Notes for Econ. 7001
by Gabriel A. Lozada

The equation numbers and page numbers refer to Knut Sydsseter and Peter
J. Hammond’s textbook Mathematics for Economic Analysis (ISBN 0-13-
583600-X, 1995).

1. Convexity, Quadratic Forms, and Minors

Let A denote a matrix. It does not have to be square. A “minor of A of
order r” is obtained by deleting all but r rows and r columns of A, then
taking the determinant of the resulting r x r matrix. [p. 466; this page
has a good example.] One can show that a matrix of dimension m x n has
(m!/[r! (m —7)Y]) - (n!/[r! (n — 7)!]) minors of order r for r =1, ..., n.

Now let A denote a square matrix. A “principal minor of A of order r”
is obtained by deleting all but r rows and the corresponding r columns of A,
then taking the determinant of the resulting r x r matrix. [p. 536] (For
example, if you keep the first, third, and fourth rows, then you have to keep
the first, third, and fourth columns.) A principal minor of A of order r
is denoted by A, of A. [p. 638] One can show that a square matrix of
dimension n x n has n!/[r! (n — r)!] principal minors of order r for r = 1,
e, M

Again let A denote a square matrix. A “leading principal minor of
A of order r” is obtained by deleting all but the first r rows and the first
r columns of A, then taking the determinant of the resulting r x r matrix.
[p. 534] A leading principal minor of A of order r is denoted by D, of A.
A square matrix of dimension n x n has only 1 leading principal minor of

order r forr=1, ..., n.
1 2 3 4
Example. Suppose A = | 2 6 7 8 This matrix is not symmetric
pie. Supp 9 10 11 12 |- Y :
13 14 15 16

Usually one is interested in the minors only of symmetric matrices, but there
is nothing wrong with finding the minors of this non-symmetric matrix.
e The leading principal minor of order 1 of A is Dy = [1].
There are four principal minors of order 1 of A; they are the Ay’s:
|1 = Dy, |6, |11], and |16].

There are sixteen minors of A of order 1.

[important]
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There are six principal minors of order 2 of A; they are the Ajs’s:

e The leading principal minor of order 2 of A is Dy = }

1
’ég‘ = Dy (from rows and columns 1 and 2), 9 131‘ (from rows and
columns 1 and 3) 14 (from rows and columns 1 and 4) 6 7
|13 16 » 110 11

6 8

" 16‘ (from rows and columns 2

(from rows and columns 2 and 3), )

and 4), and Hé }2‘ (from rows and columns 3 and 4).

There are thirty-six minors of A of order 2.

123
e The leading principal minor of order 3 of A is D3 = |5 ¢ 7 |.
91011
There are four principal minors of order 3 of A; they are the Ag’s:
12 3
5 6 7| = D3 (from rows and columns 1, 2, and 3), |5 6 8| (from
91011 1314 16
3 4
rows and columns 1, 2 and 4), | 9 11 12| (from rows and columns 1, 3
13 15 16
6 7 8
and 4), and | 10 11 12 | (from rows and columns 2, 3 and 4).
14 15 16

There are sixteen minors of A of order 3.

e The leading principal minor of order 4 of A is Dy = |A].
There is only one principal minor of order 4 of A; it is A4 and it is
equal to |A].
There is only one minor of order 4 of A; it is |A].

[End of Example]

Let f be a C? function mapping R" into R'. Denote the Hessian matrix
of f(x) by V2f(x); this matrix has dimension n x n. Let “D, of V2f(x)”
denote the rth-order leading principal minor of the Hessian of f. Let “A,
of V2f(x)” denote all the rth-order principal minors of the Hessian of f.

Proposition 1. One has

D, of V2f(x) >0 forr=1,...,n and for all x € S (1)
<= V2f(x) is positive definite for all x € S (2)
= f(x) is strictly convex on S . (3)



Also,

All the A, of V2f(x)>0forr=1,...,n and forallx € S (4)
<= V?2f(x) is positive semidefinite for all x € S (5)
<= f(x) is convex on S. (6)

If V2 f(x) is replaced by an arbitrary symmetric matrix, it is still true that
(1) <= (2) and (4) <= (5).

Proof. (1) < (2): Th. 15.3 (a), p. 535. (2) = (3): 17.24, p. 637 or
Th. 17.14 (b), p. 641.

(4) < (5): p. 536. (5) <= (6): 17.26, p. 638, or Th. 17.13 (b),
p. 640. 1

The typical procedure is to check (1) first. If (1) doesn’t apply because
one of the signs was strictly negative, then the contrapositive of “(4) iff (6)”
tells you that the function is not convex. (This is because each D; € A;.)

[Proposition 1’: Similarly,

D, of V2f(x) alternate in sign beginning with < 0forr=1,...,n

andV x € S (1)

<= V2f(x) is negative definite for all x € S (2"

= f(x) is strictly concave on S. (3"

Also,
All the A, of V?f(x) alternate in sign beginning with < 0forr=1,...,n

andVxeS (4')

<= V2f(x) is negative semidefinite for all x € S (5")

<= f(x) is concave on S. (6"

Section 17.10 of your textbook has an excellent treatment of quasicon-
vexity and quasiconcavity. You should learn it. However, you should replace
Theorem 17.17 on p. 647 with the remarks which come between here and
the end of this section.

Simon and Blume (p. 526) give the following definition (they use different
notation and a different but equivalent statement): Let S be an open convex



subset of R*. A C' function f : S — R is quasiconvex at x* € § if and
only if

Vi) -(z—x")>0 implies f(z)> f(x") forallzeS. (7)

One says that f is “quasiconvex on S” if (8) holds for all x* € S.
[Aside: A quasiconcave function is defined by reversing both inequalities in (7).]

Simon and Blume (p. 527) give the following definition: Let S be an
open convex subset of R”. A C! function f : S — R is pseudoconvex at
x* e S if

Vi) -(z—x") >0 implies f(z)> f(x") forallzeS. (8)

One says that f is “pseudoconvex on S” if (8) holds for all x* € S.

[Aside: A pseudoconcave function is defined by reversing both inequalities in (8).]1

!Simon and Blume actually give < instead of > as the second relation in (8); however,
their definition of pseudoconcavity completely agrees with mine, and I believe their def-
inition of pseudoconvexity is wrong. To see why, combine Simon and Blume’s Theorems
21.2 and 21.3:

f concave < f(z) — f(x*) < Vf(x") (z—x").
So as they note in their Corollary 21.4:
f concave <= f(z) — f(x") < VI(x") - (2—x") <0 = f(z) < f(x7).
Then Simon and Blume define a function f to be pseudoconcave if, as I wrote above:
Vi) (z2—x") <0= f(z) < f(x7).
By analogy and by Simon and Blume’s Theorem 21.2,
f convex <= f(z) = f(x) = VF(x')- (2= x°);
then in the spirit of their Corollary 21.4:
feonvex <= f(z) - f(x") 2 Vf(x")  (z2—x") 2 0= f(z) > f(x").
The analogous definition of f being pseudoconvex is therefore
Vi) (z—x")>0= f(z) > f(x")

which is (8) above. My definition is also the same as the one in S. Schaible, “Second-
order Characterizations of Pseudoconvex Quadratic Functions,” Journal of Optimization
Theory and Applications, vol. 21 no. 1, Jan. 1977, pp. 15-26. Also, note that since
everyone defines pseudoconcavity by Vf(x*) - (z —x*) < 0= f(z) < f(x*), and since
that implies V(—f(x*)) - (z —x*) > 0 = —f(z) > —f(x"), my definition ensures that if
f is pseudoconcave then — f is pseudoconvex, as is appropriate.



Pseudoconvexity is not very interesting in and of itself (though see
point 4 of Section 4 below); its main use lies in its similarity with quasi-
convex functions. By Theorem 21.17 of Simon and Blume (p. 528), one
has:

Proposition 2. [Pseudoconvexity and Quasiconvexity.] Let S be
a convex subset of R™ and let f: S — R be a C' function. Then:

1. f is pseudoconvex on S = f is quasiconvex on S.

2. if S is open and if Vf(x) # 0 for all x € S, then:
f is pseudoconvex on S <= f is quasiconvex on S.

[Proposition 2': Similarly,
1. f is pseudoconcave on S = f is quasiconcave on S.

2. if S is open and if V f(x) # 0 for all x € S, then:
f is pseudoconcave on S <= f is quasiconcave on S.

The neat thing about pseudoconvex functions is that there is an easy
second derivative test for such functions, a test that is also usually the
easiest check that a given function is quasiconvex [I am partially quoting
from Simon and Blume p. 528]. Here is that test [Simon and Blume Th.
21.19 p. 530]:

Proposition 3. [Test of Pseudoconvexity.] Let f be a C? function
defined in an open, convex set S in R'™. Define the “bordered Hessian”

determinants 6,(x), r =1, ..., n by
0 fix) - fix)
s = |10 0 700
A A

A sufficient condition for f to be pseudoconvex is that 0,(x) < 0 for r = 2,
...,n,and allx € S.

[Proposition 3: Similarly, a sufficient condition for f to be pseudoconcave is that . (x)
alternate in sign beginning with >0 for r =2, ..., n, and all x € S.]

In other words, if you want to check quasiconvexity, you usually check
pseudoconvexity, using Proposition 3, then appeal to Proposition 2.



2. First-Order Conditions
This is Theorem 18.6 from p. 437 of Simon and Blume:

Proposition 4. Suppose that f, hi, ..., hj, and g1, ..., gy are C! func-
tions of n variables. Suppose that x* € R" is a local minimum of f(x) on
the constraint set defined by the j equalities and k inequalities
hi(x)
91(x)

1

b1

Cey hj(X)
ooy gr(x)

G s (9)
by . (10)

)
Y

v
v

Without loss of generality, we can assume that the first ko inequality con-
straints are binding (“active”) at x* and that the other k — ko inequality
constraints are not binding.

Suppose that the following “nondegenerate constraint qualification” is
satisfied: the rank at x* of the Jacobian matrix of equality constraints and
the binding inequality constraints

6h1(x*) o 8h1(x*)
0x1 0xy,
8hj (X*) N 8hj (X*)
8x1 8xn
In(x*)  Ogi(x")
o0x1 0xy,
dgro(x*)  Dgry(x*)
0x1 0xy,

is ko + j —as large as it can be.
Form the Lagrangian
J

k
LA p) = Fx)+ Y Ailei = hi(x)] + > pi [bi — gi(x)].
i=1

=1
Then there exist multipliers A* and p* such that: [important:
1. 0L(x*, A", u*)/ON; = 0 for all i = 1, ..., j. This is equivalent to: g & con-
ditions 1-3

hi(x*)=¢; foralli=1, ..., j. below]
elow



2. 0L (x*, X, u*)/0x; =0 foralli=1, ..., n.

(Or, if in addition one requires that x} > 0, this condition becomes:
xf >0, 0.L(x*, A", u*)/0x; > 0, and z} [8.2()(*,)\*,“*)/8%] =0.)
[p. 691-3]

3. puf >0, gi(x*) —b; >0, and pf [gi(x*) —b;] =0 foralli=1, ..., k.

These three conditions are often called the Kuhn-Tucker conditions. The
last condition is sometimes called the “complementary slackness condition.”
Be sure to read the “Note” on p. 702. (Also, there are other constraint quali-
fications you can use instead of the “nondegenerate constraint qualification”
used above. The other constraint qualifications are given in Th. 19.12, p. 476
of Simon and Blume.)

[Proposition 4": For a maximum, change (10) to:
G <b, o o) < b (10)

Then the Lagrangian is formed in the same way. Condition 1 is unchanged. The first
sentence of Condition 2 is unchanged. In the second, parenthesized sentence of Condi-
tion 2, the sign of 0.2 (x*, A", u*)/0z; should be changed from > 0 to < 0. Condition 3
becomes: uj >0, g;(x*) —b; <0, and pj [gi(x*) —b;]=0foralli=1, ..., k]

By the way, it is easy to prove that if g1, ..., gr are all quasiconcave,
then the set of x’s which satisfy (10) is a convex set. Here is the proof.
For i = 1, 2, ..., k, define S; = {x:¢;(x) > b;}. This is an upper level
set of g;. It is convex if g; is a quasiconcave function. If gi, ..., g; are all
quasiconcave, then S, ..., Si are all convex, and their intersection ﬂle S;
is also convex [[17.13] p. 620]. This intersection is the set of all x which
satisfy the constraints (10). This completes the proof. (See the conditions
on g, ..., g in Section 4 points 3, 4, and 5.)

[Aside: Similarly, if g1, ..., gk are all quasiconvex, then {x: (10") is satisfied} is a convex

set. See Section 4 points 3’, 4', and 5'.]

3. Second-Order Conditions: Local

Let .Z be the Lagrangian of the optimization problem. In Section 2, I
named the Lagrange multipliers “\” if they were associated with one of
the j equality constraints and “u” if they were associated with one of the &



inequality constraints. In this section: (a) ignore all the nonbinding inequal-
ity constraints at (x*, A", u*); and (b) rename the Lagrange multipliers of
the binding inequality constraints Aj 11, Ajy2, ..., Ay, where:

m is the number of equality constraints plus the number of bind-
ing inequality constraints.

It is allowed to have m = 0; if m = 0 then there are no Lagrange multipliers.
Denote the m binding Lagrange multipliers collectively by A. Let there be
n variables with respect to which the optimization is occurring; denote these
variables collectively by x.

First, a heuristic explanation from Simon and Blume (p. 399). Using a
multidimensional version of Taylor’s Theorem, one can show that

f(x* +2) = f(x*) + Vf(x*) z+ 32" [V f(x*)]z + R(z) (11)

where a ‘T” superscript denotes the transpose and where R(z) is a remainder
term. I will write

f(x" +2) = f(x") + Vf(x") -2+ 52" [V2f(x")]z. (12)
The first order condition gives V f(x) = 0 at x*. Therefore
f(x* +2) - f(x*) = 52" [V2f(x")]z. (13)

If f(x*) is to really be a local minimum, then the left-hand side of (13)
should be greater than or equal to zero, which is equivalent to V?2f(x*)
being positive semidefinite. Furthermore, if f(x*) is to really be a strict
local minimum, then the left-hand side of (13) should be greater than zero,
which is equivalent to V2 f(x*) being positive definite.

[Aside: Similarly, if f(x") is to really be a local maximum, then the left-hand side of
(13) should be less than or equal to zero, which is equivalent to V2 f(x*) being negative
semidefinite. If f(x*) is to really be a strict local maximum, then the left-hand side of

(13) should be less than zero, which is equivalent to V2 f(x*) being negative definite.]

Let V2.2 be the following particular Hessian of the Lagrangian: first dif-
ferentiate . with respect to all the Lagrange multipliers, then differentiate



it with respect to the original variables x.

1" 1" 1" 1" 1" 1"
A1 A1 g)\l)\Q T j)\l)\m ‘ T

A1x1 A1xo A1Zn
" " . 1" ‘ 1" 1" . 1"
A2A1 A2A2 A2Am A2 A2 A2Tn
" R . 1" ‘ 1" " . 1"
) AmA1 AmA2 AmAm AmT1 Amxo AmTn
ve=| 0 T T
1" 1" " 17 1" "
T1\ 12 e "gxl/\m ‘ "%.1’13}1 $$1$2 e gxlxn
1" 1" " 1" 1" "
gﬂ?g)\l gxz)\g T gxgkm ‘ gxle $$2I2 e gﬂ?2$n
1" 1" " " 1" "
gxn)\l gxn)\Q R ganm ‘ gxnzl gfﬂnﬂfg R gl'nmn

If you do this right, V2.% should have an m x m zero matrix in its upper
left-hand corner:

2 W L 0 A
J— T _ T
VY = < " R ) - < "r o >
A TT Ax T
where £y is an m x n matrix and where a ‘T” superscript denotes the

transpose.
One has the following result:

Proposition 5a. A sufficient condition for the point (x*, \*) identified in
Proposition 4 to be a strict local minimum is that (—1)™ has the same sign
as all of the following when they are evaluated at (x*, \*): Doy, 11 of V2.Z,
D2m+2 of VZ.,?, ey Dm+n of V2$

[Proposition 5a': Similarly, one will have a strict local maximum if, when they are eval-
uated at (x*,A*), the following alternate in sign beginning with the sign of (—1)™":

Domi1 of V2L, Dopyo of V2L, ..., Dipgn of V2Z ]

If m = 0, this is equivalent to the condition that V2% (which in such
a case equals V2f(x)) be positive definite, which occurs iff f(x) is strictly
convex. (See the discussion concerning (13).)

If m > 0, suppose as above that the binding constraints are written
hi(x) = c1, ha(x) = ¢2, ..., hp(X) = ¢n. Abbreviate this by h(x) = c.
As Simon and Blume write (p. 459), “the natural linear constraint set for
this problem is the hyperplane which is tangent to the constraint set {x €
R™:h(x) = c} at the point x*....the tangent space to {h(x) = c} at the

[important]



point x* is the set of vectors z such that Vh(x*)z = 0 [i.e.,, Vh;(x*) -z =0
foralli =1, 2, ..., n] (considered as vectors with their tails at x*).” It can
be shown that the above second-order sufficient condition for a minimum
(Proposition 5a) is equivalent to saying that, for any non-zero vector z which

is tangent to the constraint set—that is, for any non-zero vector z which
obeys Vh(x*)z = 0— (14) holds. Formally:

Proposition 5b. A sufficient condition for the point (x*, A*) identified in
Proposition 4 to be a strict local minimum is that for any non-zero vector z
which obeys Vh(x*) z = 0, one has

z' [ViZ(x*,A")]z>0. (14)

In a sense, then, V2. is positive definite with respect to vectors which sat-
isfy a linearized version of the constraints (or which “satisfy the constraints
to first order”). [See also p. 530.]

[Proposition 5b’: A sufficient condition for a strict local maximum is that the sign in (14)
be reversed. When this holds, there is a sense in which V2.2 is negative definite with

respect to vectors which satisfy a linearized version of the constraints.]

There is a second-order necessary condition for a minimum, also. This
condition is that the strict inequality > in (14) should be replaced by a weak
inequality >. Formally:

Proposition 6b. A necessary condition for the point (x*, X*) identified in
Proposition 4 to be a local minimum is that for any non-zero vector z which
obeys Vh(x*) z = 0, one has

z' [V2Z(x*,A")]z>0. (15)

In other words, V2.% should be positive semidefinite with respect to vectors
which satisfy a linearized version of the constraints (or which “satisfy the
constraints to first order”).

[Proposition 6b’. A necessary condition for a local maximum is that the sign in (15) be
reversed. When this holds, there is a sense in which V2.Z is negative semidefinite with

respect to vectors which satisfy a linearized version of the constraints.]

To check the condition given in Proposition 6b, using (4) and (5) for
inspiration, the most obvious analog of Proposition 5a would be:

10
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Incorrect Guess: A necessary condition for the point (x*, A*)
identified in Proposition 4 to be a local minimum is that “(—1)™
or zero” have the same sign as all of the following when they
are evaluated at (x*,A*): Agpy1 of V2.2, Agpio of V22, ...,
Apgn of V2.2

This guess is incorrect because it is needlessly strict. It is actually not
necessary to check every one of Ag,,41 of V2.Z, Agyio of V2L, ..., Apin,
of V2.%: you only have to check some of them. The following proposition
describes which of the A’s have to be checked.

Proposition 6a. Define “ﬁi of V2.7 to be the subset of “A\; of V2.£”
formed by only considering those “A; of V?.£” which retain (parts of) the
first m rows and first m columns of V2.%. (If m = 0, there is no difference
between the A’s and the ﬁ’s.)

Then a necessary condition for the point (x*, A*) identified in Proposi-
tion 4 to be a local minimum is that “(—1)" or zero” have the same sign
as all of the following when they are evaluated at (x*, A*): £2m+1 of V2.7,

£2m+2 of VQ.,?, ey £m+n of Vz.,?

[See Theorem M.D.3 (ii) on p. 938 of Mas-Colell, Whinston, and Green, and
see p. 468 of Simon and Blume. For the case of m = 0, Proposition 6a is
the same result as given in Th. 17.12d p. 639 of your textbook.]

The typical procedure is to check Proposition ba first. If Proposition 5a
doesn’t apply because one of the signs was strictly the same as (—1)"+!,
then Proposition 6a tells you that (x*, A*) is not a local minimum point.
(This is because each D; € BZ)

[Proposition 6a’: The version of Proposition 6a for a local maximum requires that the
following, if they are evaluated at (x*, A*), alternate in sign beginning with the sign of
“(=1)™*! or zero” (then having the sign of “(—1)™%2 or zero” and so forth): Aoy of

V2L, Aoy of V2L, ..., Ay of V2L

While it is nice that Proposition 6a tells you to check only the ﬁi’s
instead of all the A;’s, there still are very many A;’s in a typical problem.
Here is an example.

Example. Suppose n = 6 and m = 2. Then V2% is 8 x 8. Proposition 5a
requires checking Dy, Dg, D7, and Dg. Proposition 6a requires checking

11



35, 36, 37, and 38. For all these ﬁ’s, you keep rows and columns 1
and 2; this is what makes the ﬁi’s a subset of the A;’s. For example,
each 35 will keep rows and columns 1 and 2, then choose three out of the
remaining six rows and columns. The number of combinations of x things
taken y at a time is 1:!/(3/! (x — y)') Hence the number of ways of choosing
3 out of the remaining 6 rows and columns is 6!/(3!(6 — 3)!) = 20 ways,
so there are 20 £5,S (compared with 56 Ajs’s and one Djs). Similarly, there
are 6!/(4!(6 — 4)!) = 15 Ag’s (compared with 28 Ag’s and one D), and
6!/(5!(6—5)!) =6 A7’s (compared with 8 A7’s and one D). There is only
one 383 it equals Ag and Dg. If you are curious, in this example the twenty As’s
contain the following rows and columns: 12345 (=D5),12346,12347,12348,
12356,12357,12358,12367,12368,12378,12456,12457,12458,
1246712468, 12478, 12567,12568,12578,and12678. The fifteen
Ag’s contain the following rows and columns: 123456 (=Dg),123457,12345
8,123467,123468,123478,123567,123568,123578,123678,1
24567,124568,124578,124678, and125678. Thesixﬁfscontainthe
following rows and columns: 1234567 (=D7),1234568,1234578,123467
8,1235678,and 124567 8.

4. Second-Order Conditions: Global

Let (x*, A*) be a point identified in Proposition 4. Let j be the number of
equality constraints and &£ be the number of inequality constraints.

1. If j = k = 0 (an unconstrained problem) and f(x) is convex, then
x* is a global minimum point of f in S. (The converse also holds.)
[p. 631] Furthermore, if j = k = 0 and f(x) is strictly convex, then
x* is the unique global minimum point of f in S. (The converse also
holds.)

2. If K = 0 (only equality constraints) and .Z(x) is convex in x, then x*
is a global constrained minimum point of f. [p. 667] Furthermore,
if k = 0 and Z(x) is strictly convex in x, then x* is the unique global

constrained minimum point of f.

3. If j = 0 (only inequality constraints), if g1, ..., g are all concave,
and if f(x) is convex, then x* is a global constrained minimum
point of f. [p. 699] Furthermore, if j = 0 and f(x) is strictly convex,
then x* is the unique global constrained minimum point of f.

12



4.

Suppose either: (a) 7 = 0 (only inequality constraints); or (b) j > 0
but all the equality constraints are linear. Then if the binding g1,

., gk are all quasiconcave, and if f(x) is pseudoconvex, then x* is a
global constrained minimum point of f. [p. 700; Simon and Blume
Th. 21.16 p. 528 and Th. 21.22 p. 532; and Mas-Colell, Whinston, and
Green Th. M.K.3 pp. 961-2]

If the constraint set defined in Proposition 4 is a convex set—which
occurs, for example, when j = 0 and g1, ..., g are all quasiconcave—
and if f(x) is strictly quasiconvex, then x* is the unique global
constrained minimum point of f. If f(x) is quasiconvex but not
strictly so, then the set of solutions x* is a convex set. [Mas-Colell,
Whinston, and Green Th. M.K.4 p. 962. See also Simon and Blume
Th. 21.23 p. 533.]

Note on (5): Strict quasiconcavity—and by analogy, strict quasiconvexity—

is defined on p. 646 of your text. It means that the contour lines cannot

have straight segments.

[Aside: Similarly, using the problem defined in Proposition 4" and (10'):

1/

If j = k = 0 (an unconstrained problem) and f(x) is concave, then x* is a global
maximum point of f in S. (The converse also holds.) Furthermore, if j =k =0
and f(x) is strictly concave, then x* is the unique global maximum point of f
in S. (The converse also holds.)

. If K = 0 (only equality constraints) and .Z(x) is concave in x, then x* is a global

constrained maximum point of f. Furthermore, if k¥ = 0 and .Z(x) is strictly
concave in x, then x* is the unique global constrained maximum point of f.

. If 5 = 0 (only inequality constraints), if g1, ..., gr are all convex, and if f(x) is

concave, then x* is a global constrained maximum point of f. Furthermore,
if j = 0 and f(x) is strictly concave, then x* is the unique global constrained
maximum point of f.

. Suppose either: (a) j = 0 (only inequality constraints); or (b) j > 0 but all the

equality constraints are linear. Then if g1, ..., gx are all quasiconvex, and if f(x)
is pseudoconcave, then x* is a global constrained maximum point of f.

. If the constraint set defined in Proposition 4’ is a convex set—which occurs, for

example, when j = 0 and g1, ..., g are all quasiconvex—and if f(x) is strictly
quasiconcave, then x* is the unique global constrained maximum point of f.
If f(x) is quasiconcave but not strictly so, then the set of solutions x* is a convex
set.
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