer’s indifference curve through his new consumption point
(the one for 𝑚′ = 4), graphing apples on the horizontal axis and
bananas on the vertical axis. You do not draw this graph very
precisely. In particular, you do not need to use the mathematical
form of this consumer’s actual utility function, 𝑢 = 𝑎𝑏2, in mak-
ing your graph; it is fine to draw your graph in a generic way,
using the sort of indifference curves discussed in undergraduate
textbooks.

(e) On the graph you just drew, indicate this consumer’s “Willing-
ness (and Ability) to Pay,” measured in terms of apples, to move
from his initial consumption point to his new consumption point.
This is equal to this consumer’s compensating variation, mea-
sured in terms of apples.

(f) Numerically calculate this consumer’s Willingness (and Ability)
to Pay, measured in terms of apples, to move from his initial
consumption point to his new consumption point. To do this,
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you need to use the fact that the consumer’s utility function is
𝑢 = 𝑎𝑏2, and you need to use the coordinates in the (apples,
bananas) plane of the initial and final consumption points.
Since you do not have calculators, you do not need to simplify
expressions that are purely numerical. For example, you would
not need to simplify 4 − 27/16.

(g) In the previous part of this problem, you calculated this con-
sumer’s Willingness (and Ability) to Pay, measured in terms of
apples, to move from his initial consumption point to his new
consumption point. What is the dollar value of this WATP num-
ber of apples, using the prevailing price of apples? (Again, you
do not need to simplify expressions that are purely numerical.)

(h) On the graph you drew above, indicate this consumer’s “Will-
ingness (and Ability) to Pay,” measured in terms of bananas, to
move from his initial consumption point to his new consumption
point. This is equal to this consumer’s compensating variation,
measured in terms of bananas.

(i) Numerically calculate this consumer’s Willingness (and Ability)
to Pay, measured in terms of bananas, to move from his initial
consumption point to his new consumption point. To do this,
you need to use the fact that the consumer’s utility function is
𝑢 = 𝑎𝑏2, and you need to use the coordinates in the (apples,
bananas) plane of the initial and final consumption points.
You do not need to simplify expressions that are purely numeri-
cal.

(j) In the previous part of this problem, you calculated this con-
sumer’s Willingness (and Ability) to Pay, measured in terms of
bananas, to move from his initial consumption point to his new
consumption point. What is the dollar value of this WATP num-
ber of bananas, using the prevailing price of bananas? (Again,
you do not need to simplify expressions that are purely numeri-
cal.)

13



Answer to Summer 2021 Qualifying Exam, Section 3 Question 1
(a) The Lagrangian is

ℒ = 𝑎𝑏2 + 𝜆 (𝑚 − 𝑝𝑎𝑎 − 𝑝𝑏𝑏) .

So

0 = ℒ
′
𝑎 = 𝑏2 − 𝜆𝑝𝑎 and

0 = ℒ
′
𝑏 = 2𝑎𝑏 − 𝜆𝑝𝑏 .

From the first and second equations, respectively, it follows that

𝜆 =
𝑏2

𝑝𝑎
=

2𝑎𝑏
𝑝𝑏

so 𝑏 = 2𝑎𝑝𝑎/𝑝𝑏 and 𝑚 = 𝑝𝑎𝑎 + 𝑝𝑏𝑏 = 𝑝𝑎𝑎 + 𝑝𝑏 (2𝑎𝑝𝑎/𝑝𝑏) = 3𝑎𝑝𝑎
and the demand for apples is

𝑎𝐷 =
𝑚

3𝑝𝑎
.

Then the demand for bananas is

𝑏𝐷 =
2𝑝𝑎𝑎
𝑝𝑏

=
2𝑝𝑎
𝑝𝑏

𝑚

3𝑝𝑎
=

2𝑚
3𝑝𝑏

.

(b) With 𝑝𝑎 = 1/3 and 𝑝𝑏 = 2/3, and 𝑚0 = 3, the demand curves from
part (a) result in 𝑎 = 3 and 𝑏 = 3.

(c) With income changing to 𝑚′ = 4, the demand curves from part (a)
result in 𝑎 = 4 and 𝑏 = 4.

(d) See Figure 1. The relevant characteristics of that figure for this ques-
tion are that the original indifference curve 𝑈0 passes through (3, 3)
and that the new indifference curve 𝑈′ passes through (4, 4).

(e) See the 𝑊𝐴𝑇𝑃𝑎 of Figure 1. This answers the question “if the con-
sumer were able to move to the new point (4, 4), how many apples
would he then be willing to give up,” because if he had to give up any
more apples than this, his utility would fall below𝑈0, which he would
not willingly do.
(Optional: The question says this is compensating variation because
it assumes the consumer first moves to the new point.)
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3 4

3

4

𝑈0

𝑈′

•

•
𝑊𝐴𝑇𝑃𝑏

𝑊𝑇𝐴𝑏

𝑊𝑇𝐴𝑎

𝑊𝐴𝑇𝑃𝑎

𝐵𝐶0

𝐵𝐶′

𝑎

𝑏

Figure 1. With an initial income of $3, a consumer with utility function 𝑎𝑏2 (where
𝑎 is apples and 𝑏 is bananas) facing prices 𝑝𝑎 = 1/3 and 𝑝𝑏 = 2/3 consumes at
(3, 3), where budget constraint 𝐵𝐶0 is tangent to indifference curve 𝑈0. With a
new income of $4, that consumer consumes at (4, 4), where budget constraint 𝐵𝐶′

is tangent to indifference curve 𝑈′. Four measures of the consumer’s value of this
$1 increase in income are shown. The 𝑊𝐴𝑇𝑃 measures are for the exam’s Sec-
tion 3 Question 1, and the 𝑊𝑇𝐴 measures are for the exam’s Section 3 Question 2.
Optional: The horizontal distance between 𝐵𝐶0 and 𝐵𝐶′ is one dollar’s worth of
apples. Since this graph has been drawn precisely, this means that 𝑊𝐴𝑇𝑃𝑎 is less
than $1 (to see this, compare 𝑊𝐴𝑇𝑃𝑎 to the gap between the dotted lines along the
dashed line at 𝑏 = 4), and 𝑊𝑇𝐴𝑎 is more than $1 (to see this, compare 𝑊𝑇𝐴𝑎 to the
gap between the dotted lines along the dashed line at 𝑏 = 3). Similarly, the vertical
distance between 𝐵𝐶0 and 𝐵𝐶′ is one dollar’s worth of bananas. Hence 𝑊𝐴𝑇𝑃𝑏 is
less than $1 (to see this, compare 𝑊𝐴𝑇𝑃𝑏 to the gap between the dotted lines along
the dashed line at 𝑎 = 4), and 𝑊𝑇𝐴𝑏 is more than $1 (to see this, compare 𝑊𝑇𝐴𝑏

to the gap between the dotted lines along the dashed line at 𝑎 = 3).
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(f) Starting from the new point (4, 4), he would be willing to give up
apples up to, but not beyond, the point where his utility after giving
up those apples, 𝑢(4 − 𝑊𝐴𝑇𝑃𝑎, 4), was equal to his original utility,
𝑢(3, 3). So we have

𝑢(3, 3) = 𝑢(4 −𝑊𝐴𝑇𝑃𝑎, 4)
3 · 32 = (4 −𝑊𝐴𝑇𝑃𝑎) · 42

27/16 = 4 −𝑊𝐴𝑇𝑃𝑎

𝑊𝐴𝑇𝑃𝑎 = 4 − 27/16 = 2 5
16 ≈ 2.3125 .

Throughout this problem, you were told that you did not have to sim-
plify purely numerical expressions.

(g) It is 𝑝𝑎 times 𝑊𝐴𝑇𝑃𝑎, so 1/3 times 2 5
16 , which is $37/48 ≈ $0.77 <

$1. The “less than $1” part is optional; it is interesting that “willing-
ness and ability to pay,” when measured in apples, is less than one
dollar’s worth of apples.

(h) See the 𝑊𝐴𝑇𝑃𝑏 of Figure 1. This answers the question “if the con-
sumer were able to move to the new point (4, 4), how many bananas
would he be willing to give up,” because if he had to give up any more
bananas than this, his utility would fall below 𝑈0, which he would not
willingly do.
(Optional: The question says this is compensating variation because
it assumes the consumer moves first to the new point.)

(i) Starting from the new point (4, 4), he would be willing to give up
bananas up to, but not beyond, the point where his utility after giving
up those bananas, 𝑢(4, 4 −𝑊𝐴𝑇𝑃𝑏), was equal to his original utility,
𝑢(3, 3). So we have

𝑢(3, 3) = 𝑢(4, 4 −𝑊𝐴𝑇𝑃𝑏)
3 · 32 = 4 · (4 −𝑊𝐴𝑇𝑃𝑎)2
√

3 · 3
2

= 4 −𝑊𝐴𝑇𝑃𝑏

𝑊𝐴𝑇𝑃𝑏 = 4 −
√

3 · 3
2

=
8 − 3

√
3

2
≈ 1.40 .

(j) It is 𝑝𝑏 times 𝑊𝐴𝑇𝑃𝑏, so 2/3 times 8−3
√

3
2 , which is $8−3

√
3

3 ≈ $0.93 <

$1. The “less than $1” part is optional; it is interesting that “willing-
ness and ability to pay,” when measured in bananas, is less than one
dollar’s worth of bananas.
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Also optional: the dollar value of “𝑊𝐴𝑇𝑃𝑎 for $1 in extra income” is
not the same as the dollar value of “𝑊𝐴𝑇𝑃𝑏 for $1 in extra income.”
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2022 Qualifying Exam Sec. 3 Qu. 2

2. [12 points] Suppose a consumer gets utility from two commodities,
apples 𝑎 and bananas 𝑏, according to the utility function

𝑢(𝑎, 𝑏) = 𝑎𝑏2 .

Suppose the consumer takes as given the price of apples, 𝑝𝑎, and the
price of bananas, 𝑝𝑏, and that the consumer has income denoted by 𝑚.

(a) Find this consumer’s demand for apples and demand for ba-
nanas. Do not bother checking the second-order conditions.

(b) For the rest of this problem, suppose that the price of apples is
𝑝𝑎 = 1/3 and the price of bananas is 𝑝𝑏 = 2/3.
If this consumer’s initial income is 𝑚0 = 3, determine his initial
consumption of apples and of bananas.

(c) If this consumer’s income changes to 𝑚′ = 4, determine his new
consumption of apples and bananas.

(d) [Optional motivation for the rest of the problem: You might
think that all “valuation” methods for the $1 in extra income the
consumer gets when going from 𝑚0 = 3 to 𝑚′ = 4 would assign
this change a value of exactly $1, but do they?]
Make a sketch of this consumer’s indifference curve through his
initial consumption point (the one for 𝑚0 = 3) and this con-
sumer’s indifference curve through his new consumption point
(the one for 𝑚′ = 4), graphing apples on the horizontal axis and
bananas on the vertical axis. You do not draw this graph very
precisely. In particular, you do not need to use the mathematical
form of this consumer’s actual utility function, 𝑢 = 𝑎𝑏2, in mak-
ing your graph; it is fine to draw your graph in a generic way,
using the sort of indifference curves discussed in undergraduate
textbooks.

(e) On the graph you just drew, indicate this consumer’s “Willing-
ness to Accept” compensation, measured in terms of apples, in
return for being denied the opportunity to move from his initial
consumption point to his new consumption point. This is equal
to this consumer’s equivalent variation, measured in terms of ap-
ples.

14
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(f) Numerically calculate this consumer’s Willingness to Accept com-
pensation, measured in terms of apples, in return for being de-
nied the opportunity to move from his initial consumption point
to his new consumption point. To do this, you need to use the
fact that the consumer’s utility function is 𝑢 = 𝑎𝑏2, and you need
to use the coordinates in the (apples, bananas) plane of the initial
and final consumption points.
Since you do not have calculators, you do not need to simplify
expressions that are purely numerical. For example, you would
not need to simplify 4 − 27/16.

(g) In the previous part of this problem, you calculated this con-
sumer’s Willingness to Accept compensation, measured in terms
of apples, in return for being denied the opportunity to move
from his initial consumption point to his new consumption point.
What is the dollar value of this WTA number of apples, using the
prevailing price of apples? (Again, you do not need to simplify
expressions that are purely numerical.)

(h) On the graph you drew above, indicate this consumer’s “Willing-
ness to Accept” compensation, measured in terms of bananas, in
return for being denied the opportunity to move from his initial
consumption point to his new consumption point. This is equal
to this consumer’s equivalent variation, measured in terms of ba-
nanas.

(i) Numerically calculate this consumer’s Willingness to Accept com-
pensation, measured in terms of bananas, in return for being de-
nied the opportunity to move from his initial consumption point
to his new consumption point. To do this, you need to use the
fact that the consumer’s utility function is 𝑢 = 𝑎𝑏2, and you need
to use the coordinates in the (apples, bananas) plane of the initial
and final consumption points.
You do not need to simplify expressions that are purely numeri-
cal.

(j) In the previous part of this problem, you calculated this con-
sumer’s Willingness to Accept compensation, measured in terms
of bananas, in return for being denied the opportunity to move
from his initial consumption point to his new consumption point.
What is the dollar value of this WTA number of bananas, using
the prevailing price of bananas? (Again, you do not need to sim-
plify expressions that are purely numerical.)

15



Answer to Summer 2022 Qualifying Exam, Section 3 Question 2
The answers of parts (a)–(d) are the same as for Summer 2022 Qualifying
Exam Section 3 Question 1.

(e) See the𝑊𝑇𝐴𝑎 of Figure 1. This answers the question “if the consumer
were not able to move to the new point (4, 4), how many apples would
he require in compensation,” because if he is given this many apples,
his utility would be the same, 𝑈′, as it would have been if he had been
able to move to the new point.
(Optional: The question says this is equivalent variation because it
assumes the consumer is not allowed to move to the new point.)

(f) Starting from the old point (3, 3), he would need to be given ap-
ples up to the point where his utility after being given those apples,
𝑢(3 +𝑊𝑇𝐴𝑎, 3), was equal to the utility he would have if he had been
allowed to move to the new point, 𝑢(4, 4). So we have

𝑢(3 +𝑊𝑇𝐴𝑎, 3) = 𝑢(4, 4)
(3 +𝑊𝑇𝐴𝑎) · 32 = 4 · 42

64/9 = 3 +𝑊𝑇𝐴𝑎

𝑊𝑇𝐴𝑎 = 64/9 − 3 = 37/9 = 41
9 ≈ 4.11 .

Throughout this problem, you were told that you did not have to sim-
plify purely numerical expressions.

(g) It is 𝑝𝑎 times 𝑊𝑇𝐴𝑎, so 1/3 times 37/9, which is $37/27 ≈ $1.37 >

$1. The “greater than $1” part is optional; it is interesting that “will-
ingness to accept,” when measured in apples, is greater than one dol-
lar’s worth of apples.

(h) See the𝑊𝑇𝐴𝑏 of Figure 1. This answers the question “if the consumer
were not able to move to the new point (4, 4), how many bananas
would he require in compensation,” because if he is given this many
bananas, his utility would be the same, 𝑈′, as it would have been if
he had been able to move to the new point.
(Optional: The question says this is equivalent variation because it
assumes the consumer is not allowed to move to the new point.)

(i) Starting from the old point (3, 3), he would need to be given ba-
nanas up to the point where his utility after being given those bananas,
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𝑢(3, 3 +𝑊𝑇𝐴𝑏), was equal to the utility he would have if he had been
allowed to move to the new point, 𝑢(4, 4). So we have

𝑢(3, 3 +𝑊𝑇𝐴𝑏) = 𝑢(4, 4)
3 · (3 +𝑊𝑇𝐴𝑏)2 = 4 · 42

(3 +𝑊𝑇𝐴𝑏)2 = 43/3

3 +𝑊𝑇𝐴𝑏 = 4
√︁

4/3 = 8/
√

3

𝑊𝑇𝐴𝑏 = 8/
√

3 − 3 = (8
√

3 − 9)/3 ≈ 1.62 .

(j) It is 𝑝𝑏 times 𝑊𝑇𝐴𝑏, so 2/3 times (8
√

3 − 9)/3, which is 2 (8
√

3 −
9)/9 ≈ $1.08 > $1. The “greater than $1” part is optional; it is
interesting that “willingness to accept,” when measured in apples, is
greater than one dollar’s worth of apples.
Also optional: the dollar value of “𝑊𝑇𝐴𝑎 for $1 in extra income” is
not the same as the dollar value of “𝑊𝑇𝐴𝑏 for $1 in extra income.”

Optional: Note that in Figure 1, the Compensating Variation measures,
𝑊𝐴𝑇𝑃𝑎 and 𝑊𝐴𝑇𝑃𝑏, are measured from the new point (4, 4), whereas the
Equivalent Variation measures, 𝑊𝑇𝐴𝑎 and 𝑊𝑇𝐴𝑏, are measured from the
old point, (3, 3). We can summarize the answers to this question and the
previous question as:

• The change in income is $1, which could buy, among other possi-
bilities, “3 more apples and no more bananas,” or “no more apples
and 1.5 more bananas,” or “1 more apple and 1 more banana.” The
consumer in this problem does the last of these.

• 𝑊𝐴𝑇𝑃𝑎 ≈ 2.31 apples, worth approximately $0.77

• 𝑊𝐴𝑇𝑃𝑏 ≈ 1.40 bananas, worth approximately $0.93

• 𝑊𝑇𝐴𝑎 ≈ 4.11 apples, worth approximately $1.37

• 𝑊𝑇𝐴𝑏 ≈ 1.62 bananas, worth approximately $1.08.

These results are related to the “lump sum” principle taught in Intermediate
Microeconomics, which is the superiority of lump sum taxes or subsidies
over taxes or subsidies on just one good. In this problem, receiving $1
worth of apples is worth less than receiving $1 in cash, so if you received
the cash (compensating variation), you would be 𝑊𝐴𝑇𝑃 less than $1 worth
of apples in return. The same is true for bananas. On the other hand, if
you did not receive the $1 in cash (equivalent variation), you would need
more than $1 worth of apples or bananas (𝑊𝑇𝐴) to compensate you for not
receiving the $1 cash.
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2020 Qualifying Exam Sec. 3 Qu. 1

1. [16 points] Suppose a consumer consumes two goods, 𝑥 and 𝑦, has
income 𝑚, and has the “Constant Elasticity of Substitution” utility
function 𝑢(𝑥, 𝑦) = (𝑥1/2 + 𝑦1/2)2. Suppose

• the price of 𝑦, denoted 𝑝𝑦, is always equal to one.

You may use without proof the facts that Varian’s book states on its
p. 112, namely that:

• if a consumer has the CES utility function 𝑢(𝑥1, 𝑥2) = (𝑥𝜌1+𝑥
𝜌

2 )
1/𝜌

• and if we define 𝑟 =
𝜌

𝜌−1

• then the consumer’s expenditure function is 𝑒(p, 𝑢) = (𝑝𝑟1 +
𝑝𝑟2)

1/𝑟 𝑢,

• their indirect utility function is 𝑣(p, 𝑚) = (𝑝𝑟1 + 𝑝𝑟2)
−1/𝑟 𝑚,

• their demand for 𝑥1 is 𝑥1(p, 𝑚) =
𝑚𝑝𝑟−1

1

𝑝𝑟1 + 𝑝𝑟2
,

• and their money metric utility function is 𝜇(p; q, 𝑚) = (𝑝𝑟1 +
𝑝𝑟2)

1/𝑟 (𝑞𝑟1 + 𝑞𝑟2)
−1/𝑟𝑚.

On p. 161 of Varian’s book, upon defining

𝜇(q; p, 𝑚) = 𝑒(q, 𝑣(p, 𝑚)) ,

Varian gives the equivalent and compensating variation as, respec-
tively,

𝐸𝑉 = 𝜇(p0; p′, 𝑚′) − 𝑚0 and
𝐶𝑉 = 𝑚′ − 𝜇(p′; p0, 𝑚0) .

(a) The consumer’s “expenditure on 𝑥” is the price of 𝑥 times the
quantity of 𝑥 which he buys, in other words, 𝑥𝑝𝑥 . Assuming that
𝑝𝑥 = 3, find an expression for this consumer’s expenditures on 𝑥.
(This expression will depend on 𝑚.)

(b) Assuming that 𝑝𝑥 = 3, find an expression for this person’s con-
sumer surplus generated from 𝑥. (This expression will depend
on 𝑚.) You may use without proof the following result:∫

𝑝−2

𝑝−1 + 1
𝑑𝑝 =

∫
𝑑𝑝

𝑝 + 𝑝2 =

∫
1 + 𝑝 − 𝑝

𝑝 (1 + 𝑝) 𝑑𝑝

15
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=

∫ [ 1 + 𝑝

𝑝 (1 + 𝑝) −
𝑝

𝑝 (1 + 𝑝)

]
𝑑𝑝 =

∫ ( 1
𝑝
− 1

1 + 𝑝

)
𝑑𝑝

= ln 𝑝 − ln(1+𝑝) .

(c) Express 𝐸𝑉 and 𝐶𝑉 in terms of the expenditure function [better:
in terms of income and the old and new prices] and describe the
relationship between 𝐸𝑉 and 𝐶𝑉 , on the one hand, and “willing-
ness to pay” (“WTP”) and “willingness to accept” (“WTA”), on
the other hand.

(d) Find this consumer’s WTP for a decrease in the price of 𝑥 from
infinity to 3. Assume as before that 𝑝𝑦 = 1. (Your expression for
WTP will depend on 𝑚.)

(e) Find this consumer’s WTA for an increase in the price of 𝑥 from
3 to infinity. Assume as before that 𝑝𝑦 = 1. (Your expression for
WTA will depend on 𝑚.)

(f) Sketch a graph showing how this person’s expenditures on 𝑥,
consumer surplus generated from 𝑥, WTP, and WTA all depend
on 𝑚. Use your results from (a), (b), (d), and (e) to do this.
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3

𝐶𝑆 ≈ 29

𝑥

𝑝𝑥

𝑊𝑇𝐴 = 33 1
3

𝑊𝑇𝑃 = 25

expenditure, 25

Figure 6. Demand curves for an income of 𝑚 = 100 and a utility function of
𝑢(𝑥, 𝑦) = (𝑥1/2 + 𝑦1/2)2 when 𝑝𝑦 = 1. Dotted curve: the Marshallian demand
curve, 𝑥 = 𝑝−2

𝑥 /(𝑝−1
𝑥 + 1) = 1/(𝑝𝑥 + 𝑝2

𝑥). Consumer surplus when 𝑝𝑥 = 3 is
the area left of this curve and above the line 𝑝𝑥 = 3; it is 𝑚 ln(4/3) ≈ $29.
Solid curves: Hicksian demand curves, 𝑢/(1 + 𝑝𝑥)2. Right-most solid curve:
Hicksian demand curve with utility fixed at its level when 𝑝𝑥 = 3, therefore
𝑢(25/3, 75) = ((25/3)1/2 + 751/2)2 = 133 1

3 . WTA when 𝑝𝑥 = 3 is the area left of
this curve and above the line 𝑝𝑥 = 3; it is 𝑚/3 = $33 1

3 . Left-most solid curve:
Hicksian demand curve with utility fixed at its level when 𝑝𝑥 = ∞, therefore
𝑢(0, 100) = (01/2 + 1001/2)2 = 100. WTP when 𝑝𝑥 = 3 is the area left of this
curve and above the line 𝑝𝑥 = 3; it is 𝑚/4 = $25. When 𝑝𝑥 = 3, expenditure is
3 · 25/3 = $25. The value of “𝑝𝑥 = 3” or “𝑥 = 25/3” is the $25 expenditure plus
the measure of the surplus (either WTA or WTP or CS).
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2020 Qualifying Exam Sec. 3 Qu. 2

2. [16 points] Suppose a consumer consumes two goods, 𝑥 and 𝑦, has
income 𝑚, and has the “Constant Elasticity of Substitution” utility
function 𝑢(𝑥, 𝑦) = (𝑥1/2 + 𝑦1/2)2. Suppose

• the price of 𝑦, denoted 𝑝𝑦, is always equal to one;
• and the consumer’s income 𝑚 = 100.

You may use without proof the facts that Varian’s book states on its
p. 112, namely that:

• if a consumer has the CES utility function 𝑢(𝑥1, 𝑥2) = (𝑥𝜌1+𝑥
𝜌

2 )
1/𝜌

• and if we define 𝑟 =
𝜌

𝜌−1

• then the consumer’s expenditure function is 𝑒(p, 𝑢) = (𝑝𝑟1 +
𝑝𝑟2)

1/𝑟 𝑢,

• their indirect utility function is 𝑣(p, 𝑚) = (𝑝𝑟1 + 𝑝𝑟2)
−1/𝑟 𝑚,

• their demand curve for 𝑥1 is 𝑥1(p, 𝑚) =
𝑚𝑝𝑟−1

1

𝑝𝑟1 + 𝑝𝑟2
,

• and their money metric utility function is 𝜇(p; q, 𝑚) = (𝑝𝑟1 +
𝑝𝑟2)

1/𝑟 (𝑞𝑟1 + 𝑞𝑟2)
−1/𝑟𝑚.

On p. 161 of Varian’s book, upon defining

𝜇(q; p, 𝑚) = 𝑒(q, 𝑣(p, 𝑚)) ,

Varian gives the equivalent and compensating variation as, respec-
tively,

𝐸𝑉 = 𝜇(p0; p′, 𝑚′) − 𝑚0 and
𝐶𝑉 = 𝑚′ − 𝜇(p′; p0, 𝑚0) .

If there are other results which Varian proves which you want to use,
simply cite the result and its page number; since this is an open-book
exam, I think it’s pointless to ask you to copy a proof from Varian’s
book straight onto your exam paper.
Please look at Figure 3.
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25
3

3

𝐶𝑆 ≈ 29

𝑥

𝑝𝑥

𝑊𝑇𝐴 = 33 1
3

𝑊𝑇𝑃 = 25

expenditure, 25

Figure 3. Demand curves for an income of 𝑚 = 100 and a utility function of
𝑢(𝑥, 𝑦) = (𝑥1/2 + 𝑦1/2)2 when 𝑝𝑦 = 1.

18



(a) The “𝑊𝑇𝐴 = 331
3” label of Figure 3 denotes willingness to ac-

cept the price of 𝑥 increasing from three to infinity, and 331
3 is

the area to the left of the right-most curve and above the line
𝑝𝑥 = 3. Show that the equation of this right-most curve is

𝑢

(1 + 𝑝𝑥)2

where

𝑢 =

(√︂
25
3

+
√

75

)2

= 1331
3 .

(b) The “𝑊𝑇𝑃 = 25” label of Figure 3 denotes willingness to pay in
return for the price of 𝑥 decreasing from infinity to three, and 25
is the area to the left of the left-most curve and above the line
𝑝𝑥 = 3. Show that the equation of this left-most curve is

𝑢

(1 + 𝑝𝑥)2

where
𝑢 =

(√
0 +

√
100

)2
= 100 .

(c) The “𝐶𝑆 ≈ 29” label of Figure 3 denotes consumer surplus, and
100 ∗ ln(4/3) ≈ 29 is the area to the left of the dotted curve and
above the line 𝑝𝑥 = 3. What is the equation of this dotted curve?
(You may express this either as a function of 𝑝𝑥 or as a function
of 𝑥.)

(d) Consider the following two situations:
i. The situation depicted in Figure 3, with 𝑝𝑥 = 3 and 𝑝𝑦 =

1 and 𝑚 = 100 and consumer surplus from consumption
of 𝑥 approximately equal to 29 and consumer surplus from
consumption of 𝑦 (not illustrated); or

ii. A situation in which the consumer faces a price-discriminating
seller who charges the consumer $25 + $29 for consuming
𝑥 = 25/3 (which the consumer does consume and does pay)
and the consumer faces a uniform price of 𝑝𝑦 = 1 for 𝑦 and
the consumer is given an income of $100 plus $34.

19



In which situation does this consumer have the larger consumer
surplus (considering both goods 𝑥 and 𝑦)? There is no need to
provide a numerically-calculated answer; one arrived at just by
logical reasoning is what is being asked for. (This question may
be too easy but it becomes interesting in light of the next ques-
tion.)

(e) In which of the situations described in part (d) does this con-
sumer have the larger utility? There is no need to provide a
numerically-calculated answer; one arrived at just by logical rea-
soning is what is being asked for.

20
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OPTIONAL PAGE
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𝑥
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Figure 6. Demand curves for an income of 𝑚 = 100 and a utility function of
𝑢(𝑥, 𝑦) = (𝑥1/2 + 𝑦1/2)2 when 𝑝𝑦 = 1. Dotted curve: the Marshallian demand
curve, 𝑥 = 𝑝−2

𝑥 /(𝑝−1
𝑥 + 1) = 1/(𝑝𝑥 + 𝑝2

𝑥). Consumer surplus when 𝑝𝑥 = 3 is
the area left of this curve and above the line 𝑝𝑥 = 3; it is 𝑚 ln(4/3) ≈ $29.
Solid curves: Hicksian demand curves, 𝑢/(1 + 𝑝𝑥)2. Right-most solid curve:
Hicksian demand curve with utility fixed at its level when 𝑝𝑥 = 3, therefore
𝑢(25/3, 75) = ((25/3)1/2 + 751/2)2 = 133 1

3 . WTA when 𝑝𝑥 = 3 is the area left of
this curve and above the line 𝑝𝑥 = 3; it is 𝑚/3 = $33 1

3 . Left-most solid curve:
Hicksian demand curve with utility fixed at its level when 𝑝𝑥 = ∞, therefore
𝑢(0, 100) = (01/2 + 1001/2)2 = 100. WTP when 𝑝𝑥 = 3 is the area left of this
curve and above the line 𝑝𝑥 = 3; it is 𝑚/4 = $25. When 𝑝𝑥 = 3, expenditure is
3 · 25/3 = $25. The value of “𝑝𝑥 = 3” or “𝑥 = 25/3” is the $25 expenditure plus
the measure of the surplus (either WTA or WTP or CS).
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2019 Qualifying Exam Sec. 3 Qu. 1

1. [16 points]
[Completely optional introduction: This is the beginning and the middle but not
the end of a demonstration that George Stigler’s “Coase Theorem” is false in the
general case of goods having arbitrary income effects. (This would please Nobel
Laureate Ronald Coase but it profoundly challenges followers of Stigler.)]

(a) Suppose a consumer’s welfare depends on the number of apples a
which he consumes and on the amount of clean air in his environ-
ment. There is a polluting firm in the consumer’s environment and
the amount of air pollution it emits is proportional to the level of its
output Q. For some fixed level of output Q > 0, argue that

u(a,Q) = a · (Q −Q)

is a reasonable specification for this consumer’s utility function.
(b) Suppose this consumer sets out one day with m dollars to visit the

marketplace and buy some apples. Before he gets to the market-
place, he encounters the owner of the polluting firm. He may strike
up a conversation with this owner in the hopes of affecting how
much the firm pollutes. Perhaps he and the firm owner exchange
money for a change in Q. Let ma denote the amount of money the
consumer has when he takes leave of the firm owner and proceeds
to the marketplace, at which time the amount of Q, and therefore
air pollution, is irrevocably fixed (it will never change again).
Show that his utility at this point is destined to be

ma

pa
(Q −Q)

where pa is the price of apples.
(c) Suppose that in this country, firms have the right to emit pollution

at will. (One could say that the firm has the “property right” to pol-
lute.) Suppose that in the absence of any interaction or bargaining
between the firm and the consumer,

the firm sees fit to produce Q/2 units of output.

Show that with that level of output, the (indirect) utility of the cus-
tomer in this initial situation would be

v0 =
mQ
2pa

.

9



(d) Upon meeting the firm owner, the consumer contemplates offering
the firm owner money in return for a reduction of Q. If the con-
sumer offered the firm owner T dollars and in return the firm owner
reduced output to Q, show that the consumer would, after making
the bargain and then buying apples, have a utility level of

v ′ =
m − T

pa
(Q −Q) .

(e) Suppose that, for a given Q, the consumer is indifferent between
paying T (Q) in return for the firm producing only Q, on the one
hand, and paying nothing and having the firm produce Q/2, on the
other hand. Find T as a function of Q.
Hint: I get

T = m
Q − 2Q
2Q − 2Q

> 0 for Q < Q/2. .

(f) Show that

dT
dQ
=

−mQ
2 (Q −Q)2

< 0 for Q < Q/2, and that

d2T
dQ2 =

mQ
(Q −Q)3

< 0 for Q < Q/2.

(g) Make a rough sketch of T (Q), indicating the values of T (0) and of
T (Q/2).

(h) If EC denotes the “external cost” which pollution imposes on this
consumer, argue that

EC(Q) = T (0)− T (Q) .

(i) Show that the “marginal external cost”

MEC =
d EC
dQ

=
mQ

2 (Q −Q)2
> 0 .

(Prove the second equality.) Also show that

d MEC
dQ

=
−mQ

(Q −Q)3
=

mQ
(Q −Q)3

> 0 .

(Prove at least one of the equalities and prove the inequality.)

10



(j) Now we contrast this situation to that under a different constitution
in which consumers have the right to clean air and firms cannot pol-
lute the air without obtaining permission from the consumer. (One
could say that consumers have the “property right” to clean air.)
Show that in the absence of any interaction or bargaining between
the firm and the consumer, (indirect) utility of the customer in this
initial situation would be

v0 =
mQ
pa

.

(k) Upon meeting the firm owner, the consumer contemplates offering
to allow the firm to increase output to Q in return for the firm pay-
ing the consumer T̂ dollars. Show that the consumer would, after
making the bargain and then buying apples, have a utility level of

v ′ =
m + T̂

pa
(Q −Q) .

(l) Suppose that, for a given Q, the consumer is indifferent between
receiving T̂ (Q) in return for allowing the firm to increase its pro-
duction to Q, on the one hand, and receiving nothing and making
no bargain with the firm, on the other hand. Show that

T̂ =
mQ

Q −Q
> 0

and show that

dT̂
dQ
=

mQ
(Q −Q)2

> 0 and that

d2T̂
dQ2 =

2mQ
(Q −Q)3

> 0 .

(m) In this situation argue that external cost ÊC(Q) = T̂ (Q).

(n) Show that

M̂EC =
d M̂EC

dQ
= 2 MEC and

d M̂EC
dQ

= 2
d MEC

dQ
.

11
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Figure 1. Willingness (and ability) to Pay, “𝑊𝐴𝑇𝑃,” is 𝑚𝑄/[2 · (𝑄−𝑄)2] from (i) of
the 2019 exam, and 2/(𝑄 − 2)2 substituting in the parameters here. Willingness to
Accept, “𝑊𝑇𝐴,” is 𝑚𝑄/(𝑄 −𝑄)2) from (l) (that’s the letter ‘l’ not the number ‘1’)
of the 2019 exam, and 4/(2 − 𝑄)2 substituting in the parameters here. Marginal
Profit, “𝑀𝛱 ,” is assumed here to be 2 − 2𝑄.

2021 Qualifying Exam Sec. 3 Qu. 2

2. [10 points]
[Completely optional introduction: This is the end of a demonstration that
George Stigler’s “Coase Theorem” is false in the general case of goods hav-
ing arbitrary income effects. (This would please Nobel Laureate Ronald
Coase but it profoundly challenges followers of Stigler.)]

You have been given the question and answer to the 2019 Qualifying
Exam’s Section 3 Question 1. Adopt all the notation and situations
described in that problem. In addition, in that problem, set 𝑄 = 2,
𝑚 = 2, and suppose the marginal profit of the firm is given by 𝑀𝛱 =

2 − 2𝑄. The figure on the last, “optional” page of the answer to the
2019 question then becomes Figure 1.

(a) Suppose, as in part (c) of the 2019 question, firms have the right
to emit pollution at will. The maximum amount of money the

10
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consumer is willing and able to pay for the output level “𝑄”
lying directly below points 𝑐 and 𝑎 is the area under the WATP
curve, that is, under 𝑎𝑏. However, in bargaining with the firm,
the consumer might not have to pay this maximum amount of
money. Explain briefly why the minimum amount of money the
consumer would have to pay for the output to be reduced to that
level of 𝑄 is the area under the “𝑐𝑑 ” segment of the 𝑀𝛱 curve.

(b) Show that the area under the 𝑐𝑑 segment of the 𝑀𝛱 curve is
1 − 2𝑄 +𝑄2.

(c) From (c) of the 2019 exam, 𝑣0 = 𝑚𝑄/(2𝑝𝑎), which under our
assumptions is equal to 2/𝑝𝑎. From (d) of the 2019 exam, and
with our assumptions,

𝑣′ =
𝑚 − 𝑇

𝑝𝑎

(
𝑄 −𝑄

)
=

2 − 𝑇

𝑝𝑎
(2 −𝑄) .

If 𝑇 corresponds not to WATP but to the minimum consumer
payment, what value of 𝑄 makes 𝑣0 equal to 𝑣′ ? It is sufficient
to find an equation that defines 𝑄 implicitly; you do not have to
find 𝑄 explicitly.

(d) Suppose, as in part (j) of the 2019 question, consumers have the
right to clean air and firms cannot pollute the air without ob-
taining permission from the consumer. The minimum amount of
money the consumer is willing to accept for the output level “𝑄”
lying directly below points ℎ and 𝑓 is the area under the WTA
curve, that is, under 𝑒 𝑓 . However, in bargaining with the firm,
the consumer might not have to accept this minimum amount of
money. The maximum amount of money firm would pay to the
consumer for the output to be increased to that level of 𝑄 is the
area under the “𝑔ℎ” segment of the 𝑀𝛱 curve. Show that that
area under the 𝑔ℎ segment of the 𝑀𝛱 curve is 2𝑄 −𝑄2.

(e) From (j) of the 2019 exam, 𝑣0 = 𝑚𝑄/𝑝𝑎, which under our as-
sumptions is equal to 4/𝑝𝑎. From (k) of the 2019 exam, and
with our assumptions,

𝑣′ =
𝑚 + 𝑇

𝑝𝑎

(
𝑄 −𝑄

)
=

2 + 𝑇

𝑝𝑎
(2 −𝑄) .

If 𝑇 corresponds not to WTA but to the maximum firm payment,
what value of 𝑄 makes 𝑣0 equal to 𝑣′ ? It is sufficient to find

11



an equation that defines 𝑄 implicitly; you do not have to find 𝑄

explicitly.
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Answer to Summer 2021 Qualifying Exam, Section 3 Question 2
(a) The area under 𝑐𝑑 is the profit earned when the firm increases output

from 𝑄 to 1. This is simply because total profit is the area under the
marginal profit curve:

∫ 1
𝑄
𝑀𝛱 𝑑𝑄 =

∫ 1
0 (𝑑𝜋/𝑑𝑄) 𝑑𝑄 = 𝜋(1) − 𝜋(𝑄) by

the Fundamental Theorem of Calculus. The firm will refuse to reduce
output to this 𝑄 unless it receives payment equal to this lost profit.

(b) ∫ 1

𝑄

(2 − 2�̂�) 𝑑�̂� = [2�̂� − �̂�2]
��1
𝑄

= (2 − 1) − (2𝑄 −𝑄2) = 1 − 2𝑄 +𝑄2 .

(This happens to be a perfect square, (1 −𝑄)2.)

(c) Substitute the answer to part (b) (which you know, even if you were
not able to solve part (b), because its answer was given in the exam)
for 𝑇 in the equation given in this part of the question for 𝑣′, then set
𝑣′ = 𝑣0 and recall that 𝑄 = 2 and that 𝑚 = 2:

2 − (1 − 2𝑄 +𝑄2)
𝑝𝑎

(2 −𝑄) = 2𝑄
2𝑝𝑎

(1 + 2𝑄 −𝑄2) (2 −𝑄) = 𝑄 (9)
2 + 4𝑄 − 2𝑄2 −𝑄 − 2𝑄2 +𝑄3 = 2

3𝑄 − 4𝑄2 +𝑄3 = 0 .

Therefore one solution is 𝑄 = 0. Other solutions are:
𝑄2 − 4𝑄 + 3 = 0

(𝑄 − 3) (𝑄 − 1) = 0 .

The 𝑄 = 3 solution makes no sense in this context. The 𝑄 = 1 solution
would mean that less pollution reduction would be achieved when
pollution victims had to pay little money to polluters than when they
had to pay more money (𝑄 = 0.534), which also makes no sense.
Therefore, the correct answer is 𝑄 = 0. (The question did not ask you
to find such an explicit value for 𝑄, only an implicit definition of it,
so any of the displayed equations would be an adequate answer.)
Optional: If you have a computer, you can graph 𝑣0 or, more straight-
forwardly from (9), 𝑝𝑎𝑣0 = 𝑄 = 2, and also from (9), 𝑝𝑎𝑣′ = (1+2𝑄−
𝑄2) (2 − 𝑄). This looks like Figure 2: starting from 𝑄 = 1 (which is
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Figure 2. Initial (𝑣0) and final (𝑣′) utility of the pollution victim (times the price of
apples) if the firm has the property right to pollute and Coasian bargains are made
at the minimum amount of money needed to induce the firm to lower production.
If a quantity level has 𝑝𝑎𝑣

′ > 𝑝𝑎𝑣0, the consumer would strictly prefer being at
that quantity level rather than remaining at 𝑄 = 1. By construction, the firm is
indifferent between 𝑄 ∈ [0, 1].

where 𝑀𝛱 = 0), the pollution victim gains from decreasing 𝑄 and
making the minimal payment to the polluter whenever 𝑝𝑎𝑣′ > 𝑝𝑎𝑣0.
Optional: Figure 2 implies that any 𝑄 ∈ [0, 1) would be accepted
by both parties as an alternative to 𝑄 = 1. Bargaining starting from
𝑄 = 1 and incrementally going left would stop at the maximum of 𝑣′,
which is at (4 −

√
7)/3 ≈ 0.451.

(d)
∫ 𝑄

0 (2 − 2�̂�) 𝑑�̂� = [2�̂� − �̂�2]
��𝑄
0 = (2𝑄 −𝑄2) − (0 − 0) = 2𝑄 −𝑄2.

(e) Substitute the answer to part (d) (which you know, even if you were
not able to solve part (d), because its answer was given in the exam)
for 𝑇 in the equation given in this part of the question for 𝑣′, then set
𝑣′ = 𝑣0 and recall that 𝑄 = 2 and that 𝑚 = 2:

2 + 𝑇

𝑝𝑎
(2 −𝑄) = 4

𝑝𝑎

[2 + (2𝑄 −𝑄2)] (2 −𝑄) = 4
(4 + 4𝑄 − 2𝑄2) − (2𝑄 + 2𝑄2 −𝑄3) = 4

𝑄3 − 4𝑄2 + 2𝑄 + 4 = 4 (10)
𝑄3 − 4𝑄2 + 2𝑄 = 0 .

Therefore one solution is 𝑄 = 0. Other solutions solve 𝑄2−4𝑄+2 = 0
so

𝑄 =
4 ±

√
16 − 8
2

=
4 ± 2

√
2

2
= 2 ±

√
2

4



0 1

4
𝑝𝑎𝑣

′

Quantity

$/unit

•
𝑝𝑎𝑣0

0.5860.279

Figure 3. Initial (𝑣0) and final (𝑣′) utility of the pollution victim (times the price
of apples) if the pollution victim has the property right to clean air and Coasian
bargains are made at the maximum amount of money the firms are willing to pay
to increase production. If a quantity level has 𝑝𝑎𝑣

′ > 𝑝𝑎𝑣0, the consumer would
strictly prefer being at that quantity level rather than remaining at 𝑄 = 0. By
construction, the firm is indifferent between 𝑄 ∈ [0, 1].

of which only 2 −
√

2 ≈ 0.586 makes sense in this context. (The
question did not ask you to find such an explicit value for 𝑄, only an
implicit definition of it, so any of the displayed equations would be
an adequate answer.)
Optional: If you have a computer, you can graph 𝑣0 or, more straight-
forwardly from (10), 𝑝𝑎𝑣0 = 4, and also from (10), 𝑝𝑎𝑣′ = 𝑄3 −4𝑄2 +
2𝑄 + 4. This looks like Figure 3: starting from 𝑄 = 0, the pollution
victim gains from increasing 𝑄 and receiving the maximal payment
from the polluter whenever 𝑝𝑎𝑣′ > 𝑝𝑎𝑣0.
Optional: Figure 3 implies that any 𝑄 ∈ (0, 0.586] would be accepted
by both parties as an alternative to 𝑄 = 0. Bargaining starting from
𝑄 = 0 and incrementally going right would stop at the maximum
of 𝑣′, which is at (4 −

√
10)/3 ≈ 0.279.

Optional: If the polluter has the property rights, we predict the outcome
of Coasian bargaining will be between 0.534 (when pollution victims have
to make maximal transfers to the firms, the area under 𝑊𝐴𝑇𝑃) and 0.451
(when pollution victims only have to make minimal transfers to the firms,
the area under 𝑀𝛱 ). If the pollution victim has the property rights, we
predict the outcome of Coasian bargaining will be between 0.279 (when
firms have to make maximal transfers to the pollution victims, the area
under 𝑀𝛱 ) and 0.304 (when firms only have to make minimal transfers to
the firms, the area under 𝑊𝑇𝐴).
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Figure 4. The dark intervals on the 𝑄 axis represent, respectively, the possible
outcomes of Coasian bargaining when pollution victims have the property right to
clean air (left) or when polluters have the property right to pollute (right).
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