G. Cost Functions

1. Explain everything you know about possible shapes of the expansion
path if a firm’s isoquants are parallel straight lines.

2. Putting water W on the horizontal axis and fertilizer F' on the verti-
cal axis, sketch a situation in which the firm’s expansion path is the
W axis. Is the Rate of Technical Substitution of Water for Fertilizer
less than, greater than, or equal to the price of water divided by the
price of fertilizer in this case? Assume the Rate of Technical Substi-
tution is constant in drawing your graph.

3. A firm uses water W and fertilizer F' to produce corn (). More fertilizer
always results in more corn, but if more than 100 gallons of water is
applied, more water starts to cause corn production to fall. Sketch the
isoquant map and the expansion path under these conditions. Argue
for or against the following statement: “the expansion path may go
above the line W = 100.”

4. Suppose a firm’s production function is given by
Q=VvVFW

where F' is fertilizer, measured in pounds, W is water, measured in
gallons, and @ is corn, measured in bushels.

(a) Find the average product of fertilizer, AP, and the average prod-
uct of water, APyy.

(b) For this particular function @ = v FW it can be shown (using
advanced techniques you are not expected to know) that the mar-
ginal product of water, MPy, is equal to (1/2)APw, and that
the marginal product of fertilizer, MPp, is equal to (1/2)APp.
Using this information and your answer to part (a), find the rate
of technical substitution of water for fertilizer.

(c) If the price of water is $10/gallon and the price of fertilizer is
$40/pound, what is the optimum ratio F//W?

(d) Using the answer in (c), if @ = 6 how much F' and W will the
firm buy?

5. Fact: If firms take input prices as given then isocost curves are straight
lines.



Fact: If firms do not take input prices as given then isocost curves are
not straight lines.

If firms do not take input prices as given then input prices could either
fall as quantity purchased rises—a “volume discount”—or input prices
could rise as quantity purchased rises—a “volume surcharge.”

(a) Does Figure 1 represent a volume discount or a volume surcharge?
Does Figure 2 represent a volume discount or a volume surcharge?
Hint: starting from a point like V or M, is the firm in a better
or worse situation than it would be if the isocost curves were
straight? If the firm is in a better situation, it is getting a volume
discount; if the firm is in a worse situation, it is paying a volume
surcharge.

(b) Is A a cost-minimizing point on Figure 17 Why or why not?
(c) Is B a cost-minimizing point on Figure 2?7 Why or why not?

. Label all the axes and all the curves in Figure 1. If an arrow goes

from one figure to another it means that the second can be derived
from the first. If a dotted arrow goes from one figure to another it
means that part of the second can be derived from the first. Briefly
justify each of your answers. In the case of graphs 1 to 4 and graph 9,
a one or two sentence explanation should do. In the case of graphs
5 to 8, you should explain how they are derived from graphs 1 to 4.
Drawing a few lines on graphs 1 to 4 is necessary for this, but long
explanations are not required—again, two or three sentences will be
enough, at least for graphs 5, 6, and 7.

. Label all the axes and all the curves in Figure 1. If an arrow goes

from one figure to another it means that the second can be derived
from the first. If a dotted arrow goes from one figure to another it
means that part of the second can be derived from the first. Briefly
justify each of your answers. In the case of graphs 1 to 4 and graph 9,
a one or two sentence explanation should do. In the case of graphs
5 to 8, you should explain how they are derived from graphs 1 to 4.
Drawing a few lines on graphs 1 to 4 is necessary for this, but long
explanations are not required—again, two or three sentences will be
enough, at least for graphs 5, 6, and 7.

. A farmer faces a price of $12 for each unit of water he buys and $6 for

each unit of fertilizer he buys. An economist notices that the farmer
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11.

chooses to buy 2 units of water and 2 units of fertilizer, and from this
the farmer grows 5 bushels of wheat.

(a) What is the value of the farmer’s cost function at @ = 5 bushels
of wheat?

(b) Make a graph showing everything you know about this farmer’s
Q@ = 5 isoquant.

. Suppose the production function for pencils is given by Q = min(6G, W)

where @ stands for the quantity of pencils produced, G stands for
graphite (or “lead”) and W stands for wood. Graphite costs 10 cents
per ounce and wood costs 2 cents per ounce. What is the firm’s total
cost function? What is its average cost function? (Hint: how much
does it cost to produce one pencil?)

Let W stand for water and F' stand for fertilizer. Suppose a firm’s
production function is Q@ = vWF, and suppose F' is fixed in the short
run.

(a) Sketch the total product of water curve, putting @ on the vertical
axis and W on the horizontal axis, as usual.

(b) Sketch the marginal product of water curve and the average prod-
uct of water curve.

(c) Sketch the variable cost curve. (Assume the firm takes the price
of water as given.)

(d) Sketch the total cost curve.

(e) Sketch the average total cost curve.

(a) Let W stand for water and F' stand for fertilizer. Suppose a firm
uses W and F' to produce corn ¢ according to the production
function ¢ = vVWZF. What kind of returns to scale does this

production function have? What does this imply about the shape
of the firm’s average cost curve?

(b) For the production function ¢ = vWF, it turns out that

F
RTS of W for F' = —
S of W for 7

where “RT'S” means “rate of technical substitution.” If the price
of water p,, = $1 and the price of fertilizer py = $0.25, in what
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15.

16.

14.

ratio will the firm use W and F'? What is the firm’s total cost
function C(q)?

Graph (with numbers) the firm’s average and marginal costs.
(Remember to label the axes of your graph).

Sketch the graph of the long-run average cost curve and the long-run
marginal cost curve as a function of output quantity g, supposing that
the firm produces corn ¢ from water W and fertilizer F' according to
a production function whose isoquants are shown in Figure 1. You do
not have to put any specific numbers on your graph, just show the
basic shape. Explain your answer.

(a) What things are wrong with Figures 1 and 27

(b) Tell me everything you know about inferior inputs.
The two parts of this question are not related to each other.

(a) Explain everything wrong with Figure 1. Justify your answer.

(b) Explain everything wrong with Figure 2. Also label the axes in
Figure 2 and label the unlabeled curves in Figure 2.

Suppose a firm produces corn @ from water W and fertilizer F'. Can
the firm have increasing returns to scale but also have diminishing
returns to water? Answer this question step-by-step as follows. Do
not forget to explain each one of your answers!

(a) Sketch the long-run total cost curve under increasing returns to
scale.

(b) Sketch the graph relating “quantities of the variable input” to @,
supposing that fertilizer F' is fixed in the short run. Assume
that diminishing returns to water sets in immediately; there is no
region of increasing returns to water.

(c) Use the answer to (b) to derive the graph of short-run total cost.
(d) Are the answers to (a) and (c) compatible, incompatible, or can
you not say? Answer with a graph.

Suppose that the LRAC curve in Figure 3 is correct. Find all the
mistakes in Figure 3 and correct them on a new figure you draw.
Explain!
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(a) Which of Figures 1-4 are possible cross-sections of a production
function? (There might only be one of them which is possible,
though this sentence is stated in the plural.) Give your reasons!

(b). Derive the shape of average variable costs and average total costs
for the graphs you named in part (a).

Suppose a firm produces corn Q from fertilizer I' and water W. Let
SRTC; be the short run total cost curve when the fertilizer input is
fixed at 10 pounds. Let SRT'Cy be the short run total cost curve when
the fertilizer input is fixed at 20 pounds. In class we argued that if
SRTC,; and SRTC, are plotted on a graph (with @ on the horizontal
axis and dollars on the vertical axis) then SRTCy and SRTCs would
cross. Let Q be the quantity of corn at which SRTC; and SRTCp
Cross.

In addition, let Q. be a quantity of corn less than Q and let Qp be a
quantity of corn greater than Q.

Draw a graph with W on the horizontal axis and F' on the vertical
axis. Using this graph, explain why SRTC; and SRTCy could cross by
using the @, and Qp isoquants as examples.

Hint: to do this you should show that to produce @, bushels, it is
cheaper to use 10 pounds of fertilizer than 20 pounds of fertilizer, but
to produce Qp bushels, it is cheaper to use 20 pounds of fertilizer than
10 pounds of fertilizer.

Refer to Figure 3, which depicts the isoquants of a firm which produces
corn Q from water W and fertilizer F'. The price of water is $2/gallon
and the price of fertilizer is $4/1b.

(a) Sketch two points on the short-run cost curve if the firm is re-
stricted to buying exactly 4 lbs. of fertilizer (no more and no
less).

(b) Sketch two points on the long-run cost curve, using the same
diagram as the one you drew to answer part (a).

A firm produces corn @ from water W and fertilizer F'. Draw a graph
with W on the horizontal axis and F' on the vertical axis. Sup-
pose the firm wishes to produce 10 bushels of corn. Mark on your
graph the cost-minimizing amount of W and F needed to produce the
10 bushels; label these points W* and F*. Draw the isocost line which
goes through (W*, F™).
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(a) Suppose the firm is forced to buy less than F* pounds of fertilizer,
but it still wants to produce 10 bushels of corn. Will its costs go
up or down? Explain this using your graph.

(b) Suppose the firm is forced to buy less than F* pounds of fertil-
izer but it still wants to produce 10 bushels of corn, just as in
part (a). Is the Rate of Technical Substitution of Water for Fer-
tilizer greater than, equal to, or less than it would be if the firm
could buy as much fertilizer as it wanted? Why?

Suppose a firm produces corn @) (measured in bushels) from water W
(measured in gallons) and fertilizer F' (measured in pounds) according
to the production function @ = 2W + 2F'. Suppose the price of water
is $2/gal and the price of fertilizer is $1/1b.

(a) Find the Long Run Total Cost of producing:
i. 2 bushels;
ii. 4 bushels;
iii. 6 bushels;
iv. 0 bushels.

Your explanation should include a graph showing the 2, 4 and 6
bushel isoquants and showing isocost lines.

(b) Based on your answers to part (a), does the production function
have increasing, decreasing, or constant returns to scale, or can
you not tell? (If you could not figure out part (a), make up
answers for it and then use those answers to work this part.)

(c) Answer parts (a) and (b) again if the price of fertilizer rises to

$4/1b.

Suppose a firm uses water W and fertilizer F' to produce corn Q. Also
suppose the firm is in a short-run situation, and is forced to use exactly
Fy pounds of fertilizer.

Draw a graph with W on the horizontal axis and F' on the vertical
axis. Using this graph, show that, depending on how much corn the
firm wishes to produce:

(a) the long-run (that is, optimal) amount of fertilizer may be smaller
than Fy; and



(b)

(d)

(a)
(b)

the long-run (that is, optimal) amount of fertilizer may be larger
than Fjp.

Be sure to explain what each line or curve on your graph means.
Also:

State whether long-run cost is greater than, equal to, or less than
short-run cost in part (a).

State whether this “long-run cost” is long-run total cost, long-
run fixed cost, long-run variable cost, long-run average total cost,
long-run average variable cost, long-run average fixed cost, long-
run marginal total cost, long-run marginal variable cost, or long-
run marginal fixed cost.

State whether this “short-run cost” is short-run total cost, short-
run fixed cost, short-run variable cost, short-run average total
cost, short-run average variable cost, short-run average fixed cost,
short-run marginal total cost, short-run marginal variable cost,
or short-run marginal fixed cost.

State whether long-run cost is greater than, equal to, or less than
short-run cost in part (b).

23. A firm produces corn @ from water W and fertilizer F' according to
the production function Q = 2FY/2W?2,

Does the firm have increasing, constant, or decreasing returns to
scale, or can you not tell?

Suppose the same firm (with production function @ = 2FY/2W?)
is in a short-run situation: it can only buy exactly 4 pounds of
fertilizer. Fertilizer costs $3/pound and water costs $5/gallon.

i. Find total cost as a function of W. (That is, find an algebraic
formula relating total cost and W, with no other variables in
the formula.)

ii. Find Q as a function of W or W as a function of Q. (That
is, find an algebraic formula relating ¢ and W, with no other
variables in the formula.)

iii. Use your answers for the last two questions to derive a for-
mula for total cost as a function of Q. (That is, find an
algebraic formula relating total cost and @, with no other
variables in the formula.) If you could not solve the last two
questions, just make something up for their answers.



iv. Use your answer to the last question to find the short-run
marginal cost of the first bushel of corn. If you could not solve
the last question, just make something up for its answer.

24. An electric utility has two plants, both producing electricity @ from
fuel F'. Plant 1 has the production function

Qu=>5vF,
so its marginal product of fuel is
MPp1 =5/(2/F1),
whereas Plant 2 has the production function
Q2 =10/ Fy,

so its marginal product of fuel is

MPpy =5//F;.

(a) If the utility wishes to minimize the cost of producing electricity,
show that it should set Fy = 4F7.

(b) If the utility sets Fy = 4F, show that this implies Qo = 4Q);.

(c) If Q2 = 4Qq, show that total output of electricity @ is equal to
5Q1.

(d) From part ¢, @ = 5Q1. From this fact and the production func-

tion of plant 1, show that if the cost of fuel is $625 per unit, then
the utility’s cost function is C(Q) = 5Q?.
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