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2016 Exam 1 Qu. 1

1. [11 points] The statements “A” and “B” described in this problem do not
have to have anything to do with economics.

(a) Give an example of a statement “A” and another statement “B” such
that the following is true: “A” is a necessary but not sufficient con-
dition for “B.”

(b) Give an example of a statement “A” and another statement “B” such
that the following is true: “A” is a sufficient but not a necessary
condition for “B.”

(c) Give an example of a true statement and its converse where the
converse is false, or explain why that is impossible to do.

(d) Give an example of a true statement and its contrapositive where
the contrapositive is false, or explain why that is impossible to do.

(e) Consider the following statements: “A” is “1 + 1 = 2” and “B” is
“1 + 2 = 17.” Is “A or B” true or false? Why?

(f) Briefly describe what the following term means: “proof by contra-
diction.”

(g) Briefly describe what the following term means: “proof by induc-
tion.”
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Answer all of the fQllowing five" questions. 

1. [15 points] In parts (b) through (e) below, assume that f : R3 ~ Rl. 
n " 

(a) Suppose a 3 x 3 matrix A has entries aij; Under what: conditions 
is A negative definite? (Another way of asking this question is: 
under what conditions is the function g(x) = xT Ax negative 
Vx "# O?) 

(b) What conditions are sufficient to guarantee that the function f(x) 
(which was "described at the beginning of this problem) is strictly" 
concave? " 

(c) Suppose x* satisfies the first-order conditions for the problem of 
maximizing f(x). What conditions are sufficient to guarantee 
that x* is a local maximum of f(,,)7 

, , 

1··1 

(d) Suppose x*satisfies the first-order conditions for" the problem of ":" 
maximizing f(x) subject to the linear constraint 

I " " 

" " 

Xl + X2 + X3 = 0 ." " I " 

What conditions "are sufficient to guarantee that x* is a local I, ' 
maximum of f(x) subject to Xl + X2 +" X3 = O? Your answer 
should not include the Lagrangian function 2. " 

(e) A, student wrote, "to determine ~f f(x) is strictly concave, one 
first" has to find the seco'nd-order conditions." What is :wrong 
with this statement? 
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3. [11 points] Suppose we wish to maximize a function f(x) over x (inter-
pret x as a column vector). Suppose we have found a point x∗ which
satisfies the first-order conditions for maximizing f(x) over x. Finally,
suppose that the following “Taylor Series approximation” of f(x) for
any value of x is so good that we can ignore any error it leads to:

f(x) ≈ f(x∗) +∇f(x∗) (x−x∗) + 1
2
(x−x∗)T ∇2f(x∗) (x−x∗)

where the “T” superscript denotes “transpose.”

(a) What is the numerical value of ∇f(x∗)? (The second sentence of
this problem should make this easy to answer.)

(b) If x∗ really is a maximum point of f , what can be said about the
value of f(x)− f(x∗)?

(c) What condition on the matrix ∇2f(x∗) would ensure that the cri-
terion of part (b) is satisfied for any arbitrary value of x?

(d) How would your answer to part (c) change if the Taylor Series
approximation was not very good, so that one could not drop the
“higher order terms” (“H.O.T.”) in

f(x) ≈
f(x∗) +∇f(x∗) (x−x∗) + 1

2
(x−x∗)T ∇2f(x∗) (x−x∗) + H.O.T.

?
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Answer all of the following three questions. 

1. [11 points] Suppose x ERn. 

f?XCl-wv I· 

2<00 't 

QV~JhlA 1. 

(a) State the second-order sufficient conditions for the problem 

max f(x). 
x 

(b) State sufficient conditions for f(x) to be strictly concave. 

(c) Do the conditions you found in (a) imply the conditions you found 
in (b) 7 Do the conditions you found in (b) imply the conditions 
you found in (a)7 

(d) State the second-order sufficient conditions for the problem 

maxf(x) s.t. c· x -m = 0 
x 

where c and m are constants. By using information from the 
first-order conditions, express your answer without using c. 

(e) State sufficient conditions for f(x) to be quasiconcave. 

(f) Do the conditions you found in (d) imply the conditions you found 
in (e)7 Do the conditions you found in (e) imply the conditions 
you found in (d)7 

(g) How would your answer to (f) change if, in (d), one. were to replace 
c· x - m = 0 with g(x) - m = 0 for some general function g7 
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1. [12 points] Suppose you are trying to determine if a function {f(x) : 
R n -+ R} is convex. Suppose you have calculated all the leading 
principal minors of \7 2 f and have found that they are not all positive. 
(Maybe they were all zero, or maybe some were negative.) How should 
you proceed? Carefully explain your answE?r. 
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3. [11 points] 

( a) Show that the following is false: "a monotonically increasing func
tion of a concave function is concave." A simple counterexample 

will suffice. 
(b) Show that a monotonically increasing function of a quasiconcave 

function is quasiconcave. [Hint 1: Figure 1 mayor may not 
be useful to you. I-lint 2: this is probably the hardest part of 
this question, so you might want to skip over it and answer the 

remaining parts first.] 

(c) Show that a monotonically increasing function of a concave func
tion is quasiconcave. If it is helpful, you may use the result of 
part (b) even if you haven't proven it. 

S} 1/2 1/4 . . 
( d) lOW that Xl X 2 IS concave on R~. 

(e) Use parts (c) and (d) to argue that ln ( Xi/2 x~/4r = 21n Xl +In X2 

., 2 ( IS quaSlconcave on R+. If you cannot do this, and you verify 
quasiconca.vity some other way, you will get some partial credit 
but not full credit.) 
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2. (a) Give an example of a function of one variable (not two or more 
variables) which is both quasiconcave and quasi convex. 

(b) Give an example of a function of one variable (not two or more· 
variables) which is not quasiconcave but is quasicanvex. 

(c) Give an example of a function of one variable (not two or more 
variables) which is quasicancave but not quasiconvex. 

(d) Give an example of a function of one variable (not two or more 
variables) which is quasicancave but not concave. 

(e) Give an example of a function of one variable (not two or more 
variables) which is quasi convex but not convex. 

You do not have to choose functions which are defined over the efi~ 
tire real line; a domain which is only part of the entire real line is 
acceptable. 
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2017 Exam 1 Qu. 2

2. [11 points] A function f is “homogeneous of degree k” if “ f (t x) =
tk f (x).”

A function f is “homothetic” if “ f (x) = f (y)” implies “ f (t x) = f (t y).”

Using the above definitions, prove that “if f (x) is homogeneous and if
H ( f ): R1 → R1 is strictly increasing or strictly decreasing, then H ( f (x))
is homothetic.”
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2015 Exam 1 Qu. 1

1. [11 points] A function f is “homothetic” if “ f (x) = f (y)” implies “ f (t x) =
f (t y).” Use this definition of homotheticity in parts (a) and (b) of this
question.

In part (c) of this question, you may use this result without proving it:
“if f (x) is homogeneous and if H ( f ): R1 → R1 is strictly increasing or
strictly decreasing, then H ( f (x)) is homothetic.” However, if you want
to use this result in parts (a) or (b), you should prove it first.

(a) Show that all homogenous functions are homothetic.

(b) Use f (x1, x2) = x1 + x2 + 1 as a counterexample in showing that not
all homothetic functions are homogeneous. You do need to include
a proof that this f is homothetic.

(c) Carefully explain what is going on in the derivation below, and what
result it proves:

g′i(t a)
g′j (t a)

=
H ′( f (t a)) f ′i (t a)
H ′( f (t a)) f ′j (t a)

=
H ′( f (a)) tk−1 f ′i (a)
H ′( f (a)) tk−1 f ′j (a)

=
H ′( f (a)) f ′i (a)
H ′( f (a)) f ′j (a)

=
g′i(a)
g′j (a)

.

In order to prove the second equality, it is helpful to observe that

H ′( f (t a))
H ′( f (t a))

=
H ′( f (a))
H ′( f (a))

(why is this true?); you not need compare H ′( f (t a)) with H ′( f (a)).
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