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Abstract

This paper develops an endogenous growth modd with qudity ladders where consumers heterogeneity
isassumed and is modelled through non homoathetic preferences. We show that in such amode, unlike
maingtream quality ladders models, the steady state equilibrium is characterised by a duopoly were the
dtate of the art technology and the one immediately below it are both able to survive and thrive, under
given conditions for the income digtribution. In the words of Schumpeter, this mode delivers only partid
crestive destruction. Furthermore, we show that under duopoly, an increase in the degree of income
inequality, raises the intengity of research activities and the growth rate of the economy.

JEL classification: L10, O15, 031, 041

1. Introduction

The endogenous growth literature can by now be defined as abundant.

More than a decade has passed since the semina works of Romer, in which for the firg time those who
engaged in innovative activities with the goa of fostering technologica change, were formaly moddled
(informdly, Schumpeter had talked about this long before), as enjoying a degree of market power
(Romer, 1990). Thereby, technologica change and growth could be determined endogenoudly asthe
result of rationd decisons taken by economic agentsin pursuit of profit incentives.

In the years that followed there were other important contributions, the two most semina probably
being Grossman and Helpman (1991) and Aghion and Howitt (1992), henceforth G.H. and A.H.
repectively. These studies split the field of endogenous growth into two branches, with one
preoccupying itsalf with introducing technologica change through growth in the number of goods
produced (horizontal differentiation), and another which preferred to introduce technologica change
through quality improvementsin production (verticd differentiation, also known as qudity ladders). Even
the latter stream soon became quite abundant, astheinitid studiesby G.H. And A.H. were followed by
many othersthat tried to use the conceptud framework provided by the quaity ladder models to
broaden their scope to the study of open economies, trade, foreign direct investment, developed versus
developing countries and so on.

However, the mainstream models with quadity ladders al predicted total obsolescence, or, in the
parlance first introduced by Schumpeter, total creative destruction. Put Smply, these modd's predicted
that an innovation in the quality goods sector would force lower quality goods out of the market by
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bringing their sdles down to zero. As aresult, in these moddss, the quality goods sector featured a
monopoly of the good that embodied the highest qudity on the ladder.

However, in the red world there are many examples of markets for quality goods with duopalistic or
oligopolisic market structure. Examplesinclude video and radio cassettes vs. digitd video disks and
compact disks, various generations of computer processors (Pentium 1, 111, 1V, Celeron, etc.) and so
on. Perhaps the mogt telling example is a comparison of the car market in developed vs. developing
countries. The former istypicaly characterized by a monopoly of the latest models, while in the latter
one can often see severd generations of cars being produced aongside each other and dl making a
profit. A possible explanation for these phenomenamay lie in the different way incomeis distributed
across markets or countries. The main stream modelsby G.H. and A.H. cannot account for income
distribution differences.

In A.H., the consumption good is produced by inputting intermediate goods according to the Cobb
Douglas production function: Y = Ax“*,a < 1. Thisisahomathetic specification which impliesthat the
rate of subgtitution between inputs does not change with income.

In G.H., househald utility isof theform InD+ = In 2, gmXm thus products along the quality ladder are
perfect subgtitutes and there is positive demand only for the product that carries the lowest price per unit
of qudity, which is the highest product on the qudity ladder. Again, that occurs regardless of the leve of
income.

In order to introduce income digtribution differencesinto the qudity ladder framework, we employ the
conceptua apparatus produced by that particular branch of industria organization known as vertical
qudity differentiation literature. Among the most important contributions to this literature, we cite
Gabszewicz and Thisse (1979), and Shaked and Sutton (1982). These studies modd preferences as
falows u(l,qi) = qgi(I - pi), wherel isincome, g isaqudity index, and p; isthe price of agood of
qudity I. Thus consumers problem is not how much to buy of some good (asin A.H. and G.H.) But
whether to buy one unit of the good, and which quality to buy.

Consumer preferences such as those just described above, have been employed in the context of a
quality ladder model in two other papers, Li (1998) and Zwemuller and Brunner (1998). In the quality
ladder literature these are the studies that come closest to the model devel oped here, but there are some
important differences too that differentiate them from the present study.

In Li (1998), income inequdlity is introduced through assuming that |abor income has a uniform
distribution with mean preserving spread. This assumption Smplifies somewhat the andlyss, but it does
not alow for a comparison of countries that enjoy very different mean incomes. Hence, it does not alow
for acomparison of the developed world vs. the devel oping world.

In Zweimuller and Brunner (1998), labor income is assumed to be the same across individuas, while
income inequdity is introduced through heterogeneity in * other wedth”, which is endogenous, and
whose source is the stake that each individua owns in the firms that produce the quaity goods. Here
too a amplifying assumption is made, so that the other wedlth is not uniformly distributed, asin Li
(1998) and in previous verticd qudlity differentiation literature, but consumers are divided into two
categories, the rich and the poor, according to a discrete distribution.

While we accept that a uniform didtribution may fail to give an accurate ditribution of incomein thered
world, we neverthelessfed that it is worthwhile to maintain this assumption, in order not to lose therich
framework provided by the vertica qudlity differentiation literature.



Therefore, inthisstudy, income inequdity isintroduced through other weelth which originates from
having agtake in the firms that produce the quality goods, likein Zweimuller and Brunner. This other
wedlth is assumed to be uniformly distributed, but without the restrictive mean preserving spread
assumption.

The rest of the paper is organized as follows: section 2 lays down the modd, introduces income
heterogeneity and describes the features of the market structures of monopoly and duopoly.
Sections 3 to 5 introduce the remaining main building blocks of this modd, namely the research and
development sector (in short R& D), the labor markets, and how the growth rate of the economy is
being computed. Sections 6 and 7 perform steady State equilibrium analysis in monopoly and duopoly
respectively. Section 8 carries out some further and interesting comparative statics, while section 9
comprises the conclusion and some directions for future research. The gppendix has al the remaining
methematicd details

2 The Model
The economy is populated by L individuds, whose life-gpan isinfinite. The representetive individud
consumes two types of goods each period. Thefirst typeisagood that is subject to quality innovation
over time. Each individua consumes a most one unit per period of these goods. The qudity good is
denoted as qi; wheret indexestime, and i=1,2 indexes qudlity, in ascending order. An innovation raises
the qudity of good qi; by a congtant factor y. Therefore q; = y denotes the product that sits second
from top on the quality ladder, and g2 = yqx = 72 denotes the good that occupies the highest position
on the ladder. The second type of good is a homogeneous product, that can be thought of asa
composite commodity that comprises al other purchases made beyond the quality goods sector. L et
this homogeneous good be denoted by h; (again t indexestime).
In any period t, the utility achieved by the representative individud is given by:
Ut = ditht
We take advantage of a utility functions property by which these are only defined up to a monotonic
transformation, to rewrite the above Utility in logs asfollows:
Inut = Inq;t +Inhy
The intertemporal utility maximization problem fgr the re[t)reaantative individud is
Maxtgo(ﬁ) Inuy
where p isthe rate of time preference.
We assume that consumers are endowed with assets k, earn awage w from supplying one unit of |abor,
and make expenditures C on the two types of goods defined above. Over time, in any given period,
assats next period must be equd to the sum of the assets, augmented at the current interest rate, and the
wage income earned from working this period, minus consumption expenditure this period, according to
the following budget congraint:
kt+1 = (1 + rt)kt +w; - Cq
Since consumers purchase one unit of the quality good and spend the rest on the homogeneous good,
demand for the latter is given by:
hy = Ct- pit
where p;; ispricein period t of one unit of good of qudity i = 1,2.



Having stated what the representative individud’ s intertempord problem is, we will restrict our attention
to the steady Sate, utility-maximizing, consumption pattern of such an individua?, whichis
C=w+pk

2.1 Introducing Income Heter ogeneity.

In order to introduce income heterogeneity, we shall assume that w, wage income, is the same for
everybody who supplies one unit of labour and exogenoudy given, whereas assets k, which we will
henceforth refer to as* other wedlth” (other than wage income), is uniformly distributed on a support
[kl ) ku] .

We further define: { = k”+k' as the mean other wedlth (per capita), a measure of the position of the
distribution concerning other wedlth, and k“ k- a5 ameasure of the spread of the distribution.
Given the linear relationship between other Wedth and steady state consumption, the latter isaso
uniformly distributed on support [C), C,].

These assumptions imply that individuas have same preferences and wage income, but differ in their
other wedlth and, as aresult, in their levels of consumption. The consumption pattern of individua
iell,...,u] isthusgivenby C; = w + pk;, and the mean consumption pattern, as a case of specia
interest, isgivenby: Cry = W+ p.

2.2 Bertrand Duopoly Game.
Each individua on the wedlth scale makes a decision regarding the purchase of the quaity good, namely
whether to buy it, and which quality to buy. This decison depends on the income of the individud in
guestion and, again because of the linear relationship between income and consumption, on the level of
consumption that thisindividua can afford.
Let Ceq denote the consumption level of the individua who isindifferent between purchasing one unit of
good 1 &t price p; and one unit of good 2 &t price p,.
For such an individud, utility derived from these two consumption patterns must be the same:

Inu(g1) =Inu(@z2) = Ing1 +IN(Ceq - p1) =INg2 + IN(Ceq - P2)
Solving for C Yields

Ceq - ngi: gipl - yF;i_lp]:
Theindividud with consumption pattern C divides the population into two groups. There are
individuals C; € [C,, Ceq]who buy good 1, and individuals C; € [Ceq, CyJwho buy good 2.2

2 |n order to solve for the steady state, we write down the Bellman equation for this problem:

V(Ke.1) = %}?ﬁ‘[”t(ct) + 1+/)V(kt)] , subject to the intertemporal budget congtraint:

Ct = - k1 + (1 + 1ok +w;. Werecdl that uy(Cy) =In(C; - pit) + Ing. Substituting from the budget
condrant into the Bellman equation, we can rewrite the latter asfollows

V(ke.1) = max[ut(kt) + 15 V(kt)] The Euler equetioniis: u; = 7+ ” U f (ko). Here

L _ 1 g (1 M _ L

Co-pit ~ 1+ Cea-Pitt Ct Pit T -n Steady state we set Cyvq = Cy = Cand

Pit+1 = pit = ptoderive: 1 = =~ = ry = r = p. Steady state can be arrived at by setting

ki =k Ci=C,wi=w, ¢ = plnthebudget condraint, toget: k= (1+p)k+w- C= C=w+pk

3 Underlying this statement, there is an assumption that the market is “covered”, that is, everybody buys
the quaity good, athough some people prefer good 1 and some others buy good 2. Another equilibrium

rt) <:>



Therefore, demand for goods 1 and 2 is respectively:
D1 =LF(Ce)
D2 =L(1- F(Ce))
Where F(-) isthe cumulative digtribution function (cdf) of consumption levels, which has density f(.).
Under duopoly, firms compete for customers by choosing prices (Bertrand competition).
Their objective isto maximize the following profits:
n1 =D1(p1- We)=LF(Ceq)(p1 - WC)
m2 = Da(p2 - we)=L(1- F(Ceg))(p2- We)
where 7t; is profit accruing to firm producing good of qudity i = 1,2 and selling it a price p; and wc isa
cost per unit produced (assumed to be the same for both qualities, and equa to wage income multiplied
by alabor coefficient c<1).
We can usefirg order conditions for profit maximization (g—g; = Q) to derive the following two
equilibrium conditions:
1- 2F(Ceg) = f(Ceg)(Ceq - WC)

we(y+1)

f(Ceq)(Beq - ~12) =1

. +
where we define Beg = 2227

Further manipulaions yidd the equilibrium prices
F(Ce)
e = -
pf=(y- 1) f(Ceq) +wcC
oS = y-11- F(Ceq)
2 7 f(Ceq)

wcC

And equilibrium profits:

L[F(Cep)]”
nf=(- 1) [f((C;q))]

o211 FCa)]”
2T f(Cea)
Thisformulation of equilibrium reationships offers the advantage of being vdid for any digtribution of
consumption patterns, not just the uniform case.
This condderation enables us to sate the following lemmafor any digtribution of consumption levels:
Lemma: In aduopalisic market where everybody buys one of the two quadity goods, the following is
dwaystrue

F(Ceq) <% < Ceq < Cnm
Proof: Recdl that one of the two equilibrium conditionsis:

scenario, which isruled out here, is when some consumers prefer not to buy the quality good a dl. In
thisingtance, we say that the market is not covered. It is not difficult to show that, in order for the
market to be covered, the following condition must hold: Ceq < 2C; - y%lwcThefollowing isan
interpretation of this condition: The equilibrium household, which is indifferent from buying good 1 &
price p,and good 2 at price p,, must have consumption thet is less than twice the consumption of the
poorest household minus aweighted margina cost, where the weight ﬁis ameasure of the quality

differentia between good 1 and good 2.



1- 2F(Ceqy) = f(Ceq)(Ceq - WC)
Notice that the RHS of this conditionis> 0 by definition, so too must be the LHS.
But thisimplies F(Ceq) < 3 (g.e.d.).
From this point onwards, we shal restrict ourselves to the uniform distribution case. For later use, we
rewrite equilibrium profits as afunction of mean other wedth v and spread x, asfollows

[x- X wL(1-0) ]2

3
i) = (- Ly o
wL(1-¢c) 12
e _y_l [X+%+ 3PC]
7272(\/)_ Y P 2%

2.3 Monopoly
Here we want to describe the conditions that in equilibrium yield a monopoly, thet is that market
structure, where the quality good sector is characterized by everybody buying the state-of-the-art.
Moreover, just as we did when discussing duopoly, we want to determine the monopoly equilibrium
price and profit that accrues to the firm which produces the state-of-the-art.
We gart by writing the demand schedule facing the firm sdlling good 2:
Dy=L jg; f(C)AC = 555 (Cu - Ceq) = 5o (Cu- P + 21p1)
If both firm producing good 1 and firm producing good 2 were to adopt margina cost pricing ( so that
p, = we and p, = we), output would be: & (Cu - we). A monopolist facing the above mentioned
demand schedule, which islinear in p,, would therefore choose output that is half of that chosen when
both firms adopt margina cost pricing: Cu_LC| (Cy - we)/2 Because every individud buys a most one
unit of the quality good, monopoly occurs whenever the size of the population is not greeter than the
number of units produced by a profit-maximizing monopolig, or in symbols.
L< & (Cu- W0)/2e Cy < 2C - we
We can rewrite the above condition in terms of mean other wedth v and spread X, asfollows.
1 wi(1-¢)
X< E(V + T)
The economic interpretation of this condition is that for monopoly to obtain in equilibrium, the spread in
the digtribution of other wedlth, cannot exceed one third of the expresson in brackets. The latter isthe
sum of other wealth v and the discounted flow (discounted &t the rate of time preferencer ) of the total
amount of sdlarieswL earned in sectors other than manufacturing of the quality good (thisexclusonis
obtained by multiplying wL by the coefficient 1-c). Sdaries in the manufacturing of quaity goods sector
are excluded because they aso represent a cost for households/entrepreneurs. The condition for
monopoly can therefore be restated in words as: “the spread in other wealth must be & most equa to
onethird of the total wedth in the system”™. Under these circumstances the market for the quaity good
isamonopoly. The profit accruing to the monopalist is: 7z, = L(pm - wc). In order to maximize this
profit, the monopolist will set the maximum price compatible with a monopolist market sructure. This
amounts to setting the highest price such that Cq < C;. Recdll that under monopoly, the firm producing
the inferior good is assumed to set a price equal to margind cogt, p; = wewhich yidds no profit so thet

4 Obvioudy, the condition for duopoaly is the complement of this and reads * duopoly obtains as soon as
the spread in other wedlth is larger than one third of the total wedth in the system”.



the firm does not sart production in the first place. As aresult, the above inequality may be rewritten as.
7Pm-WC

-1 < Ci. To get the price that maximizes monopoly profits, notice that the above congtraint is
binding and solve for p,, to obtain:

-1 we
phm=—"Ci+5=

Putting this price back into the expression for profit, yields equilibrium profit under monopoly:

y-1

g =L5(Ci- we).

Both monopoly equilibrium price and profit depend on C, only. Thus these relationships are vdid for
any digtribution of consumption patterns. Nevertheless, in order to maintain a pardle with the duopoly
case, we shdl redtrict our anadlysisto the uniform distribution case.
For later use, we rewrite monopoly price and profit as function of mean other wedlth v and spread x:

y-1
=t e o]t

nem=y-—y1[p(v- X)- wL(1- ¢)]

3. The R&D Sector
In order to close the model, and before passing to the description of steady states with associated
equilibrium analyses, we need to introduce two more elements.
In this section we describe the R& D sector, while the next section is dedicated to the [abor markets.
Both these sectors are crucid building blocks of thismodel, but, because in this paper nothing nove is
added to them that did not appear in the previous qudity ladders literature, here we provide a concise
account of them, and refer the interested reader to thet literature (e.g. Grossman and Helpman, 1991)
for amore detailed description.
We assume that innovations are random and arrive according to a Poisson arriva rate m nut describes
the probability thet the next innovation occurs within dt from now, when the innovator research effort is
m In steedy Sate, the vaue of an innovation V will be such that the following arbitrage equation holds:

pNV=m5- uV+uV"
In tum:

PAARSE SENAVAL

where V" isthe vaue of the innovation next period, after it has become second best due to the arrival
on the market of a better product (i.e. after it has been pushed one step lower on the qudlity ladder); 7;
is profit for the firm producing good of qudity i = 1,2, and p isthe rate of time preference.
After subgtitution, we get the asset arbitrage equation:

e
Free entry in R& D implies zero profit for the innovator, or:
uV- uwa=qQ

where ywa isthe cost of doing research, whose components are the intensity of research ., wage

income w, and alabor coefficient a. We can and rewrite this free entry condition as follows:
u(V-wa)=0

and conclude that positive but finite research investments can take place only when V = wa. In symbols:



V=wa,u>0
V<wau=0

Putting together the asset arbitrage and free entry conditions yield the following equilibrium relationship
for the R& D sector:

_m2 M1
e (A)-

When wedth and consumption distributions are such that, in equilibrium, the market Sructureisa
monopoly, saes of the good of lower qudity are zero and 7, = 0. Asaresult, next period valueis
V" = 0and the R& D condition (A) reduces to:

wa = 5 (A).

4. The Labor Markets

Thefind dement of thismodd isthe labor market. In this market, totd demand is the sum of demand
for labor in each sector.

With research intensty mand a research sector characterized by alabor coefficient a, demand for labor
inresearchisequa to am

In the manufacturing sector, the demand for labor in manufacturing the qudity good iscL.

Demand for labor in manufacturing the homogeneous good is 1, and it is obtained as follows: The
technology for the homogeneous good is assumed to be such that every individua contributes equdly to
its production. Given perfect compstitive settings, we equate margina product of labor —E to the going
wage w, which, upon solving for L, yidds the demand for labor in manufacturing the homogeneous
good as stated above.

The supply of Labor issmply given by L.

Equating labor demand and labor supply, yieds the full employment condition:

au+cL+ ho
Werecdl that hisgivenby hy = C; - pit which enables usto derive the following expressons for h:
Ce
h=J." ¢ heydc+ [ s C ——=—h(C)dC

Ceq
h= j Cu-C|(C_ pl)dc+jceq C

Thisis the expresson we get for duopoly. Replace the above in the full employment condition, so that

the latter can be rewritten in terms of firms' profits:
LCm %) T,
aut+—w-w-w-=L
We repest the same caculations for monopoly Novv h isgiven by:
h= jC. Cur cI sch©dC =g cul.'oI (C- pm)dC
And the full employment condition can beonceagan rewritten in terms of firm’'s profits asfollows:
au+ = - 5= L

Cl (C - pZ)dC

5. Growth Rate
The steady state growth rate of this economy stems from the quality upgrading processin the qudity
goods sector. Asin the earlier qudity ladders literature, we recall that innovations arrive a Poisson rate



m and when they do arrive, the size of the jump up the quality ladder isIny , to derive the following
expression for the steady state growth rate:

g=ulny

6. Steady State Analysis - Monopoly
In steady state equilibrium, the mode is fully described by the research equation (A) and the full
employment condition (L). Under monopoly, these equations take the following form:
wa = 25t (A)

wua =nm(v)- pv L
Where the two inverted commas are intended to differentiate these relationships from those that will be
met when studying duopoly. Monaopoly profit, as afunction of other wedth v, hasin turn been found to
be:

2m(v) = LElp(v- X)- wL(l - ©)]
After plugging the profit equation into (A’) and (L"), we get a system of two equationsin two unknowns
(v, m) that is amenable to andyss. We date the following:
Proposition 1. If the market structure in the quaity goods sector is a monopoly, there exists a unique
seady state equilibrium characterized by postive wedth leve v, research intensty mand positive
growth rate g. (Proof in the Appendix).
Proposition 2: Anincrease in the degree of inequality, as measured by an increase in the spread X, is
harmful for innovative activity mand the economy growth rate g. (Proof in the Appendix).

< Picture 1 goes here >

To sum up our monopoly analyss, we have seen that, in order to have an equilibrium with monopaly,
the spread in other wedth must not exceed one third of tota wedth. Hence, monopoly as an equilibrium
outcome, is afunction of both the level of wedth and the inequdity in the digtribution of wedth. The
degree of inequdity that is permitted before the system switches to duopaly is greeter, the higher the
level of wedlth. Thus monopoaly in the quality goods markets is more likely to be found in richer
Societies.
If monopoly does obtain, then the economy grows at a positive rate because of a positive amount of
research activity. But any increase in the degree of inequality, dso increases the threat of entry in the
market by the good of inferior quality and forces the monopolist to set lower prices. Asaresult,
incentives for carrying research are lower and the impact on the economy growth rate is negative.

7. Steady State Analysis - Duopoly
In equilibrium, the two equations that define the mode under duopoly are:
_ (M | amv)
wa= p+lu + (pm)z (A)
uwa=m(V)+m1(V)- pv (L)
Where the two expressons for profits are as follows:

5> Equation (A) is exactly as derived in the R& D section, whereas equation (L) is as derived from the
Labor Markets section, with Cr, = w + p, and after multiplying through by w.
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[x- % _ wi(l-g ]2

3
n§(v) = (- Dp S

wL(1-¢c) 12
oo 7o 1 [xr3+rg]
752(\/): Y P 2%

In the above, the two endogenous variables are m which denotes intensity of research, and v, which
measures the total vaue of other wedlth (other than wage income w). Of great importance in our
analysswill aso be x, ameasure of the spread of the ditribution of v. The equilibrium andlyssis & first
carried out for fixed spread x. Later we shdl let it vary and measure the impact of such variation on the
endogenous pair (m V) in the new steady State equilibrium.
Proposition 3: If the market structure in the quaity goods sector is a duopoly, there exists aunique
Steady state equilibrium characterized by positive wedlth level v, research intensity mand positive
growth rate g.
We sketch the proof of proposition 3 here, while the entire proof can be found in the gppendix.
Proof: this follows the same methodol ogy that we used to prove proposition 1 regarding monopoly. We
note that both (A) and (L) impliatly define functionsv = v (1) and v = vy (). Our proof isin three
steps: 1) provethat the function v = va (1) has positive dopefor al 4 > 0, v> 0.
2) prove that the function v = v (u) has negaivedopefor dl 4 > 0, v> 0. This condition holds,
provided that the legp in quality brought about by the latest innovation, as measured by g, is sufficently
gndl (in particular, the dopeis negaivefor 1<y <2).
3) Compute va(u) | u=0 @d vy (i) | =0 ad notice that a unique equilibrium exigsif and only if
Va(u) | u=0 <VL(u) | u=o - Inwords, this latest step consists of showing that the vertical intercept of the
function defined by the (A) schedule occurs at a higher point than the vertica intercept of the function
defined by the (L) schedule. Thisfact, together with steps 1 and 2 ensures that the two schedules meet
only once in the pogtive quadrant of the (m v) plane and thereby determine a unique and positive pair
(mv).
< Picture 2 goes here >
Further ingght can be obtained by merging together the two equations (A) and (L ). Such a caculation
yields the following relationship between mand v:
7o(V)- awp
p=p1M)= "y (*)
Notice that, upon dividing equation (L) through by aw, the latter dso provides a direct relationship
between mand v:
p = p(v) = AR (**)
Study of (*) and (**) yidds another way of looking at the steady state equilibrium under duopoly.
We have dready seen, earlier on in the text, that under monopoaly, the value of other wedth is given by
v = wa, Under duopoly, the remaining value of the good that is second best must be added to the value
of the latest innovation, so that the value of wedlth falsin the range wa < v < 2aw. Therefore, we want
to study the behavior (*) and (**) for vadues of v fdling into this range.
Stating with (*), notice that the latter has a vertical asymptote at v = 2aw. For v < 2aw, mapproaches
+¥ as v approaches 2aw from below, provided that 7z, (v) - awp > 0. The latter can be ensured for
example by taking L to be sufficiently large. For aw < v < 2aw, misamonotonically increasing function
of v, because 7, (v) inthe numerator is monotonically incressing in v, and the denominator goes down
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asv rises. Asfor (**), we dready know from our earlier analysis that mdecreases as v increases,
provided that 1 < y < 2. The two curves will meet onceif and only if :
pa(aw) = ZEOGR <y (aw) = ZERTR A Bl 50
Further, in order to ensure that at the point of intersection > 0, we need that either 7z, (aw) - awp >0
on the schedule (*), or that 7z, (aw) + 71 (aw) - pv > 0on the schedule (**).
< Picture 3 goes here >

The curves (*) and (**) are dso auseful and very smple tool to study how the endogenous variable m
and thereby the growth rate g, respond to changes in the degree of inequdity x.
Proposition 4: Under duopoly, an increase in the degree of inequdity x raisesthe intengity of research
mand thereby the growth rate g.
Proof: Sncebathin (*) andin (**) inequdity x only enters the two profit functions, which in turn enter
11(v) and 15 (v) with apositive sign, it is sufficient to show that 22 > 0and 22 >0 .

v wi(l-c) v, Wi(l-c) _V+WL(1-C) v wi(l-o)
Wefind 22 = (y- 1)p—— ZX[ZX I and 22 = pr[x” ZX[Z 9/ Both 22 > 0 and
22 > 0 follow from thefact thet X, under duopoly, must satisfy the condition x> ¥ + *-.-2
We have seen that under duopoly too, the equilibrium outcome features a positive amount of research
activity and a growing economy. Notice, however, that asinequality in wealth increases, consumers of
quality goods of two different types are driven further gpart. Producers of both types are able to earn
larger profits as aresult of less competition due to more inequaity (notice that the derivatives of the
profit functions with respect to the spread x are both positive. Here, therefore, an increase in wedth
inequdlity is beneficid to the growth of the economy.
Given that monopaly is more likely in wedthier societies while duopoly is more likely in poorer societies,
and given the contrasting impact of an increase in inequdity on the growth rate of the economy under the
two different regimes, one might go asfar as concluding that an increase in inequdity is bad for wedthier

economies, but is good for poorer ones.

8. Comparative statics on the number of qualities as a function of
inequality, given low or high wages, and as a function of wages,
given low or high inequality.
In order to study the behaviour of the level of inequality and wages that determine the switch from
monopoly to duopaly (from one qudlity to two qudities), the relevant regime to look at is monopoly (this
of course impliesthat duopoly would be the relevant regime if we were to sudy the threshold between
two and three qudlities).
Under monopaly, other wedlth v is equd to the value of innovation. Thisin turnis egua to wa because
of the free entry into R&D condition. Therefore we can write: v = wa. Notice that the equilibrium v in
monopoly depends positively on wages, but does not depend on inequdity x.
We recdl thet, in terms of inequdity, the threshold level we are udying is®:
1 wi(1-¢)

x* < 3(v(w) + =52}

We can see that:
X* (W) <X*(Wh)

Wherew, and wy are low wages and high wages, respectively.

6 In this section, the superscript “*” indicates equilibrium vaues of the variable concerned, while the
subscripts “L” and “H” stand for “low” and “high”.
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< Picture 4 goes here >

In terms of wages, the threshold leve is
P 3px
w* > m(Sx- viw*)) = w* > T o+ap
Here, as x increases, thereis only adirect effect on w', because the equilibrium v does not depend on x
in monopoly. Thus we have:
w*(xL) <w*(xp).

< Picture 5 goes here >
Notice that these resultsfit in well with anecdotd evidence whereby qudities increase with inequdity
and decrease with wedlth.

9. Conclusion

This paper has developed a quaity ladder modd characterized by non homothetic consumer
preferences, in line with the vertical quality differentiation literature. Such moddling of consumer
preferencesin the context of a qudity ladder modd isthe novel eement of this study, and it isan
attempt to explain red world phenomenalike the surviva of older generations of goods aong with the
date-of-the-art, something which was not accounted for in the mainstream quality ladder models of
GH. And A.H.

The next gep in thisline of research might be to introduce such preferences in open economy quaity
ladder moddls, such asthat of Grossman and Helpman (1991, chp.12). Indeed, in an open economy
framework, the possibility of having monopoly of the best qudity in aricher North with ahigher and less
unequa digtribution of wedlth, and duopoly in a poorer South with alower and more widespread
digribution of weslth, might be obtained as an endogenous outcome of the modd.

Such mode would then make it possible to study equilibrium outcomes and comparative statics
involving changesin the spread of the wedlth distribution, much like has been done in the closed
economy modd developed in the present paper.

Appendix
Proof of propostion 1.
We plug monopoaly profitsinto equations (A’) and (L") so to have them in explicit form:

2 [p(v- X)L (1- ,
wa = Tt o) A)

w;;az%[p(v- X)+WwL(1- )] - pv (L")
It is useful to rewrite (A’) and (L) asfollows:

A,(u,V):0<=>y-T1[p(V- X)+wL(1- ¢)]- wa(p+u)=0

-1
L', v)= 0= L= pv- 9+ wi(d- o) - pv- wua=0
Proof of proposition 1 will be done in three steps:
Step 1: weshall provethat £ | o >0
Step 2: we shdl provethat g |1 <0,

Step 3: we shdl write down the condition under which var (1) | ;=0 <vi/(i) | u=o -
Instep L G | o =- 2 >0.

1
/
7P
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Instep2: ¢ |1 =

Instep3 tocomputevA (,u) | yzo WeSet u = 0|n(A)andsoIveforv
[p(v X)+WL(1- ¢)]- wap =0 < va(u) | =0 =X+ 77wa- WL(,} 9

WecomputevL (1) | =0 inthe same way.
Zlpv- W +wl(1- - pv=0= Vi) Lo = (- D52 - x]
A unique equilibrium with a pogtive pair (v, nnexidsif and only |f.

y va(l C) wL(1-c) va(l c) 1
X+ gwa- <(y- 1)[ x] X<—p— - 7gwa

Proof of Proposition 2: This proposition can be proved in two ways
Proof 1 anlncreeeelnlnequdltyx asmeesuredby x A = - v } mall <0, and by:

qu
x L=
new equmbrlum with Iees research intensity mand growth g (recall that g = Iny). Furthermore, since
the effect of anincreasein x on both schedules is of the same magnitude, at the new equilibrium, the
level of other wedth v is unchanged.
Proof 2: In amonopoly equilibrium, the value of other wedth v is determined by the vaue of the most
recent innovation. As shown in the text, the latter is equa to the costs faced by the most recent
innovetor: v = wa . We plug thisresult into (A’) and (L), to get the same relationship:

Lyl[p(wa- X)+wL(1- c)]- wa(p+u)=0 (A, L)
We then solve for mto get:

:y-yl[L(l-c) px] 1

a wa
From the above it is obvious that mdecreasesin X.

Proof of Proposition 3:

The proof is done in three steps. Schedules (A) and (L) implicitly define functionsv = v (1) and

V=V ().

Step 1: provethat 9 | o > 0 Rewrite (A) asfollows G(u,v) = 0 < - wa+ 252 + 458 = g
oG

Then, by theimplicit function theorem: g% | o = - ;’g Wefind that 22 = (f—;)z %)%W eset
T1- T2

= 0 and solve for mto get ii = prims- Notlcethat in duopoly, i < Osnoenl < 7z2 As S < for
u > 1 and aswe are only interested in non-negative values of m we concludethat <0in the relevant

cn2 ony E‘nl 0711
oG — e _ 1 |om (v on. v
range. Next, we compute 2 = % + (pf’v)z = o |22 + wh|d1takesthesgnof Tl
Wefi 5ﬁ2 _ 71 X*%’fwl . _ ‘%‘Mg)c) 1
efindthat == TpT >(H1d —( - 1)p—( )<0
However 52 0”2 +% =X+g g WL(l 94 ( -5 - w1 C)) > (n duopoly, as the expression in brackets

(nl

is guaranteed to be positive with such amarket structure. W “4r > Ofollowsfrom - < 1. Hence
eic] <0

& > 0. Thelatter enables usto conclude that §7 | o = - ;
Step 2: provethat § | <O Rewrlte(L) asH(u, v) 0 o WO\ 0 = 0By theimplicit

o (V)+7m1(V)- pv 6H

function theorem: d/‘: |L =-—57 Firs, wecompute =- z < 0 followsfrom

cV
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onp | omy

n2(V) + 71 (V) - pv = pwa > (see (L)). Next, we compute H - NP \We need to determine the

on2 577? 1

sgnof 22 +ZL_ ;A few calculationsreved that 22 + £ . )< oprowded that
X > ;—ﬁ[g + WL(l 9 ] Since x isaways postive, this condition certainly haldsiif its RHS is negative.

That isindeed thecaself 1<y <2 Thenwe havethat &} < 0. Therefore, we conclude that for

H g

1<y<2,g—x | L - = <0.

oH
ov <0

Step 3: aunique equilibrium with a pogtive par (m v) and apositive growth rate g exigsif and only if

Va(u) | u=0 <ViL(u) | =0 » Whereva(u) | =0 = 3(Wa 2x) - 3x- WL(l l:and V() | u=o IS
implicitly determined in (L) with « = 0.
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Pictures

Picture 1: monopoly equilibrium
and comparative statics

A"
o

Picture 2: the duopoly equilibrium

(A)

"~ (L)
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Picture 3: the duopoly equilibrium
from a different perspective

m

©

(**)

Picture 4: n = f(x/w)

aw

aw V

(Red line indicates extension due to
higher w).

n

n=2

n=1

Wi L(l' C)

= %(V(WL) t—

X*
_ W L(1-c)
x™ = 2(v(w) + 55
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Picture 5: n = f(w/x)
(red line indicates extension due to

higher x)
n
n=2
n=17|
w* wW** w
« _ 3pX
W*(XL) = T osap
* _ 3/)XH
W*(XH) = T(T-oyrap
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