
Wkh Ilqlwh0Vdpsoh H�hfwv ri YDU Glphqvlrqv rq

POH Eldv/ POH Yduldqfh dqg Plqlpxp PVH

Hvwlpdwruv= Sxuho| Qrqvwdwlrqdu| Fdvh�

Vwhyh Odzirug_ dqg Plfkdolv S1 Vwdpdwrjldqqlv

HFDUHV/ Xqlyhuvlwì Oleuh gh Eux{hoohv/ dqg Xqlyhuvlw| ri \run

Pdufk 59/ 5335

Devwudfw

Yhfwru dxwruhjuhvvlrqv +YDU*v, duh dq lpsruwdqw wrro lq wlph vh0
ulhv dqdo|vlv1 Krzhyhu/ uhodwlyho| olwwoh lv nqrzq derxw wkh �qlwh0vdpsoh
ehkdylrxu ri sdudphwhu hvwlpdwruv1 Zh dgguhvv wklv lvvxh khuh/ e| lq0
yhvwljdwlqj pd{lpxp olnholkrrg hvwlpdwruv +POH*v, lq wkh frqwh{w ri
d sxuho| qrqvwdwlrqdu| �uvw0rughu YDU1 Xvlqj Prqwh Fduor vlpxodwlrq
dqg qxphulfdo rswlpl}dwlrq/ zh ghulyh uhvsrqvh vxuidfhv iru POH eldv/
lq whupv ri YDU glphqvlrqv/ jlyhq fruuhfw dqg ryhu0sdudphwhul}dwlrq
ri wkh prgho1 Zh vwxg| qrq0}hur lqlwldo ydoxhv/ dqg vkrz wkdw xqlydul0
dwh eldv qrqprqrwrqlflw| glvdsshduv lq wkh pxowlyduldwh fdvh1 Odvwo|/
zh h{dplqh POH yduldqfh dqg wkh fruuhfwlrq idfwruv uhtxluhg iru wkh
POH wr dwwdlq plqlpxp phdq vtxduhg huuru +PVH,1

Nh|zrugv= Ilqlwh vdpsoh eldv> Prqwh Fduor vlpxodwlrq> Qrqvwdwlrqdu|
wlph vhulhv> Uhvsrqvh vxuidfhv> Yhfwru dxwruhjuhvvlrq

MHO fodvvl�fdwlrq= F48> F55> F65

WWkh dxwkruv wkdqn Ndulp Dedglu/ iru klv lqvljkwixo frpphqwv rq suhylrxv yhuvlrqv ri
wklv sdshu> dqg Zdowhu Glvwdvr/ Ohv Jrgiuh|/ Sdwulfn Pduvk/ dqg vhplqdu sduwlflsdqwv dw
wkh Xqlyhuvlw| ri \run/ iru wkhlu dgylfh dqg vxjjhvwlrqv1 Ilqdqfldo vxssruw zdv surylghg
e| d Pdulh Fxulh Lqglylgxdo Ihoorzvkls xqghu wkh Hxurshdq Frpplvvlrq*v Lpsurylqj
Kxpdq Srwhqwldo surjudpph +Odzirug, dqg d Xqlyhuvlw| ri \run Whdfklqj Ihoorzvkls
+Vwdpdwrjldqqlv, dqg lv judwhixoo| dfnqrzohgjhg1 Wkh dxwkruv duh vroho| uhvsrqvleoh iru
lqirupdwlrq frppxqlfdwhg/ dqg wkh Hxurshdq Frppxqlw| lv qrw uhvsrqvleoh iru dq| ylhzv
ru uhvxowv h{suhvvhg1 Wklv sdshu zdv w|shg lq Vflhqwl�f Zrug 613 dqg qxphulfdo uhvxowv
zhuh ghulyhg xvlqj JDXVV dqg H�Ylhzv1

_Fruuhvsrqglqj dxwkru= Vwhyh Odzirug/ HFDUHV/ Xqlyhuvlwì Oleuh gh Eux{hoohv/ 83
Dyhqxh I1 G1 Urrvhyhow/ FS 447/ E�4383/ Euxvvhov/ Ehojlxp1 +id{= .65 +3,5 983 77:8>
h0pdlo= vwhyhbodzirugC|dkrr1fr1xn,
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4 Lqwurgxfwlrq

Yhfwru dxwruhjuhvvlrqv +YDU*v, kdyh ehhq h{whqvlyho| vwxglhg lq hfrqrphw0
ulfv lq uhfhqw |hduv dqg frqwlqxh wr eh rqh ri wkh prvw iuhtxhqwo| xvhg wrrov
lq wlph vhulhv dqdo|vlv1 Wkh| surylgh d sduvlprqlrxv phdqv ri prghoolqj
pxowlsoh wlph vhulhv/ lq zklfk hdfk yduldeoh pd| eh uhodwhg wr odjv ri lwvhoi
dqg ri doo rwkhu yduldeohv lq wkh v|vwhp1 Krzhyhu/ olwwoh lv fxuuhqwo| nqrzq
derxw wkh surshuwlhv ri sdudphwhu hvwlpdwruv zkhq dssolhg wr �qlwh vdpsohv
ri gdwd/ dqg hvshfldoo| lq qrqvwdwlrqdu| iudphzrunv1 Lq sduwlfxodu/ wkh irup
dqg h{whqw ri vpdoo vdpsoh eldv kdyh qrw ehhq ixoo| lqyhvwljdwhg1 Wklv lvvxh
lv ri vrph sudfwlfdo lpsruwdqfh/ vlqfh vpdoo vdpsohv dqg surfhvvhv zlwk xqlw
urrwv duh w|slfdo lq pdq| pdfurhfrqrplf wlph vhulhv> rxu uhvxowv zloo eh ri
lqwhuhvw lq wklv duhd14

Dowkrxjk wkh surshuwlhv ri xqlyduldwh wlph vhulhv zhuh �uvw vwxglhg lq
wkh 4<73*v dqg 4<83*v e| Dqghuvrq/ Kxuzlf}/ Nhqgdoo/ Pdqq/ Uxelq/ Zdog
dqg Zklwh/ dprqj rwkhuv/ dqg kdyh ehhq wkrurxjko| uhvhdufkhg vlqfh/ lp0
sruwdqw surjuhvv rq vrph sureohpv uhodwhg wr wkh qrqvwdwlrqdu| fdvh kdv
ehhq pdgh rqo| yhu| uhfhqwo| � ghulydwlrq ri h{dfw uhvxowv lv sduwlfxoduo|
frpsolfdwhg/ hyhq lq yhu| vlpsoh iudphzrunv/ h1j1 vhh Irufklql +5334,1 Lq
wkh frqwh{w ri qrqvwdwlrqdu| pxowlsoh dxwruhjuhvvlyh vhulhv/ Dedglu/ Kdgul
dqg W}dydolv +4<<<,/ DKW khuhdiwhu/ ghulyh dq dssur{lpdwh h{suhvvlrq iru
wkh eldv ri wkh pd{lpxp olnholkrrg hvwlpdwru +POH, ri wkh pdwul{ ri dx0
wruhjuhvvlyh sdudphwhuv/ lq whupv ri wkh vdpsoh vl}h W dqg YDU glphqvlrq
n1 Wkh| frqvlghu hvwlpdwlrq ri d fruuhfwo|0sdudphwhul}hg �uvw0rughu yhfwru
dxwruhjuhvvlrq +d YDU+4,,/ zlwk qr frqvwdqw ru wuhqg1 Xvlqj Prqwh Fduor
vlpxodwlrq/ wkh| vkrz wkdw wkhlu �dqdo|wlf dssur{lpdwlrq� surylghv d uhd0
vrqdeo| jrrg uhsuhvhqwdwlrq ri eldv lq �qlwh vdpsohv/ dqg iru vpdoo n +rs1
flw1/ s1 499/ Wdeoh L,1

Wkh sxusrvhv ri rxu sdshu duh wkuhhirog1 Zh h{whqg wkh uhvxowv jlyhq e|
DKW iru wkh sxuho| qrqvwdwlrqdu| +n0glphqvlrqdo udqgrp zdon, fdvh lq d
qxpehu ri gluhfwlrqv/ exloglqj xsrq hduo| uhvxowv e| Vwdpdwrjldqqlv +4<<<,
dqg Odzirug +5334/ fk1 7,1 Iluvwo|/ zh suhvhqw hylghqfh zklfk vxjjhvwv wkdw

4D kxjh qxpehu ri sdshuv kdyh ehhq sxeolvkhg lq wkh hfrqrphwulfv dqg vwdwlvwlfv olwhu0
dwxuhv rq wkh vxemhfw ri yhfwru dxwruhjuhvvlyh prghov dqg prgl�fdwlrqv wkhuhri/ iroorzlqj
wkh lq xhqwldo sdshu e| Vlpv +4<;3,1 Iru fohdu lqwurgxfwlrqv wr wkhru| dqg dssolfdwlrqv/
vhh Oÿwnhsrko +4<<6/ hvshfldoo| fkv1 506,/ Mrkdqvhq +4<<8/ fk1 5, dqg Rrpv +fkv1 506,1
Iru glvfxvvlrq ri wkh xvh ri YDU*v lq dssolhg pdfurhfrqrplfv/ dqg d frpsuhkhqvlyh uhi0
huhqfh olvw/ vhh Fdqryd +4<<8,1 Wkh xqlw urrw iudphzrun kdv dovr dwwudfwhg d juhdw ghdo ri
dwwhqwlrq/ h1j1 vhh wkh lpsruwdqw sdshuv e| Glfnh| dqg Ixoohu +4<:</ 4<;4, dqg Hydqv dqg
Vdylq +4<;4/ 4<;7,1 Skloolsv +4<<8, surylghv dq lqwhuhvwlqj glvfxvvlrq ri wkh lpsruwdqfh
ri qrqvwdwlrqdulw| lq hfrqrplfv1
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wkh dssur{lpdwlrq jlyhq e| DKW fdq eh lpsuryhg xsrq1 Vxevhtxhqwo|/
zh xvh Prqwh Fduor phwkrgv wr vlpxodwh vpdoo vdpsoh eldv/ dqg wkhq �w
d vhulhv ri uhvsrqvh vxuidfhv xvlqj qrqolqhdu ohdvw vtxduhv1 D zhoo0vshfl�hg
dqg sduvlprqlrxv uhvsrqvh vxuidfh lv fkrvhq iroorzlqj gldjqrvwlf fkhfnlqj/
dqg lv vkrzq wr shuirup h{wuhpho| zhoo lq rxw0ri0vdpsoh iruhfdvwlqj1 Wkh
iruhfdvw huuru ri rxu uhvsrqvh vxuidfh lv doprvw dozd|v vxevwdqwldoo| ohvv wkdq
wkdw ri wkh DKW irup/ dfurvv wkh sdudphwhu vsdfh xqghu lqyhvwljdwlrq> lq d
qxpehu ri fdvhv/ wklv huuru lv uhgxfhg iurp pruh wkdq 43( wr ehorz 4(1 Lq
eurdghqlqj wkh vfrsh ri DKW/ zh dovr dvvhvv ryhu0sdudphwhul}dwlrq ri wkh
hvwlpdwhg YDU prgho/ +zkhuh d frqvwdqw dqg zkhuh d frqvwdqw dqg wuhqg
duh lqfoxghg,1 Wklv fuhdwhv dgglwlrqdo eldv sureohpv/ dv zdv vxjjhvwhg e|
vlpxodwlrq uhvxowv iru wkh xqlyduldwh fdvh lq Dedglu dqg Kdgul +5333/ s1
<:, dqg Wdql}dnl +5333/ s1 838/ Wdeoh 4,1 Zh djdlq sursrvh h{sodqdwru|
ixqfwlrqdo irupv iru POH eldv lq wkhvh iudphzrunv> dowkrxjk wkhvh shuirup
ohvv zhoo wkdq wkdw zklfk lv ghulyhg lq wkh fruuhfwo|0sdudphwhul}hg fdvh/ zh
qrwh wkdw qr rwkhu dssur{lpdwlrqv � dqdo|wlf ru rwkhuzlvh � duh fxuuhqwo|
dydlodeoh lq wkh ryhu0sdudphwhul}hg fdvh15

Zh prwlydwh wkh uhvsrqvh vxuidfh whfkqltxh dv d xvhixo phdqv ri lp0
surylqj ru ��qh0wxqlqj� wkhruhwlfdo uhvxowv/ ru ri h{whqglqj wkhp wr forvho|0
uhodwhg iudphzrunv1 Wkh gl!fxow| ri �wwlqj uhvsrqvh vxuidfhv vkrxog qrw
eh xqghuhvwlpdwhg/ hyhq zkhq ihz sdudphwhuv duh lqyroyhg1 Lw lv lpsru0
wdqw wkdw vrph sulru dqdo|wlfdo uhvxowv vkrxog eh dydlodeoh/ vlqfh zlwkrxw
vxfk irupxodh �wkh vhdufk surfhvv iru wkh cehvw* irup zrxog eh duelwudu|/
dqg zrxog eh wkh htxlydohqw lq wkhruhwlfdo hfrqrphwulfv ri gdwd plqlqj lq
dssolhg hfrqrphwulfv� +Dedglu/ 4<<6d/ s1 ;;, � iru wklv uhdvrq/ wkh uh0
vsrqvh vxuidfh phwkrgrorj| lv vrphwlphv fdoohg d �pl{hg wkhru|0vlpxodwlrq
dssurdfk�1 Krzhyhu/ zkhq uhvsrqvh vxuidfhv fdq eh irxqg/ wkh| duh srwhq0
wldoo| yhu| xvhixo phwkrgv ri dssur{lpdwlrq lq iudphzrunv zkhuh ghulydwlrq
ri h{dfw uhvxowv +dowkrxjk ghvludeoh, zrxog eh yhu| gl!fxow/ ru lqwudfwdeoh/
dv lv iuhtxhqwo| wkh fdvh hyhq lq wkh vlpsohvw vhwwlqjv1 Rxu uhvhdufk pd|
eh ri xvh lq prwlydwlqj ixuwkhu wkhruhwlfdo zrun wrzdugv surylglqj uljrurxv
dqdo|wlfdo �qlwh0vdpsoh surriv1 Lq wkh phdqwlph/ rxu uhvxowv fdq surylgh
jxlgholqhv iru dssolhg zrunhuv dv wr wkh ehkdylrxu ri YDU prghov jlyhq
vdpsohv vl}hv wkdw duh riwhq uhohydqw lq hpslulfdo uhvhdufk1

Vhfrqgo|/ zh doorz wkh lqlwldo ydoxhv ri wkh YDU gdwd0jhqhudwlqj surfhvv
+GJS, vwxglhg e| DKW wr eh qrq0}hur/ jlyhq d fruuhfwo|0sdudphwhul}hg

5Wkurxjkrxw wklv sdshu/ zh uhihu wr phdq0eldv dv �eldv�1 Phgldq0eldv lv gh�qhg dv wkh
gl�huhqfh ehwzhhq wkh phgldq ri dq hvwlpdwru dqg wkh wuxh sdudphwhu ydoxh> vhh Dqguhzv
+4<<6, iru d glvfxvvlrq ri phgldq0eldv lq wkh frqwh{w ri xqlw0urrw2dxwruhjuhvvlyh prghov1
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prgho> wklv vhwwlqj lv olnho| wr eh hpslulfdoo| uhohydqw1 Wklv iroorzv zrun e|
Dedglu dqg Kdgul +5333,/ zkr lqyhvwljdwh wkh eldv ri hvwlpdwhg sdudphwhuv
lq xqlyduldwh dxwruhjuhvvlyh +DU, surfhvvhv zlwk d +qhdu, xqlw urrw/ jlyhq
qrq0}hur lqlwldo ydoxhv/ dqg �qg wkdw lw fdq eh lqfuhdvlqj lq vdpsoh vl}h> d
fxulrxv h�hfw wkdw lv dwwulexwdeoh wr wkh qrq0}hur vwduwlqj ydoxhv1 Zh vkrz
yld vlpxodwlrq wkdw wklv xqlyduldwh �eldv qrqprqrwrqlflw|� lv dssduhqwo| qr
orqjhu d sureohp lq wkh pxowlyduldwh fdvh/ zklfk lv d uhdvvxulqj �qglqj1

Wklugo|/ zh jhqhudol}h wr wkh YDU iudphzrun wkh xqlyduldwh uhvxowv ri
Dedglu +4<<8d,/ zklfk zh dsso| gluhfwo|/ rqfh zh kdyh qrwhg wkdw rxu iudph0
zrun lv vwdwlvwlfdoo| lqyduldqw wr shupxwdwlrqv1 Zh vkrz wkdw pxowlso|lqj
wkh POH hvwlpdwru e| d vfdodu fruuhfwlrq idfwru +zklfk ghshqgv khuh xsrq
W dqg n, dfklhyhv plqlpxp phdq vtxduhg huuru +PVH,/ dqg uhpryhv prvw
ri wkh POH eldv/ dw wkh h{shqvh ri d vpdoo lqfuhdvh lq hvwlpdwru yduldqfh1

Wkh sdshu lv rujdql}hg dv iroorzv= Vhfwlrq 5 lqwurgxfhv wkh srvvleo| ryhu0
sdudphwhul}hg YDU prgho/ uhsruwv wkh pdlq uhvxowv ri dq h{whqvlyh vhulhv ri
Prqwh Fduor h{shulphqwv/ dqg sursrvhv uhvsrqvh vxuidfhv iru eldv1 Vhfwlrq
6 ghdov zlwk wkh lpsdfw ri qrq0}hur lqlwldo ydoxhv rq eldv/ lq wkh fruuhfwo|0
sdudphwhul}hg YDU prgho1 Vhfwlrq 7 vwxglhv wkh yduldqfh ri wkh POH iru
srvvleo| ryhu0sdudphwhul}hg prghov dqg h{dplqhv plqlpxp phdq vtxduhg
huuru +PVH, hvwlpdwruv1 Vrph frqfoxglqj uhpdunv duh uhsruwhg lq Vhfwlrq
81 Ghulydwlrqv duh jlyhq lq wkh Dsshqgl{1

Wkh qrwdwlrq iroorzv wkh vwdqgdug vxjjhvwhg e| Dedglu dqg Pdjqxv
+5335,1 Zh uhsuhvhqw vfdodu/ yhfwru dqg pdwul{ txdqwlwlhv dv d/ d dqg D
uhvshfwlyho|> wkhvh kdyh w|slfdo hohphqwv d @ +d,� / d| @ +d|,� dqg D @
+D,�� 1 Vshfldo yhfwruv dqg pdwulfhv lqfoxgh wkh n � 4 }hur yhfwru 3&/ wkh
n�n }hur pdwul{R&&/ wkh n�n lghqwlw| pdwul{ L&/ dqg wkh n�4 vxppdwlrq
yhfwru ~& � +4> 4> = = = > 4,�1 Zh ghqrwh wkh h{shfwdwlrq rshudwru e| H+1,> dqgS

vljql�hv d vxppdwlrq iurp w @ 4 wr W / xqohvv rwkhuzlvh vwdwhg> id|jA�
ghqrwhv d vhtxhqfh d�> = = = > dA > zh xvh d wlogh/ h1j1 h#/ wr uhsuhvhqw vlpxodwhg
gdwd1 Sduwldo ghulydwlyhv duh zulwwhq dv #& � C#@Cn1 Lq doo Wdeohv h{fhsw
Wdeoh 6/ {f @ 3& lv dvvxphg1

5 Eldv= }hur lqlwldo ydoxhv

514 Iudphzrun

Ohw i{|jA� eh d n0glphqvlrqdo vwrfkdvwlf surfhvv wkdw lv jhqhudwhg lq glvfuhwh
wlph e| wkh �uvw0rughu yhfwru gl�huhqfh htxdwlrq

{| @D{|3� . %|> w @ 4> 5> = = = W> +4,
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zkhuh wkh uhdo n � n pdwul{ ri frh!flhqwv vdwlv�hv

D @ L&/ +5,

dqg i%|jA� � LQ+3&>, lv d vhtxhqfh ri lghqwlfdoo| dqg lqghshqghqwo| glv0
wulexwhg qrupdo udqgrp yhfwruv zlwk phdq 3& dqg srvlwlyh0gh�qlwh yduldqfh0
fryduldqfh pdwul{ 1 Uhzulwlqj +4, dv

{| @D|{f .D
|3�%� . � � �.D%|3� . %|/ +6,

zh vhh wkdw wkh glvwulexwlrq ri vxffhvvlyh {|*v lv qrw xqltxho| ghwhuplqhg
e| wkh %|*v> zh pxvw dovr vshfli| wkh glvwulexwlrq ri {f1 Lq wklv vhfwlrq/
zh �{ {f @ 3&/ dq lqlwldo frqglwlrq wkdw lv riwhq dvvxphg iru vlpsolflw| lq
wkhruhwlfdo dqdo|vlv1 Zh h{dplqh wkh lpsolfdwlrqv ri dowhuqdwlyh fkrlfhv iru
{f lq Vhfwlrq 61 Htxdwlrqv +4, dqg +5, gh�qh d sxuho| qrqvwdwlrqdu| YDU/
ru yhfwru +Jdxvvldq, udqgrp zdon/ l1h1 wkh yduldeohv duh xquhodwhg= hdfk
+{|,� lv d ixqfwlrq rqo| ri lwv rzq sdvw ydoxh +{|3�,� dqg dq huuru1

Zh frqvlghu hvwlpdwlrq ri D/ jlyhq wkdw rxu pdlqwdlqhg prgho lv fru0
uhfwo| sdudphwhul}hg/ l1h1

{| @ eD{|3� . e%|/ +D,

zklfk zh uhihu wr dv Fdvh D1 Wkh pd{lpxp olnholkrrg hvwlpdwru eD ri D/
edvhg xsrq dq dydlodeoh vdpsoh ri W revhuydwlrqv i{�> = = = >{A j/ lv jlyhq e|

eD @
�[

{|{
�
|3�

��[
{|3�{

�
|3�

�3�
@D.

�[
%|{

�
|3�

��[
{|3�{

�
|3�

�3�
=

+7,

Jlyhq wkh lqghshqghqw qrupdolw| ri %|/ +7, frlqflghv zlwk wkh ohdvw0vtxduhv

hvwlpdwru ri D1 Wkh eldv ri eD lv gh�qhg dv � � H
� eD��D1 Lq jhqhudo/ wkh

eldv zloo eh qrq0}hur lq �qlwh vdpsohv/ dqg pd| eh txlwh odujh � dv d uhvxow/eD fdq eh d sduwlfxoduo| plvohdglqj lqglfdwru ri wkh wuxh D pdwul{1

515 Edfnjurxqg

Wkh GJS +4, dqg +5,/ zlwk n xqlw urrwv/ lqfoxghv dv d vshfldo fdvh wkh
xqlyduldwh xqlw urrw iudphzrun wkdw kdv ehhq wkh vxemhfw ri frqvlghudeoh
vwxg|1 Dv n @ 4/ wkh deryh GJS uhgxfhv wr wkh DU+4,=

{| @ �{|3� . %|> {f @ 3> � @ 4> %| � LQ
�
3> �2

�
> +8,
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dqg wkh xquhvwulfwhg POH ri � lv e� @
S

{|{|3�
�S

{2|3�
�3�

1 Wkh jhqhudo
yhuvlrq ri +8, hqfrpsdvvhv d zlgh ydulhw| ri ehkdylrxu/ ghshqglqj xsrq wkh
fkrlfh ri sdudphwhu ydoxhv= lw pd| eh dv|pswrwlfdoo| vwdwlrqdu| +m�m ? 4,/
h{sorvlyh +m�m A 4,/ ru qrqvwdwlrqdu| +m�m @ 4> wkh fdvh � @ 4 lv frpprqo|
uhihuuhg wr dv d udqgrp zdon,1 PdfNlqqrq dqg Vplwk +4<<;/ s1 53:/ Iljxuh
4, sorw eldv ixqfwlrqv iru W @ 58> 83> 433/ dqg iru � 5 ^�4=6> 4=6`/ xqghu
xqlyduldwh Fdvh D +n @ 4,1 Wkh| vkrz wkdw e� lv qhjdwlyho| eldvhg iru � @ 4/
zlwk eldv ghfuhdvlqj lq vdpsoh vl}h> dovr/ e� lv srvlwlyho| eldvhg iru vrph
ydoxhv ri � +dqg qrwdeo| � @ �4,1 Lw fdq eh vhhq wkdw wkh eldv ixqfwlrq
iru e� lv doprvw olqhdu iru � 5 ^�3=;8> 3=;8`/ dowkrxjk yhu| qrqolqhdu zkhq
m�m � 41

Wkh eldv dqg h{dfw prphqwv ri wkh ROV lq dxwruhjuhvvlyh prghov kdyh
ehhq glvfxvvhg uhfhqwo| e| lqwhu dold Qdqnhuylv dqg Vdylq +4<;;e,/ Wvxl
dqg Dol +4<;</ 4<<7,/ Ylqrg dqg Vkhqwrq +4<<9, dqg Jrq}dor dqg Slwdudnlv
+4<<;,> vhh dovr Pdhvklur +4<<<, dqg Wdql}dnl +5333, dqg uhihuhqfhv wkhuhlq1
Dedglu +4<<6d, ghulyhv d kljk0rughu forvhg irup +lqwhjudo0iuhh, dqdo|wlfdo
dssur{lpdwlrq iru wkh �qlwh vdpsoh eldv ri e� xqghu +8,/ zlwk m�m @ 41 Wkh
eldv ri e� lv jlyhq e|

e � H+e�,� � @

s
5

W
H

�
W +e�� �,s

5

�
�
s
5

W
H+}A , �

s
5

W
�A = +9,

Wkh glvwulexwlrq ri }A zdv h{dplqhg e| Hydqv dqg Vdylq +4<;4, xvlqj frp0
soh{ qxphulfdo lqwhjudwlrq1 Qrwlqj d uhvxow ri Zklwh +4<8;, � wkdw }A pd|
eh zulwwhq dv d udwlr ri wzr txdgudwlf irupv lq qrupdo yduldwhv/ zlwk mrlqw
prphqw jhqhudwlqj ixqfwlrq PA +X>Y , � Dedglu +4<<6d, xvhv wkh uhvxow
�A @

U"
f

Y
YLPA +X>�Y , mL'f gY wr dssur{lpdwh �A +dqg khqfh e,1 Gurs0

slqj whupv ri rughu R
�
W32

�
dqg deryh/ dq h{suhvvlrq lv ghulyhg lq whupv

ri qhvwhg lq�qlwh vxpv lqyroylqj sduderolf f|olqghu ixqfwlrqv +rs1 flw1/ s1
;8,1 Wklv lv frpsxwdeoh lq dq h!flhqw pdqqhu/ xvlqj h{sdqvlrqv iru wkh
frq xhqw k|shujhrphwulf ixqfwlrqv ghulyhg e| Dedglu +4<<6e,16

Wkh dqdo|wlfdo irupxod xvhg iru dssur{lpdwlrq vxjjhvwv wkdw h{srqhqwldo
ixqfwlrqv lq sro|qrpldov ri W3� pd| eh xvhg wr ghvfuleh wkh eldv1 D khxulvwlf
surfhvv jlyhv wkh vlpsoh dssur{lpdwlrq �A � �" h{s

��5=946;W3�� > zkhuh
�A dqg �" duh h{dfw ydoxhv iurp Hydqv dqg Vdylq +4<;4/ s1 :9</ Wdeoh
LLL,1 Wkh xqlyduldwh eldv dssur{lpdwlrq lv rewdlqhg iurp +9, dqg dq ROV

6Sduderolf f|olqghu ixqfwlrqv pd| dovr eh h{suhvvhg lq whupv ri Nxpphu*v frq xhqw
k|shujhrphwulf ixqfwlrq/ wkh �8�/ dowkrxjk wklv uhsuhvhqwdwlrq zloo qrw qhfhvvdulo| eh wkh
prvw h!flhqw iurp wkh srlqw ri ylhz ri frpsxwdwlrqdo jhqhudwlrq1 Vhh Dedglu +4<<<, iru
vrph ixuwkhu glvfxvvlrq ri wklv dvshfw ri vshfldo ixqfwlrq wkhru|1
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uhjuhvvlrq ri oq +�A @�", rq 4@W dv

e � �4=:;47
�
4

W

�
h{s

��5=946;
W

�
> +:,

zkhuh �4=:;47 lv wkh h{shfwhg ydoxh ri wkh olplwlqj glvwulexwlrq ri W +e�� 4,>
h1j1 vhh Oh Euhwrq dqg Skdp +4<;</ s1 895,1 Ghvslwh wkh idfw wkdw rqo| 8
gdwdsrlqwv duh xvhg lq wkh ghulydwlrq ri +:,/ lw lv dffxudwh wr 8 ghflpdo sodfhv
iru eldv> dqg lv pruh dffxudwh wkdq wkh h{dfw dssur{lpdwlrq edvhg xsrq
sduderolf f|olqghu ixqfwlrqv +vhh Dedglu/ 4<<6d/ s1 ;:/ Wdeoh 4,1 Khxulvwlf
�wv kdyh ehhq xvhg hovhzkhuh lq wkh olwhudwxuh> h1j1 Glfnh| dqg Ixoohu +4<;4/
s1 4397,1 Zh shuiruphg d vpdoo vwxg|/ zklfk frpsduhg +:, wr vlpxodwhg
eldv1 Wklv lqglfdwhg wkdw +:, dovr zrunv yhu| zhoo rxw0ri0vdpsoh/ dw ohdvw wr
4 ghflpdo sodfh ri �433�eldv1 Lw lv lpsruwdqw wr gudz d glvwlqfwlrq ehwzhhq
wklv �khxulvwlf� �w ^8 gdwdsrlqwv/ qr gldjqrvwlfv uhsruwhg` dqg wkh uhvsrqvh
vxuidfh �wv ghwdlohg lq Vhfwlrq 516 ^:57 gdwdsrlqwv/ gldjqrvwlf whvwlqj`1

Lq wkhlu sdshu/ DKW frqvlghu wkh pxowlyduldwh yhuvlrq ri Fdvh D dqg
surylgh dq dssur{lpdwh irupxod iru �/ lq whupv ri wkh vdpsoh vl}h dqg YDU
glphqvlrq17 Wkh| suryh wkdw � lv d vfdodu pdwul{/ l1h1 gldjrqdo zlwk htxdo
gldjrqdo hohphqwv= � @ gldj+f> = = = > f,> dqg wkdw � lv qrw d ixqfwlrq ri 1
Zlwkrxw dq| orvv ri jhqhudolw|/ zh pd| wkhq vhw  @ L& lq rxu vlpxodwlrqv1
DKW wkhq vkrz wkdw f lv dssur{lpdwho| htxdo wr n wlphv wkh xqlyduldwh
eldv irupxod dqg jlyh wkh iroorzlqj htxdwlrq +vhh DKW/ s1 499/ dqg Dedglu/
4<<8d/ s1 597,=

e�MA � �4=:;47
�
n

W

�
h{s

��5=946;
W

�
/ +DKW4,

iru W A n . 5/ l1h1 eldv lv sursruwlrqdo wr wkh glphqvlrq ri wkh YDU/ hyhq
zkhq  @ L&1 Lw lv xvhixo wr foduli| wkh flufxpvwdqfhv xqghu zklfk wklv
uhvxow lv ydolg1

41 Li wkh huuruv duh v|pphwulf/ dqg dq h{lvwhqfh ri prphqwv frqglwlrq
lv vdwlv�hg/ wkhq wkh eldv pdwul{ zloo eh h{dfwo| d vfdodu pdwul{/ l1h1
� @ fL&1

7Wkh| irupxodwh +4, dv ({| ' F{|3� n %|/ zkhuh wkh edfnzdug0gl�huhqfh rshudwru
vdwlv�hv ({|  {| 3 {|3�/ dqg F  D 3 L&1 Wklv lv sulpdulo| wr idflolwdwh d vxevhtxhqw
glvfxvvlrq ri frlqwhjudwlqj uhodwlrqv1 Wkh| wkhq vwxg| wkh eldv ri eF 1 Vlqfh F ' �&&

xqghu wkh GJS/ dqg eF ' eD 3 L&/ zh kdyh ,
� eF�

3 F ' ,
� eD� 3 D1 Wkxv/ wkh eldv

uhvxowv uhsruwhg lq wklv sdshu pd| eh gluhfwo| frpsduhg wr wkrvh irxqg lq DKW1

:



51 Li wkh huuruv duh hoolswlfdoo| v|pphwulf/ wkhq wkh vfdodu f lv dssur{0
lpdwho| sursruwlrqdo wr wkh xqlyduldwh eldv/ l1h1 f � n�xqlyduldwh
eldv18 Wkh h{lvwhqfh uhtxluhphqw khuh ydulhv zlwk wkh ghqvlw|/ h1j1
W A n . 5 iru Jdxvvldq huuruv1

61 Li wkh huuruv duh qrupdo/ wkh +dssur{lpdwh, xqlyduldwh eldv lv jlyhq e|
Dedglu +4<<6d, dv +:,/ dqg pd| eh vxevwlwxwhg wr jlyh +DKW4,1 H{0
solflw irupxodh iru xqlyduldwh eldv duh xqnqrzq/ h{fhsw iru wkh Jdxv0
vldq fdvh1

Zulwlqj # � �nW3� h{s
�
�W3�

�
/ zh vhh wkdw wkh ixqfwlrqdo irup +DKW4,

ohdgv wr d qxpehu ri wkhruhwlfdo suhglfwlrqv zlwk uhjdugv wr sduwldo ghulyd0
wlyhv=

# ? 3> #& ? 3> #A A 3> #&& @ 3> #&A A 3> #AA ? 3= +;,

Jlyhq � @ �4=:;47 dqg � @ �5=946;/ wkhvh lqhtxdolwlhv krog iru W � 8 +vhh
Dsshqgl{ 914,1 Zh dvvhvv wkh dffxudf| ri wkhvh vwdwhphqwv e| frpsdulvrq
zlwk vlpxodwhg gdwd1 Lw lv zhoo0nqrzq wkdw # ? 3 +h1j1 vhh Iljxuhv 4 dqg 5/
zklfk sorw vlpxodwhg eldv djdlqvw vdpsoh vl}h dqg YDU glphqvlrq,1 Lq idfw/
prvw ri wkh vwdwhphqwv lq +;, djuhh zlwk wkh vlpxodwhg gdwd> vhh Iljxuhv
6 dqg 7 +ghwdlov rq wkh vlpxodwlrq h{shulphqwv duh jlyhq ehorz,1 Wkh nh|
vwdwhphqw lv #&& @ 3 +vhh Iljxuh 6/ zklfk lqglfdwhv wkdw h#&& 9@ 3/ iru W
qrw wrr odujh,1 Wklv surylghv d prwlydwlrq iru +qxphulfdo, uh�qhphqw ri wkh
DKW ixqfwlrqdo irup/ h1j1 shukdsv � @ � +n, dqg � @ � +n, zrxog eh pruh
vxlwdeoh1

516 Uhvsrqvh vxuidfhv

Rqh ri wkh prvw xvhixo phdqv ri vxppdul}lqj wkh uhvxowv ri d +vrphwlphv
yhu| odujh, qxpehu ri Prqwh Fduor h{shulphqwv lv hvwlpdwlrq ri d uhvsrqvh

vxuidfh1 Li wkh surshuwlhv ri wkh vwdwlvwlf ri lqwhuhvw duh vlpso| uhsruwhg dw d
qxpehu ri srlqwv lq wkh sdudphwhu vsdfh/ lw fdq ehfrph gl!fxow wr ghwhfw dq|
lqwhuhvwlqj vpdoo0vdpsoh ehkdylrxu1 Wkh uhvsrqvh vxuidfh whfkqltxh dlpv wr
vxppdul}h wkh ehkdylrxu ri wkh vwdwlvwlf ri lqwhuhvw dw doo srlqwv lq wkh
dgplvvleoh sdudphwhu vsdfh/ l1h1 iru zkroh idplolhv ri GJS*v> dqg lq d pruh
vrsklvwlfdwhg pdqqhu wkdq wkdw r�huhg e| vlpsoh khxulvwlf dssur{lpdwlrqv1
Wkh iroorzlqj rxwolqh ri wkh phwkrgrorj| gudzv xsrq Khqgu| +4<;7, dqg
Gdylgvrq dqg PdfNlqqrq +4<<6/ ss1 :880:96,19

8Vhh Idqj/ Nrw} dqg Qj +4<<3, iru d wuhdwphqw ri hoolswlfdoo| v|pphwulf glvwulexwlrqv1
9Uhvsrqvh vxuidfhv duh glvfxvvhg lq ixuwkhu ghwdlo e| Pddvrxpl dqg Skloolsv +4<;5, dqg

Khqgu| +4<;5,1 Wkh whfkqltxh lv dssolhg lq d ydulhw| ri iudphzrunv e| lqwhu dold Hqjoh/

;



Wkh txdqwlw| ri lqwhuhvw � lv d ixqfwlrq ri wkh vdpsoh vl}h W dqg wkh
yhfwru ri yduldeohv � wkdw dsshdu lq wkh GJS1 Wkh uhodwlrqvkls lv prghoohg
dv d ixqfwlrqdo irup �+W>�>$,/ zkhuh $ lv d yhfwru ri sdudphwhuv wr eh
hvwlpdwhg/ dqg �+�, lv fkrvhq e| wkh lqyhvwljdwru1 Hvwlpdwhg ydoxhv iru wkh
ghshqghqw yduldeoh/ h� �> duh jhqhudwhg xvlqj d vhw ri Q Prqwh Fduor h{shu0
lphqwv1 Wkh lwk h{shulphqw lv dvvrfldwhg zlwk dq hvwlpdwhg vwdqgdug huuruh� +h� �,/ zkhuh h� � lv dssur{lpdwho| glvwulexwhg dv Q

�
�+W>�>$, > h�2 +h� �,� li

wkh qxpehu ri uhsolfdwlrqv shu h{shulphqw +P, lv odujh1 Jlyhq wkdw hdfk
ri wkh h{shulphqwv xvhv gl�huhqw vhwv ri udqgrp qxpehuv/ zh pd| wkhq lp0
sohphqw jhqhudol}hg ohdvw vtxduhv +zlwk d ixoo| vshfl�hg fryduldqfh pdwul{,
dqg hvwlpdwhh� �h� +h� �, @

�+W>�>$,h� +h� �, . %�> %� � LQ +3> 4, > l @ 4> = = = >Q> +<,

xvlqj ruglqdu| ru qrqolqhdu ohdvw vtxduhv/ ghshqglqj xsrq wkh irup fkrvhq
iru �+W>�>$,1 Glylvlrq e| h� +h� �, lq +<, fruuhfwv iru khwhurvfhgdvwlflw|1

Wkhuh duh d qxpehu ri srwhqwldo gl!fxowlhv dvvrfldwhg zlwk wkh dssurdfk1
Iluvwo|/ suhflvh hvwlpdwhv duh qhhghg li �+W>�>$, lv wr eh dffxudwho| vshfl0
�hg1 Vlqfh d odujh qxpehu +Q, ri gdwdsrlqwv lv dovr qhhghg � dqg lq sudfwlfh
wklv vhhpv wr eh udwkhu pruh lpsruwdqw wkdq kdylqj h{wuhpho| dffxudwh gdw0
dsrlqwv +dowkrxjk P pxvw eh uhdvrqdeo| odujh, � wkh phwkrg whqgv wr eh
frpsxwdwlrqdoo| lqwhqvlyh1 Vhfrqgo|/ wkh ixqfwlrqdo irup ri �+W>�>$, lv
jhqhudoo| qrw nqrzq d sulrul1 Wkxv/ hvwlpdwlrq ri fruuhfwo| vshfl�hg uh0
vsrqvh vxuidfhv ehfrphv yhu| gl!fxow lqghhg dv wkh qxpehu ri sdudphwhuv
lq �+W>�>$, lqfuhdvhv1 Jhqhudoo|/ �+W>�>$, vkrxog eh irupxodwhg lq olqh
zlwk nqrzq dqdo|wlfdo uhvxowv +dv/ h1j1 zh kdyh khuh lq +DKW4,,1

Wklugo|/ Prqwh Fduor vwxglhv fdq eh vxemhfw wr vshfl�flw| ri wkh uhvxowv/
l1h1 zkloh wkh hvwlpdwhg uhvsrqvh vxuidfh pd| �w zhoo lq0vdpsoh/ wkhuh lv qr
jxdudqwhh wkdw dffxudf| zloo eh dfklhyhg ryhu wkh hqwluh grpdlq ri dssur{l0
pdwlrq +Khqgu|/ 4<;7,1 Wr dyrlg wklv/ W dqg � vkrxog eh fkrvhq wr vsdq dq
�lqwhuhvwlqj� sduw ri wkh sdudphwhu vsdfh/ +h1j1 pruh ghwdlo pd| eh jlyhq wr
vdpsoh vl}hv wkdw duh w|slfdo lq hfrqrplf dssolfdwlrqv,/ dqg wkh hvwlpdwhg
uhvsrqvh vxuidfh vxemhfwhg wr d edwwhu| ri vwdqgdug gldjqrvwlf whvwv1 Rqh
xvhixo fkhfn ri wkh vxlwdelolw| ri wkh uhvsrqvh vxuidfh vshfl�fdwlrq lv wkdw

Khqgu| dqg Wuxpeoh +4<;8,/ Fdpsrv +4<;9,/ Hulfvvrq +4<<4, dqg PdfNlqqrq +4<<9/
5333,1 Qdqnhuylv dqg Vdylq +4<;;d/ hvshfldoo| ss1 45<0465, hvwlpdwh uhvsrqvh vxuidfhv iru
prphqwv ri d | vwdwlvwlf lq d vwdwlrqdu| DUE��/ zlwk xqnqrzq lqwhufhsw dqg qrupdo huuruv/
dqg frpsduh wkhvh zlwk fxelf vsolqh lqwhusrodwlrq1 PdfNlqqrq/ Kdxj dqg Plfkholv +4<<<,
dqg Hulfvvrq dqg PdfNlqqrq +5334, xvh uhvsrqvh vxuidfhv lq wkhlu vwxglhv ri vwdwlvwlfv iru
whvwlqj frlqwhjudwlrq1
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zh zrxog h{shfw d xqlw huuru yduldqfh/ diwhu wkh khwhurvfhgdvwlflw| wudqviru0
pdwlrq1 Lqhylwdeo|/ vrph +dqg riwhq d juhdw ghdo ri, h{shulphqwdwlrq zloo
eh uhtxluhg ehiruh fruuhfwo| vshfl�hg dqg sduvlprqlrxv htxdwlrqv fdq eh vh0
ohfwhg1 Wkh dffxudf| ri wkh dssur{lpdwlrq vkrxog wkhq eh h{dplqhg xvlqj
rxw0ri0vdpsoh sdudphwhu ydoxhv/ l1h1 srlqwv wkdw duh qrw xvhg lq hvwlpdwlrq
ri wkh uhvsrqvh vxuidfh1 Wklv surylghv d uljrurxv whvw ri wkh dffxudf| ri wkh
phwkrg dqg/ li wkh uhvsrqvh vxuidfh lv fruuhfwo| vshfl�hg/ zloo hqdeoh wkh
vwdwlvwlf ri lqwhuhvw wr eh dssur{lpdwhg dw ydulrxv sdudphwhu srlqwv zlwk0
rxw wkh qhhg wr fduu| rxw dqrwkhu vlpxodwlrq1 Lw lv lpsruwdqw wr uhsruw wkh
sdudphwhu ydoxhv xvhg lq wkh vlpxodwlrq h{shulphqwv> dqg h{wuhph fdxwlrq
vkrxog eh h{huflvhg zkhq lqihuulqj dq| �qglqjv wr pruh jhqhudo vlwxdwlrqv
wkdq wkrvh gh�qhg e| wkh GJS dqg wkh vshfl�f sdudphwhu hqylurqphqw +vhh
hvshfldoo| Pddvrxpl dqg Skloolsv/ 4<;5,1

Lq ghvljqlqj rxu Prqwh Fduor vwxg|/ zh pdnh xvh ri dq lqgluhfw vlpxod0
wlrq whfkqltxh/ nqrzq dv dqwlwkhwlf yduldwhv1 Wkh phwkrg lqyroyhv �qglqj
wzr gl�huhqw hvwlpdwhv ri wkh txdqwlw| ri lqwhuhvw lq vxfk d zd| wkdw wkh|
zloo eh qhjdwlyho| fruuhodwhg +ru �pxwxdoo| dqwlwkhwlf�,1 Wkh lqirupdwlrq
wkxv rewdlqhg lv frpelqhg wr jlyh dq lpsuryhg hvwlpdwh ri wkh txdqwlw| ri
lqwhuhvw/ wkh ghjuhh ri lqfuhdvh lq dffxudf| ghshqglqj xsrq wkh vwuhqjwk ri
wkh qhjdwlyh fruuhodwlrq1 Dqwlwkhwlf yduldwhv kdyh ehhq dssolhg lq vwxglhv ri
wkh �qlwh0vdpsoh surshuwlhv ri hfrqrphwulf hvwlpdwruv e|/ h1j1 Khqgu| dqg
Wulyhgl +4<:5/ hvshfldoo| ss1 44<0453, dqg Plnkdlo +4<:5/ 4<:8,1

Zh frqvwuxfw wkh dqwlwkhwlf yduldwh iroorzlqj Dedglu*v +4<<8e, �DY7�/
zklfk lv vkrzq wr eh xvhixo iru wkh jhqhudwlrq ri +qhduo|, qrqvwdwlrqdu| vh0
ulhv +frqyhqwlrqdo dqwlwkhwlf whfkqltxhv gr qrw zrun lq rxu iudphzrun,1 Zh
xvh wkh vdph vhw ri uhvlgxdov iru jhqhudwlrq ri

�
{3|

�
/ exw zlwk sdudphwhuv ri

lqwhuhvw lq GJS ri rssrvlwh vljq> l1h1 {3| @
S|3�

�'f +�D,� %|3� 1 Iru looxvwud0
wlrq/ zh jhqhudwhg 4> 333 gdwdsrlqwv iru Fdvh D/ +W> n, @ +58> 4, > xvlqj DY71
Wkh dqwlwkhwlf sdluv

�e�> e�3� kdyh d fruuhodwlrq frh!flhqw ri dssur{lpdwho|
�3=3:<3 zklfk/ dowkrxjk vpdoo/ jlyhv dq h�hfwlyh qxpehu ri uhsolfdwlrqv
P3 ri 5> 4:8> zh irxqg wklv h!flhqf| jdlq wr eh txlwh jhqhudo1 Khqfh/ zkhq
jhqhudwlqj qrqvwdwlrqdu| gdwd vhulhv/ zh duh deoh wr lpsuryh wkh vshhg ri
jhqhudwlrq e| urxjko| 83(> ru dowhuqdwlyho|/ zh pd| lqfuhdvh wkh suhflvlrq
ri wkh uhvxowdqw hvwlpdwhv/ jlyhq wkh vdph qxpehu ri uhsolfdwlrqv1 Wklv sur0
fhgxuh lv dssolhg lq Fdvh D/ iru erwk }hur dqg qrq0}hur lqlwldo ydoxhv> exw
qrw iru Fdvhv E dqg F/ ru iru wkh yduldqfh vlpxodwlrqv ri Vhfwlrq 71

Wkh eldv dqg yduldqfh uhvxowv uhsruwhg lq wkh wdeohv zhuh frpsxwhg xvlqj
P @ 4> 333> 333 uhsolfdwlrqv ri wkh GJS/ xqohvv PWn +wkh wrwdo udqgrp
qxpehu uhtxluhphqw, h{fhhghg wkh shulrg 5���4 ri wkh jhqhudwru/ lq zklfk
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fdvh P @ 433> 333 zdv xvhg lqvwhdg1 Wkh vlpxodwhg ydoxhv wkdw zhuh xvhg
iru hvwlpdwlrq ri uhvsrqvh vxuidfhv zhuh jhqhudwhg e| fkrrvlqj wkh qxpehu
ri uhsolfdwlrqv iru d sduwlfxodu W dqg n vxfk wkdw wkh Prqwh Fduor vwdqgdug
huuru vdwlv�hg h� ? 3=33381 D fkhfn ri wklv frqglwlrq zdv pdgh hyhu| 83
uhsolfdwlrqv/ dqg wkh vlpxodwlrq vwrsshg zkhq wkh frqglwlrq zdv vdwlv�hg1
Wkh vlpxodwlrqv zhuh fduulhg rxw rq d Shqwlxp 6/ ;33PK} pdfklqh/ zlwk
589PE ri UDP/ xvlqj JDXVV 6=5 xqghu Plfurvriw Zlqgrzv 53331 Vlqfh
zh fkrvh wr dgrsw d qrqolqhdu �+�,/ zh xvhg wkh +H�Ylhzv, Pdutxdugw
rswlpl}dwlrq dojrulwkp wr shuirup qrqolqhdu ohdvw vtxduhv1 Frqyhujhqfh
zdv yhu| idvw/ dqg uhtxluhg ihz lwhudwlrqv/ iru d ydulhw| ri vwduwlqj ydoxhv1

Wkh sdudphwhuv xvhg iru hvwlpdwlrq ri wkh uhvsrqvh vxuidfh zhuh=

W @ 53> 54> = = = > 533/

n @ 4> 5> 6> 7/ +43,

zklfk jlyhv Q @ :57 gdwdsrlqwv1 Wkh vdpsoh vl}hv wkdw zh kdyh fkrvhq duh
uhsuhvhqwdwlyh ri wkrvh wkdw duh frpprqo| xvhg lq sudfwlfh> dqg rxu ghvljq
lqfoxghv vhyhudo vpdoo n/ vr wkdw wkh h�hfwv ri fkdqjhv lq YDU glphqvlrq
fdq eh h{soruhg1 Zh fdofxodwh wkh POH iru hdfk frpelqdwlrq ri +W> n, lq
wkh sdudphwhu vsdfh +43,/ iurp zklfk zh gluhfwo| ghulyh wkh eldv1 Vlqfh � lv
d vfdodu pdwul{/ zh pd| hvwlpdwh wkh vfdodu e| dyhudjlqj ryhu wkh hvwlpdwhg
gldjrqdo hohphqwv ri �1 Wklv uhvxowv lq d ixuwkhu uhgxfwlrq lq wkh qxpehu ri
uhsolfdwlrqv qhhghg iru d jlyhq dffxudf| dv n lqfuhdvhv1

Iroorzlqj h{whqvlyh h{shulphqwdwlrq � edvhg xsrq +DKW4, dqg xvlqj rxu
revhuydwlrqv iurp wkh hqg ri Vhfwlrq 515 � rxu hvwlpdwhg uhvsrqvh vxuidfh lv

e-7 � +3=594:� 5=35<; n,
4

W
h{s

�
�4=76;9 4

W
� 3=;33<

n

W

�
>

+3=3383,
^3=3388`

+3=3353,
^3=3355`

+3=389;,
^3=39;7`

+3=3495,
^3=34<5`

+44,

U
2
@ 3=<<<<> V@ 3=<<:8> GZ@ 4=<36:> ME@ 4=7783> zkhuh +�, duh frqyhq0

wlrqdo vwdqgdug huuruv/ ^�` duh Zklwh*v +4<;3, khwhurvfhgdvwlflw|0frqvlvwhqw
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vwdqgdug huuruv/ dqg:

U
2

@ ghjuhhv0ri0iuhhgrp dgmxvwhg frh!flhqw ri ghwhuplqdwlrq/

V @ uhvlgxdo vwdqgdug huuru/

GZ @ Gxuelq0Zdwvrq g whvw iru �uvw0rughu vhuldo fruuhodwlrq>

ME @ Mdutxh dqg Ehud*v +4<;3, whvw iru qrupdolw|/ dv|pswrwlfdoo|

glvwulexwhg dv "2 +5, =

Zh vhh wkdw wkh uhvlgxdo vwdqgdug huuru lv yhu| forvh wr lwv wkhruhwlfdo
ydoxh ri xqlw|> dqg wkh Gxuelq0Zdwvrq g vwdwlvwlf lv forvh wr 5/ zklfk vxjjhvwv
wkdw wkhuh lv olwwoh ru qr �uvw0rughu vhuldo fruuhodwlrq lq wkh hvwlpdwhg huuruv
+wkh gdwd zhuh �uvw rughuhg e| W dqg wkhq e| n,1 Wkh Mdutxh0Ehud vwdwlvwlf
lv qrw vljql�fdqw/ lqglfdwlqj wkdw wkh hvwlpdwhg huuruv duh zhoo0dssur{lpdwhg
e| wkh qrupdo glvwulexwlrq1

Zh uhfdofxodwh Wdeoh L lq DKW dv Wdeoh 4 lq wklv sdshu/ zlwk lqfuhdvhg
dffxudf|/ zlwk dgglwlrqdo uhvxowv uhsruwhg iru W @ 733> ;33 dqg n @ 9> :> ;/
dqg fruuhfwlqj iru d w|sr lq DKW Wdeoh L= +W> n, @ +58> 8,1 Fohduo|/ devroxwh
eldv lv vwulfwo| lqfuhdvlqj lq n dqg ghfuhdvlqj lq W +vhh dovr Iljxuhv 4 dqg 5,1
Dv W lqfuhdvhv/ eldv jrhv wr }hur/ dv h{shfwhg iurp dv|pswrwlf wkhru|1 Zh
vhh wkdw e�MA jlyhv d jrrg dssur{lpdwlrq wr eldv iru n vpdoo +dqg hvshfldoo|
iru n @ 4/ zkhuh +DKW4, uhgxfhv wr wkh h{fhoohqw khxulvwlf dssur{lpdwlrq
ghulyhg e| Dedglu/ 4<<6d,1 Krzhyhu/ dv n lqfuhdvhv/ e-7 surylghv pxfk
ehwwhu uhvxowv/ hyhq iru W txlwh odujh1 Rxw0ri0vdpsoh srlqwv uhsruwhg lq Wdeoh
4 iru e-7 duh frpelqdwlrqv ri n @ 8> 9> :> ;/ dqg W @ 733> ;331 Frpsdulvrq
ri wkh iruhfdvw huuru +i1h1, dvvrfldwhg zlwk DKW dqg rxu uhvsrqvh vxuidfh/
iru ydulrxv frpelqdwlrqv ri W dqg n> lqglfdwhv wkdw wkh uhvsrqvh vxuidfh
phwkrg ohdgv wr frqvlghudeoh lpsuryhphqwv> iru h{dpsoh/ +W> n, @ +58> ;,=
i1h1 uhgxfhg iurp <=<( wr 3=4(> +W> n, @ +433> 8,= i1h1 uhgxfhg iurp :=3(
wr 3=6(> +W> n, @ +533> 8,= i1h1 uhgxfhg iurp ;=8( wr 3=4(> dqg +W> n, @
+733> ;,= i1h1 uhgxfhg iurp <=4( wr 3=9(1 D judsklfdo looxvwudwlrq ri wkh rxw0
ri0vdpsoh vxshulrulw| ri e-7 ryhu e�MA lv jlyhq lq Iljxuh 8/ zklfk frpsduhv
+DKW4, dqg +44,/ iru n @ 53 dqg ydulrxv W > vlpxodwhg eldv �433 � he lv
sorwwhg dv ��� lq wkh Iljxuh1

Zh qrz lqwurgxfh wzr ixuwkhu prghov=

:Vljql�fdqfh ri wkh vwdwlvwlfv dw wkh D( ohyho ri vljql�fdqfh lv ghqrwhg e| d vxshuvfulsw
W dqg e| WW dw d 4( ohyho1 Zh iroorz Xu}ýd +4<<9,/ zkr qrwhv wkdw wkh Mdutxh0Ehud
whvw vwdwlvwlf iru qrupdolw| lv srruo| dssur{lpdwhg e| lwv dv|pswrwlf �2 E2� glvwulexwlrq
iru vpdoo vdpsohv1 Zh fdofxodwh wkh �qlwh0vdpsoh glvwulexwlrq xvlqj Prqwh Fduor= � '
�ffc fff uhsolfdwlrqv jlyhv �fI/ DI dqg �I fulwlfdo ydoxhv +� ' .2e, ri e�e�/ D�b2 dqg
�f�eb uhvshfwlyho|1 Vlpxodwhg fulwlfdo ydoxhv iru GZ duh jlyhq lq Dsshqgl{ 9151
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{| @ e�. eD>{|3� . e%| +E,

{| @ e�. e�w. eD>cB{|3� . e%|/ +F,

zkhuh � dqg � duh n�4 yhfwruv1 Wkhvh hqdeoh xv wr lqyhvwljdwh vrph ri wkh
h�hfwv ri hvwlpdwlqj dq lqfruuhfwo| sdudphwhul}hg prgho1 Wkh POH*v ri D
lq Fdvh E dqg Fdvh F duh ghqrwhg e| eD> dqg eD>cB/ zkhuh wkh vxevfulswv
� dqg �> � uhihu wr wkh idfw wkdw d frqvwdqw dqg d frqvwdqw dqg wuhqg duh
lqfoxghg lq wkh prghov1 Ghulydwlrqv ri eD> dqg eD>cB duh jlyhq lq Dsshqglfhv
916 dqg 9171 Wkh eldv pdwulfhv wkdw fruuhvsrqg wr Fdvhv E dqg F duh zulwwhq
dv �> dqg �>cB uhvshfwlyho|1

;

Wkhruhp 4 Wkh eldv pdwulfhv �> dqg �>cB duh vfdodu/ l1h1 �> � e>L& dqg

�>cB � e>cBL&1

Surri1 Iru d ghprqvwudwlrq wkdw �>cB lv vfdodu/ vhh Dsshqgl{ 9181 Zh
gr qrw jlyh ghwdlov ri wkh surri ri wklv surshuw| iru �>/ vlqfh lw lv yhu| vlplodu
wr +dqg vlpsohu wkdq, wkdw suhvhqwhg iru �>cB1

Vlpxodwhg eldvhvhe> dqghe>cB duh uhsruwhg lq Wdeoh 51 Zh vhh wkdw devroxwh
eldv lv vxevwdqwldoo| kljkhu xqghu Fdvh E wkdq xqghu Fdvh D> dqg kljkhu vwloo
iru Fdvh F/ l1h1 lqfruuhfw sdudphwhul}dwlrq ri wkh prgho ohdgv wr dgglwlrqdo
eldv lq POH hvwlpdwlrq1 Lw lv yhu| lqwhuhvwlqj wr qrwh wkdw wkh udwlr ri he>
wr he lv doprvw frqvwdqw dfurvv W / iru jlyhq n +h1j1 he>2he � 6=3 iru n @ 4 dqghe>2he � 4=6 iru n @ 8,1 Wklv uhodwlrqvkls lv voljkwo| ohvv pdunhg iru he>cB2he/
dowkrxjk d vlplodu frpsdulvrq fdq eh gudzq +h1j1 he>cB2he udqjhv iurp 5=<:
wr 6=46 dv W udqjhv iurp 58 wr ;33/ jlyhq n @ 5,1 Wkh hvwlpdwhg uhvsrqvh
vxuidfh lq Fdvh E lv

e-7> � ��6=8:3;� 4=:;:4n � 3=34<< n2
� 4

W
h{s

�
�5=4339 4

W
� 3=:9<5

n

W

�
>

+3=33;:,
^3=33<9`

+3=33:5,
^3=33:9`

+3=3348,
^3=3349`

+3=36<7,
^3=3746`

+3=3458,
^3=3486`

+45,

U
2
@ 3=<<<<> V@ 4=3<4;> GZ@ 4=:7:4WW> ME@ 5=8;661 Khuh/ zh fdqqrw

frpsduh e-7> zlwk dq| dqdo|wlf dssur{lpdwlrq/ dqg zh vhh wkdw wkh uhvsrqvh

;Ri frxuvh/ e� lv qrw wkh vdph iru +E, dqg +F,> qhlwkhu lv e%| lghqwlfdo iru +D,/ +E, dqg
+F,1 Krzhyhu/ zh gr qrw lqwurgxfh d vshfldo qrwdwlrq/ vlqfh zh duh rqo| lqwhuhvwhg lq wkh

pd{lpxp olnholkrrg hvwlpdwruv eD/ eD> dqg eD>cB1
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vxuidfh lv ohvv zhoo0vshfl�hg wkdq e-7 1 Iru Fdvh F/ zh hvwlpdwh wkh iroorzlqj
uhvsrqvh vxuidfh=

e-7>cB � ��;=8;4;� 4=9539n � 3=35:; n2
� 4

W
h{s

�
�5=<<3; 4

W
� 3=:637

n

W

�
>

+3=3447,
^3=3485`

+3=33<6,
^3=3445`

+3=334<,
^3=3354`

+3=365:,
^3=37:8`

+3=3438,
^3=3533`

+46,

U
2
@ 3=<<<<> V@ 4=5<5;> GZ@ 4=6666WW> ME@ 443=5;84WW= Wklv uhvsrqvh

vxuidfh lv qrw yhu| zhoo vshfl�hg1 Zh zrxog qrw dgylvh wkh xvh ri hlwkhu +45,
ru +46, iru dssur{lpdwlrq rxw0ri0vdpsoh1

Lw lv frqyhqlhqw wr lqwhusuhw wkh vfdohg eldv ydoxhv uhsruwhg lq Wdeohv
4 dqg 5 dv shufhqwdjhv ri wkh wuxh sdudphwhu ydoxh> h1j1 lq Fdvh D/ jlyhq
+W> n, @ +58> ;,/ wkh devroxwh eldv ri hdfk ri wkh hvwlpdwhg sdudphwhuv rq
wkh gldjrqdo ri eD lv 79=:( ri wkh wuxh ydoxh +xqlw|,1 Wklv lv ghvslwh wkh idfw
wkdw wkh hvwlpdwhg prgho lv fruuhfwo| sdudphwhul}hg1 Lw lv fohduo| qrw d jrrg
lghd wr ljqruh wklv eldv/ dowkrxjk lwv lpsruwdqfh iurp dq hpslulfdo srlqw ri
ylhz zloo ghshqg xsrq wkh sxusrvh ri wkh hvwlpdwh1

Rqh duhd lq zklfk eldvhg hvwlpdwhv pd| kdyh d ghwulphqwdo h�hfw lv lq
wkh hvwlpdwlrq ri lpsxovh uhvsrqvh ixqfwlrqv/ zklfk phdvxuh wkh h�hfw ri
glvwxuedqfhv +�lpsxovhv�, dw wlph w rq ixwxuh ydoxhv ri d vhulhv/ dqg ghvfuleh
vrph ri wkh g|qdplf surshuwlhv ri wkh v|vwhp1 Iurp +6,/ lw lv fohdu wkdw d
whpsrudu| +rqh shulrg, xqlw vkrfn rq %| dw wlph w zloo kdyh dq h�hfw riD

� rq
{|/ m shulrgv lq wkh ixwxuh/ dqg dq hvwlpdwhg lpsdfw ri eD�1 Lpsxovh uhvsrqvh
ixqfwlrqv pd| surylgh lqirupdwlrq derxw wkh shuvlvwhqfh dqg qdwxuh +h1j1
gluhfwlrq/ dv|pphwu|/ shdnv, ri vkrfnv zklfk/ lq d jhqhudo YDU iudphzrun/
zloo srwhqwldoo| lq xhqfh doo wkh ghshqghqw yduldeohv lq vxffhhglqj shulrgv
dv odjjhg ydoxhv ihhg wkurxjk wkh v|vwhp1<

Xqghu wkh GJS ri sxuh qrqvwdwlrqdulw|/ d whpsrudu| vkrfn zloo kdyh d
shupdqhqw h�hfw1 Wkh h�hfw ri eldvhg hvwlpdwhv fdq eh vhhq e| frqvlghulqj
wkh DU+4, fdvh/ h1j1 +W> n, @ +58> 4,/ zkhuh he � �3=397/ �� @ 4 dqge�� � +4� 3=397,� 1 D xqlw vkrfn dw wlph w zloo kdyh dq hvwlpdwhg lpsdfw
dw wlph w . 8 ri e�D � 3=:4;71 D uhodwhg frqfhsw lv wkh kdoi0olih k ri d
vkrfn/ gh�qhg e| �� @ 3=8/ iurp zklfk k @ � oq 5@ oq�> wklv phdvxuhv
krz pdq| shulrgv duh uhtxluhg iru wkh h�hfw ri d whpsrudu| xqlw vkrfn wr

<Dq lqwhuhvwlqj txhvwlrq wkdw dulvhv lq hfrqrplfv lv zkhwkhu ghpdqg dqg vxsso| glv0
wxuedqfhv zloo kdyh d shupdqhqw ru whpsrudu| lpsdfw xsrq vrph ghshqghqw yduldeoh1
Uhodwhg vwxglhv wkdw lqfrusrudwh hvwlpdwlrq ri lpsxovh uhvsrqvh ixqfwlrqv lqfoxgh Edfnxv
+4<;9/ ss1 9670969, dqg Eodqfkdug dqg Txdk +4<;</ ss1 9950997,1
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eh uhgxfhg e| 83(1 Dv � $ 4/ k $ 4 +fruuhvsrqglqj wr d shupdqhqw
h�hfw,1 Krzhyhu/ iru e� � 4� 3=397 @ 3=<69/ k � 43=7; shulrgv1 Eldv ohdgv
wr dq xqghuhvwlpdwlrq ri erwk wkh hvwlpdwhg lpsdfw dqg wkh kdoi0olih ri d
whpsrudu| vkrfn +vhh Sdwwhuvrq/ 5333/ iru dq looxvwudwlrq ri wklv sureohp lq
d vwdwlrqdu| dxwruhjuhvvlyh vhwwlqj,1

6 Eldv= qrq0}hur lqlwldo ydoxhv

�Zh jhqhudoo| eholhyh wkdw wkh pruh lqirupdwlrq zh xvh wkh ehw0
whu wkh hvwlpdwru zloo eh dqg wklv lv fhuwdlqo| d fkdudfwhulvwlf zh
zrxog zlvk hvwlpdwruv wr kdyh1 Wkh prqrwrqlflw| surshuwlhv ri
hvwlpdwruv gr qrw vhhp wr kdyh dwwudfwhg pxfk dwwhqwlrq lq hl0
wkhu wkh vwdwlvwlfdo ru hfrqrphwulf olwhudwxuh1 Shukdsv zh vkrxog
eh plqgixo ri vxfk frqvlghudwlrqv zkhq pdnlqj d fkrlfh dprqjvw
frpshwlqj hvwlpdwruv1� +Ls dqg Skloolsv/ 4<<;/ s1 63<,

Zh lqyhvwljdwh e| vlpxodwlrq krz wkh uhvxowv ri Vhfwlrq 5 gl�hu zkhq zh
uhpryh wkh uhvwulfwlrq rq lqlwldo ydoxhv/ dqg doorz {f 9@ 3&1 Vshfl�fdoo|/ zh
dvvhvv Fdvh D jlyhq fruuhfw sdudphwhul}dwlrq ri wkh prgho/ vlqfh lw lv lq wkh
GJS zlwk qr ghwhuplqlvwlf frpsrqhqwv wkdw wkh glvwulexwlrq ri eD ghshqgv
xsrq wkh lqlwldo frqglwlrq1 Wklv vhwwlqj zdv h{dplqhg e| Dedglu dqg Kdgul
+5333,/ iru wkh guliwohvv DU+4,/ zlwk d urrw forvh wr +dqg ehorz, xqlw|1 Wkh|
shuirup wkh vdph qxphulfdo lqwhjudwlrq dv Hydqv dqg Vdylq +4<;4/ hvshfldoo|
s1 :9<,/ wr fdofxodwh wkhlu Wdeohv 407 +rs1 flw1/ s1 <8,/ zklfk uhsruw h{dfw
eldv/ xs wr dq lqwhjudwlrq huuru= Wkh| pdnh wkh glvtxlhwlqj revhuydwlrq wkdw
wkh eldv ri wkh hvwlpdwhg dxwruhjuhvvlyh sdudphwhu fdq lqfuhdvh zlwk vdpsoh
vl}h W > dq h�hfw nqrzq dv eldv qrqprqrwrqlflw|1 Wkh| dovr vkrz wkdw eldv
lv qrw d prqrwrqlf ixqfwlrq ri wkh dxwruhjuhvvlyh urrw1

Eldv qrqprqrwrqlflw| khuh lv gxh wr wkh h�hfw ri wkh lqlwldo revhuydwlrqv
{f= lq wkh xqlyduldwh fdvh/ wklv dulvhv dv �

3� m{fm lqfuhdvhv1 Wklv skhqrphqrq
zdv �uvw uhsruwhg e| Dedglu +4<<6d/ s1 <3, iru m�m @ 4> dqg wkhq e| Dedglu
dqg Kdgul +5333,/ iru � @ 3=<3> 3=<8> 3=<<> 4=33> dv � $ 3/ wkh lqlwldo ydoxh
{f ehfrphv luuhohydqw/ dv lv zhoo0nqrzq1 Lq Wdeoh 6/ zh uhsruw �433 � he
iru W @ 58> 83> 433> 533 dqg n @ 5> 6> 7> 8> 9> dqg {�f{f @ 43> 53> 83> 433> 4831
Iru d jlyhq ydoxh {�f{f/ ydulrxv fkrlfhv ri {f duh srvvleoh= zh jhqhudwhg
hohphqwv ri {f dv +{f,� @ .

s
{�f{f@n/ iru m @ 4> 5> = = = > n1 Lw lv lpsruwdqw

wr qrwh wkdw zh fkrvh {�f{f duelwudulo|> lw lv d vlpsoh vfdodu ixqfwlrq ri {f
wkdw hqdeohv xv wr looxvwudwh wkh h�hfw ri qrq0}hur lqlwldo ydoxhv1

Dedglu dqg Kdgul +5333, lqglfdwh wkdw ryhusdudphwhul}dwlrq ri wkh prgho
lq wkh xqlyduldwh vhwwlqj uhyhuvhv eldv qrqprqrwrqlflw|/ dw wkh h{shqvh ri
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kljkhu eldv hyhu|zkhuh1 Iurp Wdeoh 6 khuh/ lw dovr vhhpv fohdu wkdw eldv
qrqprqrwrqlflw| glvdsshduv dv zh pryh wr d pxowlyduldwh iudphzrun +h1j1
{�f{f @ 483> n @ 5> �433�he @ <=;> 8=6> 5=<> 4=8 iru W @ 58> 83> 433> 533,1 D
irupdo surri ri wklv frqmhfwxuh lv dv |hw xqdydlodeoh lq wkh olwhudwxuh143

7 Yduldqfh dqg PVH

Wkh p �p yduldqfh0fryduldqfh pdwul{ ri dq p � 4 yhfwru u lv gh�qhg dv
Y +u, � H

�
+u � H+u,, +u � H+u,,�

�
1 Li eD kdv w|slfdo hohphqw edor/ wkhq

wkh vfdodu yduldqfh ri edor zloo eh orfdwhg dv hohphqw y^^ ri wkh n2 � n2

yduldqfh0fryduldqfh pdwul{ ri yhf
� eD�/ zkhuh t @ +v� 4,n . u/ iru u> v @

4> 5> = = = > n1 Zkhq u @ v +fruuhvsrqglqj wr gldjrqdo hohphqwv ri eD, zh kdyh
t @ +u� 4, +n . 4, . 41

Vlqfh rxu iudphzrun lv vwdwlvwlfdoo| lqyduldqw wr shupxwdwlrqv/ wkh ydul0
dqfh ri hdfk ri wkh gldjrqdo hohphqwv ri eD lv lghqwlfdo> zh ghqrwh wkh vfdodu
yduldqfh dv Y 1 Vlpxodwhg ydoxhv ri hY duh jlyhq lq Wdeoh 7/ iru ydulrxv W> n
dqg iru Fdvhv D/ E dqg F1 Fohduo|/ yduldqfh lv lqfuhdvlqj lq n dqg ghfuhdvlqj
lq W > dqg dovr lqfuhdvhv dv wkh prgho lv ryhusdudphwhul}hg144 Wklv odwwhu uh0
vxow/ frpelqhg zlwk kljkhu eldv xqghu Fdvhv E dqg F/ vkrzv wkh lpsruwdqfh
ri sduvlprqlrxv prghoolqj lq hfrqrphwulfv1

Dedglu +4<<8d, xvh wkh gh�qlwlrq

Y � H
�
ie�� H+e�,j2� @

5

W 2 H
�
i}A � H+}A ,j2

�
� 5

W 2
ydu +}A ,

lq wkh xqlyduldwh iudphzrun/ zlwk ydoxhv iru vwdqgdug ghyldwlrq �vg� iru
qrupdol}hg e� wdnhq iurp Hydqv dqg Vdylq +4<;4/ s1 :9</ Wdeoh LLL,/ zkhuh
Y@ 2

A 2 vg
2> dqg shuirupv d vlplodu khxulvwlf surfhvv wr wkdw xvhg lq ghulydwlrq

ri +:, iru eldv1 Wklv jlyhv +rs1 flw1/ s1 598,

Y � 43=4457

W 2
h{s

��8=7795
W

.
47=84<

W 2

�
> +47,

43Eldv qrqprqrwrqlflw| lv glvfryhuhg lq d gl�huhqw vhwwlqj e| Ls dqg Skloolsv +4<<;,/
zkr vkrz wkdw qhlwkhu wkh h{dfw eldv qru wkh h{dfw PVH ri wkh wzr0vwdjh ohdvw vtxduhv
h{rjhqrxv yduldeoh frh!flhqw hvwlpdwruv lq wkh vwuxfwxudo htxdwlrqv ri d wzr htxdwlrq
vwdwlf vlpxowdqhrxv htxdwlrq prgho duh prqrwrqlfdoo| qrq0lqfuhdvlqj zlwk vdpsoh vl}h1
Qrqprqrwrqlflw| lv vkrzq iru vpdoo vdpsohv/ h1j1 q$ �fc Df/ iru xqlw lqfuhdvhv lq vdpsoh
vl}h1 Wkhlu uhvxowv duh qrw wkh uhvxow ri wkh fkrlfh ri vwduwlqj ydoxh> qhlwkhu gr zh �qg
qrqprqrwrqlflw| ri PVH lq rxu iudphzrun1

44Wkh vlpxodwhg yduldqfh ri wkh r�0gldjrqdo hohphqwv ri eD lv ri d vlplodu pdjqlwxgh wr
wkdw ri T 1
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zklfk lv vkrzq wr eh dffxudwh wr dw ohdvw : ghflpdo sodfhv lq vpdoo vdpsohv1
Eldv dqg yduldqfh duh qrw wkh rqo| fulwhuld wr eh xvhg lq frpsdulvrq ri wlph
vhulhv hvwlpdwhv1 Xvlqj +:, dqg +47,/ dqg PVH+e�, @ e2 .Y> Dedglu +4<<8d,
ghulyhv wkh phdq vtxduhg huuru fruuhvsrqglqj wr rxu fruuhfwo| sdudphwhu0
l}hg xqlyduldwh Fdvh D1 Gh�qlqj � @ � +W , dv d fruuhfwlrq idfwru vxfk wkdw
PVH+�e�, lv plqlpl}hg/ lw lv vkrzq wkdw +rs1 flw1/ s1 598,

� @
4 . e

Y . +4 . e,2
+48,

zkhq � @ 4> zh vhh wkdw � $ 4 dv W lqfuhdvhv1 Lw lv wkhq srvvleoh wr
vxevwlwxwh lq h{dfw ru vlpxodwhg ydoxhv iru eldv dqg yduldqfh lq rughu wr
fdofxodwh � iru ydulrxv W +vhh rs1 flw1/ s1 599/ Wdeoh 5,1 Iljxuh 9 sorwv
PVH+�e�, djdlqvw wkh fruuhfwlrq idfwru �/ iru n @ 4 dqg W @ 58> 83> 4331 Lw
lv fohdu wkdw POH +� @ 4, grhv qrw dfklhyh plqlpxp PVH1 Dovr/ iru � @ 4/

e6 @
�Y

Y . +4 . e,2
> Y 6 @ �2Y � Y> +49,

zkhuh e6 dqg Y 6 ghqrwh eldv dqg yduldqfh ri wkh fruuhfwhg POH> lw lv vkrzq
wkdw wkh fruuhfwhg +iru plqlpxp PVH, POH lv doprvw xqeldvhg/ xqolnh wkh
POH1

Lq rxu pxowlyduldwh vhwwlqj/ zh duh deoh wr vxevwlwxwh vlpxodwhg he dqg hY
lqwr +48, dqg +49, gluhfwo| iru n A 4/ lq rughu wr fdofxodwh Wdeohv 8/ 9 dqg
:1 Dowkrxjk wkh rqo| gl�huhqfh lv wkdw � @ � +W> n, lv qrz d ixqfwlrq ri wkh
YDU glphqvlrq/ wkhvh uhvxowv kdyh qhyhu ehhq uhsruwhg lq wkh olwhudwxuh1 Zh
vhh iurp Wdeoh 8 wkdw wkh fruuhfwlrq idfwru lqfuhdvhv zlwk n dqg idoov zlwk
W > dv|pswrwlfdoo|/ wkh POH dfklhyhv plqlpxp PVH1 Wkh fruuhfwlrq � fdq
eh sduwlfxoduo| odujh iru vpdoo W / h1j1 +W> n, @ +83> 8, lpsolhv d fruuhfwlrq ri
4<(1 Wdeohv 9 dqg : glvsod| txdolwdwlyho| vlplodu uhvxowv wr wkrvh lq Dedglu
+4<<8d,/ l1h1 wkh fruuhfwhg hvwlpdwru � eD lv pxfk ohvv eldvhg wkdq wkh POH/
dqg e6 whqgv wr }hur pxfk pruh udslgo| wkdq e> krzhyhu/ wklv uhgxfwlrq lq
eldv frphv dw wkh h{shqvh ri d vpdoo lqfuhdvh lq wkh yduldqfh ri wkh fruuhfwhg
hvwlpdwru/ Y 61

Wdql}dnl +5333, ghyhorsv d vlpxodwlrq0edvhg eldv fruuhfwlrq surfhgxuh
dqg uhsruwv +rs1 flw1/ s1 838/ Wdeoh 4, uhvxowv wkdw fruuhvsrqg wr d phdq0
eldv fruuhfwlrq lq rxu xqlyduldwh Fdvh D/ iru W @ 4<> 6<> 8<= kh jlyhv vlp0
xodwhg �433�eldv dv dssur{lpdwho| :=;> 7=3 dqg 5=; iru wkhvh vdpsoh vl}hv/
zlwk phdq0eldv fruuhfwhg �433�eldv ri 3=:> 3=5 dqg 3=6 ^wklv dssduhqw qrq0
prqrwrqlflw| dulvhv vlqfh rqo| P @ 43> 333 uhsolfdwlrqv duh xvhg`1 Xvlqj
rxu phwkrg iru plqlpl}lqj PVH/ dqg P @ 4> 333> 333 uhsolfdwlrqv/ zh fdo0
fxodwhg �433�he dqg �433� e6 iru n @ 4 dqg W @ 4<> 6<> 8< dv ;=5> 7=6> 5=<>

4:



dqg 5=8> 3=9> 3=6 uhvshfwlyho|1 Rxu phwkrg iru plqlpl}lqj PVH wkhuhiruh kdv
wkh dgghg ehqh�w ri d vxevwdqwldo eldv uhgxfwlrq/ hyhq zkhq frpsduhg zlwk
dq dfwxdo eldv0uhgxfwlrq whfkqltxh1

8 Frqfoxglqj frpphqwv

Zh kdyh uhsruwhg d zlgh ydulhw| ri vlpxodwlrq uhvxowv iru wkh eldv dqg ydul0
dqfh ri wkh POH ri wkh dxwruhjuhvvlyh sdudphwhuv/ jlyhq d sxuho| qrqvwd0
wlrqdu| YDU/ iru vpdoo W dqg n> dqg zkhuh wkh hvwlpdwhg prgho lv srvvleo|
ryhusdudphwhul}hg1 Dowkrxjk vshfldo fdvhv ri rxu jhqhudo iudphzrun kdyh
ehhq wkh vxemhfw ri frqvlghudeoh uhvhdufk lq hfrqrphwulfv/ d frpsuhkhqvlyh
vlpxodwlrq vwxg| ri wklv qdwxuh kdv qrw suhylrxvo| ehhq shuiruphg1 Zkhu0
hyhu srvvleoh/ rxu qxphulfdo uhvxowv zhuh furvv0fkhfnhg zlwk sduwldo h{dfw
dqg dssur{lpdwh uhvxowv lq wkh olwhudwxuh/ h1j1 Shuh +5333/ s1 685/ Wdeoh
6, uhsruwv ydoxhv wkdw fruuhvsrqg wr yduldqfhv lq rxu xqlyduldwh Fdvh E/
W @ 58> 433/ lq klv vwxg| ri dgmxvwhg sur�oh olnholkrrg1

Zh kdyh h{whqghg uhfhqw zrun lq sdshuv e| Dedglu/ Kdgul dqg W}dydolv1
Zh vxffhvvixoo| hvwlpdwh d vlpsoh/ sduvlprqlrxv dqg zhoo0vshfl�hg uhvsrqvh
vxuidfh wkdw uh�qhv dq dqdo|wlfdo uhvxow ri Dedglu/ Kdgul dqg W}dydolv +4<<<,/
dqg frqvlghudeo| lpsuryhv xsrq lwv suhglfwlyh delolw|1 Dowkrxjk lw zrxog
eh ghvludeoh wr �qg h{dfw h{suhvvlrqv iru ghqvlw| ixqfwlrqv dqg prphqw
irupxodh lq rxu iudphzrunv/ wkhvh duh fxuuhqwo| lqwudfwdeoh dqg zloo suredeo|
lqyroyh pxowlsoh lq�qlwh vhulhv ri pdwul{0dujxphqw k|shujhrphwulf ixqfwlrqv
+jhqhudol}lqj/ h1j1 Dedglu/ 4<<6d,1 H{dfw irupxodh jlyh ulvh wr vhulhv uhodwhg
wr k|shujhrphwulf ixqfwlrqv lq rwkhu duhdv/ h1j1 vhh Skloolsv +4<;3, dqg
uhihuhqfhv wkhuhlq � wkh| duh jhqhudoo| yhu| frpsolfdwhg dqg pd| eh gl!fxow
wr lpsohphqw iru qxphulfdo hydoxdwlrq1 Zh pd|/ wkhuhiruh/ qhhg wr uho| xsrq
dssur{lpdwlrqv hyhq zkhq wkh h{dfw irupxodh duh dydlodeoh1

Zh h{dplqh eldv dqg yduldqfh/ jlyhq ryhusdudphwhul}dwlrq ri wkh hvwl0
pdwhg prgho1 Wklv surylghv d vwurqj prwlydwlrq iru sduvlprqlrxv prghoolqj
lq hfrqrphwulfv1 Zh dovr uhod{ wkh frqglwlrq rq lqlwldo ydoxhv/ {f @ 3&/ dqg
xvh rxu vlpxodwlrq uhvxowv wr sursrvh wkh iroorzlqj frqmhfwxuh= xqlyduldwh
eldv qrqprqrwrqlflw| glvdsshduv dv zh pryh wr wkh pxowlyduldwh vhwwlqj1
Zh wdexodwh wkh fruuhfwlrq idfwruv uhtxluhg iru wkh POH wr dfklhyh plql0
pxp PVH dqg vkrz wkdw wklv fruuhfwlrq fdq vljql�fdqwo| uhgxfh eldv/ dw
wkh h{shqvh ri d vpdoo lqfuhdvh lq hvwlpdwru yduldqfh1

Rxu zrun frpsohphqwv dv|pswrwlf wuhdwphqwv e| lqwhu dold Skloolsv
+4<;:d/ 4<;:e, lq wkh xqlyduldwh iudphzrun> dqg Skloolsv dqg Gxuodxi +4<;9,/
Sdun dqg Skloolsv +4<;;/ 4<;<, dqg Wvd| dqg Wldr +4<<3, lq wkh pxowlydul0
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dwh vhwwlqj1 Lw lv rxu krsh wkdw wkh uhvxowv suhvhqwhg lq wklv sdshu zloo khos
dssolhg hfrqrphwulfldqv wr xqghuvwdqg wkh surshuwlhv ri wkh POH jlyhq vdp0
soh vl}hv wkdw duh xvhixo lq sudfwlfdo zrun1 Wkhruhwlfdo hfrqrphwulfldqv pd|
�qg wkhp khosixo zkhq vwxg|lqj wkh ghulydwlrq ri h{dfw irupxodh/ h1j1 lq
frqmxqfwlrq zlwk zrun e| Dedglu dqg Oduvvrq +4<<9/ 5334,/ zkr ghulyh wkh
h{dfw �qlwh vdpsoh prphqw jhqhudwlqj ixqfwlrq ri wkh txdgudwlf irupv wkdw
fuhdwh wkh edvlv iru wkh vx!flhqw vwdwlvwlf lq d glvfuhwh Jdxvvldq yhfwru dx0
wruhjuhvvlrq1 Zh duh fxuuhqwo| lqyhvwljdwlqj wklv odwwhu lvvxh1

9 Dsshqgl{

914 Surshuwlhv ri DKW Wkhruhp 4

Iurp +DKW4,/ zh gh�qh wkh jhqhudo irup # � �nW3� h{s
�
�W3�

�
/ zlwk

�> � ? 31 Wdnlqj sduwldo ghulydwlyhv/ zh kdyh wkh iroorzlqj=

#& @ �W3� h{s
�
�W3�

�
#A @ ��nW3� +� . W , h{s

�
�W3�

�
#&& @ 3

#&A @ ��W3� +� . W , h{s
�
�W3�

�
#AA @ �nW3D

�
�2 . 7�W . 5W 2

�
h{s

�
�W3�

�
=

Zh qrwh wkdw # lv lq�qlwho| gl�huhqwldeoh zlwk uhvshfw wr W 1 Qrz/ lw lv fohdu
wkdw # ? 3/ #& ? 3 dqg #&& @ 31 Dovr/ #A A 3 dqg #&A A 3 dv W A ��1
Ilqdoo|/ #AA A 3 dv �2 . 7�W . 5W 2 ? 3/ l1h1 dv

��5�s5
�
W ? � ?��5 .s5

�
W 1 Iru � @ �5=946;/ lw iroorzv wkdw #A A 3 dqg #&A A 3 dv

W � 61 Dovr/ � A
��5 .s5

�
W / dqg wkhuhiruh #AA ? 3/ dv W � 81

915 Gxuelq0Zdwvrq whvw iru vhuldo fruuhodwlrq

Jlyhq wkdw wkhuh lv qr lqwhufhsw lq wkh uhjuhvvlrq/ wkhq Gxuelq dqg Zdwvrq*v
g vwdwlvwlf lv erxqghg dv g 5 ^g� > gL `/ zkhuh wkh orzhu dqg xsshu erxqglqj
glvwulexwlrqv duh gh�qhg e| +Iduheurwkhu/ 4<;3,

g� @

S?3&
�'� �� �

2
�S?3&

�'� �2�
> gL @

S?3&
�'� ��n& �
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zkhuh �� @ 5 � 5 frv i� +l� 4, @qj 5 ^3> 7, dqg wkh ��*v duh lqghshqghqw
Q+3> 4, yduldwhv> l @ 4> 5> = = = > q1 Xvlqj 433> 333 uhsolfdwlrqv/ zh vlpxodwhg
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wkh iroorzlqj wdlo shufhqwlohv ri g� dqg gL / iru q @ :57 dqg n @ 7 +n @ 8 lq
sduhqwkhvhv,=

4( 8( <8( <<(

g� 4=;4 4=;9 5=44 5=49
+4=;4, +4=;9, +5=44, +5=49,

gL 4=;7 4=;< 5=46 5=4;
+4=;7, +4=;<, +5=47, +5=4<,

916 Irup ri eD> lq Fdvh E

Zh ehjlq zlwk

{| @ �.D{|3� . %| � �}|3� . %|>

zkhuh � � +�>D, dqg }�|3� � +4>{�|3�, duh gh�qhg1 Wkhq/ e� @ � .�S
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Li wkh eorfn0gldjrqdo hohphqwv ri
S
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�
|3� duh lqyhuwleoh/ dqg wkh iroorzlqj

whupv h{lvw=
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zh pd| lpsohphqw wkh irupxod iru sduwlwlrqhg lqyhuvhv> h1j1 Pdjqxv dqg
Qhxghfnhu +4<<</ ss1 44045,1 Fohduo|/ W3� h{lvwv iru doo W 9@ 31 Wkh v|pphw0
ulf pdwul{

S
{|3�{

�
|3� ehfrphv mxvw lqyhuwleoh/ doprvw vxuho| +zlwk suredelo0

lw| 4, zkhq wkhuh duh dv pdq| qrq}hur whupv lq wkh vxp dv glphqvlrqv/ wkhvh
ehlqj jhqhudwhg lq d qrq0froolqhdu idvklrq +huuruv duh l1l1g1,1 Iru {f @ 3&/
wklv krogv dv W A n1 Lw wkhq iroorzv wkdw�e�> eD>
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Vlqfh +
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917 Irup ri eD>cB lq Fdvh F

Zh kdyh
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Gluhfwo|/ iru W A n/ dqg qrwlqj wkdw +
S
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918 Surri ri Wkhruhp 4 iru Fdvh F

Wkh surri ri wklv sursrvlwlrq xvhv wkh vdph v|pphwu|2dqwlwkhwlf dujxphqwv
dv DKW +s1 498,/ iru Fdvh D/ zkhuh F � D� L&= Wkh fruuhvsrqglqj surri
iru Fdvh E lv yhu| vlplodu wr wklv rqh dqg zh gr qrw lqfoxgh lw khuh1 Gh�qh
h| � O3�x|/ }| � O3�{|/ zkhuh  @ OO� iurp wkh Fkrohvn| ghfrpsrvlwlrq
dqg O lv d n � n orzhu0wuldqjxodu pdwul{1 Wkhq/ iurp +4:,/ zh kdyh
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dqg
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Qrz/ gh�qh ih|j wr kdyh hohphqw i�h�|j dqg ih�|j/ m @ 5> = = = > n/ zkhuhxsrq
i}|j lv htxdo wr i}|j> h{fhsw iru wkh �uvw hohphqw> dqg zh qrwh wkdw Z dqg
Z3� gr qrw fkdqjh xqghu wklv rshudwlrq1 Fohduo|/
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Krzhyhu/ zh nqrz wkdw OH+U,O3�@OH
�
U
�
O3�> vlqfh fruuhvsrqglqj r�0

gldjrqdo eorfnv kdyh rssrvlwh vljqv lq U dqg U/ wkhvh pxvw dovr kdyh }hur
h{shfwdwlrqv1 Xsrq dssolfdwlrq ri wkh vdph orjlf wr doo r�0gldjrqdo hohphqwv/
zh suryh wkdw �>cB lv d gldjrqdo pdwul{> wkh gldjrqdo hohphqwv duh wkhq
htxdo ehfdxvh ri wkh lqyduldqfh ri wkh qrupdol}hg YDU vshfl�fdwlrq wr wkh
uh0rughulqj ri wkh frpsrqhqwv ri }|> dovr/ eldv lv qrw d ixqfwlrq ri 1
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Uhihuhqfhv

Dedglu/ N1 P1/ 4<<6d1 ROV eldv lq d qrqvwdwlrqdu| dxwruhjuhvvlrq/ Hfrqr0
phwulf Wkhru| </ ;40<61

Dedglu/ N1 P1/ 4<<6e1 H{sdqvlrqv iru vrph frq xhqw k|shujhrphwulf ixqf0
wlrqv/ Mrxuqdo ri Sk|vlfv D 59/ 738<07399 +fruuljhqgxp iru sulqwlqj
huuru/ 4<<6/ 59= :996,1

Dedglu/ N1 P1/ 4<<8d1 Xqeldvhg hvwlpdwlrq dv d vroxwlrq wr whvwlqj iru
udqgrp zdonv/ Hfrqrplfv Ohwwhuv 7:/ 596059;1

Dedglu/ N1 P1/ 4<<8e1 Rq h!flhqw vlpxodwlrqv lq g|qdplf prghov/ Glvfxv0
vlrq Sdshu lq Hfrqrplfv <8254/ Xqlyhuvlw| ri H{hwhu1

Dedglu/ N1 P1/ 4<<<1 Dq lqwurgxfwlrq wr k|shujhrphwulf ixqfwlrqv iru
hfrqrplvwv/ Hfrqrphwulf Uhylhzv 4;/ 5;:06631

Dedglu/ N1 P1/ Kdgul/ N1/ 53331 Lv pruh lqirupdwlrq d jrrg wklqjB Eldv
qrqprqrwrqlflw| lq vwrfkdvwlf gl�huhqfh htxdwlrqv/ Exoohwlq ri Hfr0
qrplf Uhvhdufk 85/ <404331

Dedglu/ N1 P1/ Kdgul/ N1/ W}dydolv/ H1/ 4<<<1 Wkh lq xhqfh ri YDU glphq0
vlrqv rq hvwlpdwru eldvhv/ Hfrqrphwulfd 9:/ 49604;41

Dedglu/ N1 P1/ Oduvvrq/ U1/ 4<<91 Wkh mrlqw prphqw jhqhudwlqj ixqfwlrq
ri txdgudwlf irupv lq pxowlyduldwh dxwruhjuhvvlyh vhulhv/ Hfrqrphwulf
Wkhru| 45/ 9;50:371

Dedglu/ N1 P1/ Oduvvrq/ U1/ 53341 Wkh mrlqw prphqw jhqhudwlqj ixqfwlrq
ri txdgudwlf irupv lq pxowlyduldwh dxwruhjuhvvlyh vhulhv= Wkh fdvh zlwk
ghwhuplqlvwlf frpsrqhqwv/ Hfrqrphwulf Wkhru| 4:/ 55505791

Dedglu/ N1 P1/ Pdjqxv/ M1 U1/ 53351 Qrwdwlrq lq hfrqrphwulfv= D sursrvdo
iru d vwdqgdug/ Hfrqrphwulfv Mrxuqdo 8/ :90<31

Dqguhzv/ G1 Z1 N1/ 4<<61 H{dfwo| phgldq0xqeldvhg hvwlpdwlrq ri �uvw
rughu dxwruhjuhvvlyh2xqlw urrw prghov/ Hfrqrphwulfd 94/ 46<04981

Edfnxv/ G1/ 4<;91 Wkh Fdqdgldq0X1V1 h{fkdqjh udwh= Hylghqfh iurp d
yhfwru dxwruhjuhvvlrq/ Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv 9;/ 95;096:1

Eodqfkdug/ R1 M1/ Txdk/ G1/ 4<;<1 Wkh g|qdplf h�hfwv ri djjuhjdwh ghpdqg
dqg vxsso| glvwxuedqfhv/ Dphulfdq Hfrqrplf Uhylhz :</ 98809:61
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Fdpsrv/ M1/ 4<;91 Ilqlwh0vdpsoh surshuwlhv ri wkh lqvwuxphqwdo0yduldeohv
hvwlpdwru iru g|qdplf vlpxowdqhrxv0htxdwlrq vxev|vwhpv zlwk DUPD
glvwxuedqfhv/ Mrxuqdo ri Hfrqrphwulfv 65/ 66606991

Fdqryd/ I1/ 4<<81 Yhfwru dxwruhjuhvvlyh prghov= Vshfl�fdwlrq/ hvwlpd0
wlrq/ lqihuhqfh/ dqg iruhfdvwlqj/ lq= Shvdudq/ P1 K1/ Zlfnhqv/ P1 U1
hgv1/ Kdqgerrn ri Dssolhg Hfrqrphwulfv/ Yroxph 4= Pdfurhfrqrplfv
+Eodfnzhoo Sxeolvkhuv/ R{irug, :6046;1

Gdylgvrq/ U1/ PdfNlqqrq/ M1 J1/ 4<<61 Hvwlpdwlrq dqg Lqihuhqfh lq Hfrqr0
phwulfv +R{irug Xqlyhuvlw| Suhvv/ R{irug,1

Glfnh|/ G1 D1/ Ixoohu/ Z1 D1/ 4<:<1 Glvwulexwlrq ri wkh hvwlpdwruv iru
dxwruhjuhvvlyh wlph vhulhv zlwk d xqlw urrw/ Mrxuqdo ri wkh Dphulfdq
Vwdwlvwlfdo Dvvrfldwlrq :7/ 75:07641

Glfnh|/ G1 D1/ Ixoohu/ Z1 D1/ 4<;41 Olnholkrrg udwlr vwdwlvwlfv iru dxwruh0
juhvvlyh wlph vhulhv zlwk d xqlw urrw/ Hfrqrphwulfd 7</ 438:043:51

Hqjoh/ U1 I1/ Khqgu|/ G1 I1/ Wuxpeoh/ G1/ 4<;81 Vpdoo0vdpsoh surshuwlhv
ri DUFK hvwlpdwruv dqg whvwv/ Fdqdgldq Mrxuqdo ri Hfrqrplfv 4;/
990<61

Hulfvvrq/ Q1 U1/ 4<<41 Prqwh Fduor phwkrgrorj| dqg wkh �qlwh vdpsoh
surshuwlhv ri lqvwuxphqwdo yduldeohv vwdwlvwlfv iru whvwlqj qhvwhg dqg
qrq0qhvwhg k|srwkhvhv/ Hfrqrphwulfd 8</ 457<045::1

Hulfvvrq/ Q1 U1/ PdfNlqqrq/ M1 J1/ 53341 Glvwulexwlrqv ri huuru fruuhfwlrq
whvwv iru frlqwhjudwlrq/ Hfrqrphwulfv Mrxuqdo 7/ 40671

Hydqv/ J1 E1 D1/ Vdylq/ Q1 H1/ 4<;41 Whvwlqj iru xqlw urrwv= 4/ Hfrqrphwulfd
7</ :860::<1

Hydqv/ J1 E1 D1/ Vdylq/ Q1 H1/ 4<;71 Whvwlqj iru xqlw urrwv= 5/ Hfrqrphwulfd
85/ 45740459<1

Idqj/ N10W1/ Nrw}/ V1/ Qj/ N10Z1/ 4<<31 V|pphwulf Pxowlyduldwh dqg Uh0
odwhg Glvwulexwlrqv +Fkdspdq dqg Kdoo/ Orqgrq,1

Iduheurwkhu/ U1 Z1/ 4<;31 Wkh Gxuelq0Zdwvrq whvw iru vhuldo fruuhodwlrq
zkhq wkhuh lv qr lqwhufhsw lq wkh uhjuhvvlrq/ Hfrqrphwulfd 7;/ 48860
48961
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Irufklql/ J1/ 53341 Wkh h{dfw fxpxodwlyh glvwulexwlrq ixqfwlrq ri d udwlr
ri txdgudwlf irupv lq qrupdo yduldeohv zlwk dssolfdwlrq wr wkh DU+4,
prgho/ Glvfxvvlrq Sdshu lq Hfrqrplfv/ Qr1 5334235/ Xqlyhuvlw| ri
\run1

Jrq}dor/ M1/ Slwdudnlv/ M10\1/ 4<<;1 Rq wkh h{dfw prphqwv ri dv|pswrwlf
glvwulexwlrqv lq dq xqvwdeoh DU+4, zlwk ghshqghqw huuruv/ Lqwhuqd0
wlrqdo Hfrqrplf Uhylhz 6</ :40;;1

Khqgu|/ G1 I1/ 4<;51 D uhso| wr Surihvvruv Pddvrxpl dqg Skloolsv/ Mrxuqdo
ri Hfrqrphwulfv 4</ 53605461

Khqgu|/ G1 I1/ 4<;71 Prqwh Fduor h{shulphqwdwlrq lq hfrqrphwulfv/ lq=
Julolfkhv/ ]1/ Lqwuloljdwru/ P1 G1 hgv1/ Kdqgerrn ri Hfrqrphwulfv/ Yro0
xph 5 +Qruwk0Kroodqg/ Dpvwhugdp, <6:0<:91

Khqgu|/ G1 I1/ Wulyhgl/ S1 N1/ 4<:51 Pd{lpxp olnholkrrg hvwlpdwlrq ri
gl�huhqfh htxdwlrqv zlwk prylqj dyhudjh huuruv= D vlpxodwlrq vwxg|/
Uhylhz ri Hfrqrplf Vwxglhv 6</ 44:04781

Ls/ Z1 F1/ Skloolsv/ J1 G1 D1/ 4<<;1 Wkh qrq0prqrwrqlflw| ri wkh eldv
dqg phdq vtxduhg huuru ri wkh wzr vwdjh ohdvw vtxduhv hvwlpdwruv ri
h{rjhqrxv yduldeoh frh!flhqwv/ Hfrqrplfv Ohwwhuv 93/ 63606431

Mdutxh/ F1 P1/ Ehud/ D1 N1/ 4<;31 H!flhqw whvwv iru qrupdolw|/ krprvfhgdv0
wlflw| dqg vhuldo lqghshqghqfh ri uhjuhvvlrq uhvlgxdov/ Hfrqrplfv Ohw0
whuv 9/ 588058<1

Mrkdqvhq/ V1/ 4<<81 Olnholkrrg0edvhg Lqihuhqfh lq Frlqwhjudwhg Yhfwru Dx0
wruhjuhvvlyh Prghov +R{irug Xqlyhuvlw| Suhvv/ R{irug,1

Odzirug/ V1/ 53341 Lpsuryhg prghoolqj lq �qlwh0vdpsoh dqg qrqolqhdu
iudphzrunv/ xqsxeolvkhg G1Sklo1 wkhvlv/ Xqlyhuvlw| ri \run1

Oh Euhwrq/ D1/ Skdp/ G1 W1/ 4<;<1 Rq wkh eldv ri wkh ohdvw vtxduhv hvwlpd0
wru iru wkh �uvw rughu dxwruhjuhvvlyh surfhvv/ Dqqdov ri wkh Lqvwlwxwh
ri Vwdwlvwlfdo Pdwkhpdwlfv 74/ 88808961

Oÿwnhsrko/ K1/ 4<<61 Lqwurgxfwlrq wr Pxowlsoh Wlph Vhulhv Dqdo|vlv +Vsulqjhu0
Yhuodj/ Ehuolq, 5qg hglwlrq1

Pddvrxpl/ H1/ Skloolsv/ S1 F1 E1/ 4<;51 Rq wkh ehkdylru ri lqfrqvlvwhqw
lqvwuxphqwdo yduldeoh hvwlpdwruv/ Mrxuqdo ri Hfrqrphwulfv 4</ 4;605341
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PdfNlqqrq/ M1 J1/ 4<<91 Qxphulfdo glvwulexwlrq ixqfwlrqv iru xqlw urrw
dqg frlqwhjudwlrq whvwv/ Mrxuqdo ri Dssolhg Hfrqrphwulfv 44/ 934094;1

PdfNlqqrq/ M1 J1/ 53331 Frpsxwlqj qxphulfdo glvwulexwlrq ixqfwlrqv lq
hfrqrphwulfv/ lq= Sroodug/ D1/ Phzkruw/ G1/ Zhdyhu/ G1 hgv1/ Kljk Shu0
irupdqfh Frpsxwlqj V|vwhpv dqg Dssolfdwlrqv +Noxzhu/ Dpvwhugdp,
78807:31

PdfNlqqrq/ M1 J1/ Kdxj/ D1 D1/ Plfkholv/ O1/ 4<<<1 Qxphulfdo glvwulexwlrq
ixqfwlrqv ri olnholkrrg udwlr whvwv iru frlqwhjudwlrq/ Mrxuqdo ri Dssolhg
Hfrqrphwulfv 47/ 89608::1

PdfNlqqrq/ M1 J1/ Vplwk/ D1 D1/ Mu1/ 4<<;1 Dssur{lpdwh eldv fruuhfwlrq
lq hfrqrphwulfv/ Mrxuqdo ri Hfrqrphwulfv ;8/ 53805631

Pdhvklur/ D1/ 4<<<1 D odjjhg ghshqghqw yduldeoh/ dxwrfruuhodwhg glvwxu0
edqfhv/ dqg xqlw urrw whvwv � shfxoldu ROV eldv surshuwlhv � d shgd0
jrjlfdo qrwh/ Dssolhg Hfrqrplfv 64/ 6;406<91

Pdjqxv/ M1 U1/ Qhxghfnhu/ K1/ 4<<<1 Pdwul{ Gl�huhqwldo Fdofxoxv zlwk
Dssolfdwlrqv lq Vwdwlvwlfv dqg Hfrqrphwulfv +Mrkq Zloh| dqg Vrqv/
Fklfkhvwhu, uhylvhg hglwlrq1

Plnkdlo/ Z1 P1/ 4<:51 Vlpxodwlqj wkh vpdoo0vdpsoh surshuwlhv ri hfrqr0
phwulf hvwlpdwruv/ Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq 9:/
95309571

Plnkdlo/ Z1 P1/ 4<:81 D frpsdudwlyh Prqwh Fduor vwxg| ri wkh surs0
huwlhv ri hfrqrphwulf hvwlpdwruv/ Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo
Dvvrfldwlrq :3/ <704371

Qdqnhuylv/ M1 F1/ Vdylq/ Q1 H1/ 4<;;d1 Wkh Vwxghqw*v w dssur{lpdwlrq lq d
vwdwlrqdu| �uvw rughu dxwruhjuhvvlyh prgho/ Hfrqrphwulfd 89/ 44<04781

Qdqnhuylv/ M1 F1/ Vdylq/ Q1 H1/ 4<;;e1 Wkh h{dfw prphqwv ri wkh ohdvw
vtxduhv hvwlpdwru iru wkh dxwruhjuhvvlyh prgho= Fruuhfwlrqv dqg h{0
whqvlrqv/ Mrxuqdo ri Hfrqrphwulfv 6:/ 6;406;;1

Rrpv/ P1/ 4<<71 Hpslulfdo Yhfwru Dxwruhjuhvvlyh Prghoolqj +Vsulqjhu0
Yhuodj/ Ehuolq, Ohfwxuh Qrwhv lq Hfrqrplfv dqg Pdwkhpdwlfdo V|v0
whpv/ Qr1 73:1

Sdun/ M1 \1/ Skloolsv/ S1 F1 E1/ 4<;;1 Vwdwlvwlfdo lqihuhqfh lq uhjuhvvlrqv
zlwk lqwhjudwhg surfhvvhv= Sduw 4/ Hfrqrphwulf Wkhru| 7/ 79;07<:1
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Sdun/ M1 \1/ Skloolsv/ S1 F1 E1/ 4<;<1 Vwdwlvwlfdo lqihuhqfh lq uhjuhvvlrqv
zlwk lqwhjudwhg surfhvvhv= Sduw 5/ Hfrqrphwulf Wkhru| 8/ <804641

Sdwwhuvrq/ N1 G1/ 53331 Eldv uhgxfwlrq lq dxwruhjuhvvlyh prghov/ Hfrqrplfv
Ohwwhuv 9;/ 46804741

Shuh/ S1/ 53331 Dgmxvwhg hvwlpdwhv dqg Zdog vwdwlvwlfv iru wkh DU+4,prgho
zlwk frqvwdqw/ Mrxuqdo ri Hfrqrphwulfv <;/ 66806961

Skloolsv/ S1 F1 E1/ 4<;31 Ilqlwh vdpsoh wkhru| dqg wkh glvwulexwlrqv ri
dowhuqdwlyh hvwlpdwruv ri wkh pdujlqdo surshqvlw| wr frqvxph/ Uhylhz
ri Hfrqrplf Vwxglhv 7:/ 4;605571

Skloolsv/ S1 F1 E1/ 4<;:d1 Dv|pswrwlf h{sdqvlrqv lq qrqvwdwlrqdu| yhfwru
dxwruhjuhvvlrqv/ Hfrqrphwulf Wkhru| 6/ 7809;1

Skloolsv/ S1 F1 E1/ 4<;:e1 Wlph vhulhv uhjuhvvlrq zlwk d xqlw urrw/ Hfrqr0
phwulfd 88/ 5::06341

Skloolsv/ S1 F1 E1/ 4<<81 Qrqvwdwlrqdu| wlph vhulhv dqg frlqwhjudwlrq/ Mrxu0
qdo ri Dssolhg Hfrqrphwulfv 43/ ;:0<71

Skloolsv/ S1 F1 E1/ Gxuodxi/ V1 Q1/ 4<;91 Pxowlsoh wlph vhulhv uhjuhvvlrq zlwk
lqwhjudwhg surfhvvhv/ Uhylhz ri Hfrqrplf Vwxglhv 86/ 7:607<81

Vlpv/ F1 D1/ 4<;31 Pdfurhfrqrplfv dqg uhdolw|/ Hfrqrphwulfd 7;/ 407;1

Vwdpdwrjldqqlv/ P1 S1/ 4<<<1 D vwxg| rq wkh �qlwh vdpsoh eldv ri dq
xqvwdeoh YDU zlwk d guliw/ xqsxeolvkhg P1Vf1 wkhvlv/ Xqlyhuvlw| ri
\run1

Wdql}dnl/ K1/ 53331 Eldv fruuhfwlrq ri ROVH lq wkh uhjuhvvlrq prgho zlwk
odjjhg ghshqghqw yduldeohv/ Frpsxwdwlrqdo Vwdwlvwlfv dqg Gdwd Dqdo0
|vlv 67/ 7<808441

Wvd|/ U1 V1/ Wldr/ J1 F1/ 4<<31 Dv|pswrwlf surshuwlhv ri pxowlyduldwh
qrqvwdwlrqdu| surfhvvhv zlwk dssolfdwlrqv wr dxwruhjuhvvlrqv/ Dqqdov
ri Vwdwlvwlfv 4;/ 55305831

Wvxl/ D1 N1/ Dol/ P1 P1/ 4<;<1 H{dfw prphqwv ri wkh ohdvw vtxduhv hvwlpdwru
lq d �uvw0rughu qrq0vwdwlrqdu| dxwruhjuhvvlyh prgho/ Surfhhglqjv ri
wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ Exvlqhvv dqg Hfrqrplfv Vhfwlrq/
55305581
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Wvxl/ D1 N1/ Dol/ P1 P1/ 4<<71 H{dfw glvwulexwlrqv/ ghqvlw| ixqfwlrqv dqg
prphqwv ri wkh ohdvw0vtxduhv hvwlpdwru lq d �uvw0rughu dxwruhjuhvvlyh
prgho/ Frpsxwdwlrqdo Vwdwlvwlfv dqg Gdwd Dqdo|vlv 4:/ 76607871

Xu}ýd/ F1 P1/ 4<<91 Rq wkh fruuhfw xvh ri rpqlexv whvwv iru qrupdolw|/
Hfrqrplfv Ohwwhuv 86/ 57:0584 +fruuljhqgxp/ 4<<:/ 87= 634,1

Ylqrg/ K1 G1/ Vkhqwrq/ O1 U1/ 4<<91 H{dfw prphqwv iru dxwruhjuhvvlyh dqg
udqgrp zdon prghov iru d }hur ru vwdwlrqdu| lqlwldo ydoxh/ Hfrqrphwulf
Wkhru| 45/ 7;407<<1

Zklwh/ K1/ 4<;31 D khwhurvnhgdvwlflw|0frqvlvwhqw fryduldqfh pdwul{ hvwlpd0
wru dqg d gluhfw whvw iru khwhurvnhgdvwlflw|/ Hfrqrphwulfd 7;/ ;4:0;6;1

Zklwh/ M1 V1/ 4<8;1 Wkh olplwlqj glvwulexwlrq ri wkh vhuldo fruuhodwlrq fr0
h!flhqw lq wkh h{sorvlyh fdvh/ Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlfv 5</
44;;044<:1
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Wdeoh 4= Eldv lq Fdvh D= �433�he ��433� e�MA
� ��433� e-7

�
W n @ 4 n @ 5 n @ 6 n @ 7 n @ 8 n @ 9 n @ : n @ ;

58 917 4618 5313 5914 641; 6:14 7514 791:
+917, +451;, +4<16, +581:, +6514, +6;18, +771<, +8416,
^918` ^4618` ^5313` ^5915` ^641<` ^6:16` ^7516` ^791<`

83 617 :15 431; 4716 4:19 531< 5713 5:13
+617, +91;, +4314, +4618, +491<, +5316, +561:, +5:14,
^617` ^:14` ^431;` ^4716` ^4:1;` ^5414` ^5716` ^5:17`

433 41: 61: 819 :18 <16 4414 451< 4719
+41:, +618, +815, +91<, +;1:, +4317, +4514, +461<,
^41:` ^61:` ^819` ^:18` ^<17` ^4415` ^4613` ^471;`

533 31< 41< 51< 61; 71; 81; 91: :19
+31<, +41;, +519, +618, +717, +816, +915, +:13,
^31<` ^41<` ^51<` ^61;` ^71;` ^81;` ^91:` ^:1:`

733 317 31< 417 41< 517 51< 617 61<
+317, +31<, +416, +41;, +515, +51:, +614, +618,
^317` ^31<` ^417` ^41<` ^517` ^51<` ^617` ^61<`

;33 315 318 31: 413 415 418 41: 513
+315, +317, +31:, +31<, +414, +416, +419, +41;,
^315` ^318` ^31:` ^413` ^415` ^418` ^41:` ^513`
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Wdeoh 5= Eldv lq Fdvhv D/E/F= �433�he ��433�he>� k�433�he>cBl
W n @ 4 n @ 5 n @ 6 n @ 7 n @ 8 n @ 9 n @ : n @ ;

58 917 4618 5313 5914 641; 6:14 7514 791:
+4<15, +5813, +6319, +681<, +731<, +781:, +8315, +8718,
^6816` ^7313` ^7718` ^7<13` ^8615` ^8:16` ^9415` ^971<`

83 617 :15 431; 4716 4:19 531< 5713 5:13
+4314, +4617, +491:, +4<1<, +5613, +5913, +5;1<, +641;,
^4<13` ^541;` ^571:` ^5:18` ^6316` ^6613` ^681:` ^6;16`

433 41: 61: 819 :18 <16 4414 451< 4719
+815, +:13, +;1:, +4318, +4515, +4713, +481:, +4:16,
^<1<` ^4417` ^4613` ^4719` ^4916` ^4:1<` ^4<18` ^5414`

533 31< 41< 51< 61; 71; 81; 91: :19
+519, +619, +718, +817, +916, +:16, +;15, +<14,
^813` ^81;` ^91:` ^:19` ^;17` ^<16` ^4315` ^4414`

733 317 31< 417 41< 517 51< 617 61<
+416, +41;, +516, +51:, +615, +61:, +715, +719,
^518` ^613` ^617` ^61<` ^716` ^71;` ^815` ^81:`

;33 315 318 31: 413 415 418 41: 513
+31:, +31<, +414, +417, +419, +41<, +514, +517,
^416` ^418` ^41:` ^41<` ^515` ^517` ^519` ^51<`

64



Wdeoh 6= Eldv �433�he lq Fdvh D +{f 9@ 3&,

W n {�f{f @ 43 {�f{f @ 53 {�f{f @ 83 {�f{f @ 433 {�f{f @ 483

58 5 441; 4413 4315 <1< <1;
6 4;17 4:1; 4:14 491< 491;
7 5718 561< 5617 5615 5614
8 6315 5<1: 5<15 5;1< 5;1<
9 6818 6813 6718 6716 6715

83 5 919 915 81: 817 816
6 4315 <1< <18 <15 <14
7 461; 4617 4613 451; 451:
8 4:14 491; 4917 4915 4914
9 5316 5313 4<19 4<17 4<16

433 5 618 617 615 613 51<
6 817 816 814 71< 71;
7 :16 :15 :13 91; 91;
8 <15 <13 ;1; ;1: ;19
9 4413 431; 4319 4318 4317

533 5 41; 41; 41: 419 418
6 51; 51; 51: 519 518
7 61; 61; 61: 619 618
8 71; 71: 719 719 718
9 81: 81: 819 818 818
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Wdeoh 7= Yduldqfh lq Fdvhv D/E/F= 43333� hY �
43333� hY>� k

43333� hY>cBl
W n @ 4 n @ 5 n @ 6 n @ 7 n @ 8 n @ 9 n @ : n @ ;

58 46517 58413 68418 77314 84<19 8<613 99613 :631:
+55;18, +64;15, +6<;13, +7:317, +86:13, +8<<17, +99314, +:4<1<,
^66<19` ^74:17` ^7;915` ^87<1<` ^9431<` ^99;18` ^:5:13` ^:;919`

83 6918 :31< 43516 46317 4891; 4;413 53619 55813
+9:18, +<917, +45618, +47;18, +4:41<, +4<61:, +54713, +56616,
^43<1;` ^4681;` ^49313` ^4;613` ^53718` ^55717` ^5751<` ^59318`

433 <19 4;1; 5:1; 6915 7715 841; 8<14 9915
+4;18, +591:, +6813, +751:, +8315, +8:16, +9716, +:413,
^6417` ^6<17` ^7:16` ^8719` ^941:` ^9;18` ^:813` ^;417`

533 518 71< :16 <19 441; 4713 4914 4;15
+71;, +:14, +<16, +4418, +461:, +481;, +4:1;, +4<1<,
^;18` ^431:` ^451<` ^4813` ^4:14` ^4<15` ^5415` ^5615`

733 319 415 41< 518 614 619 715 71;
+415, +41;, +517, +613, +619, +715, +71:, +816,
^515` ^51;` ^617` ^713` ^718` ^814` ^819` ^915`

;33 315 316 318 319 31; 31< 414 415
+316, +318, +319, +31;, +31<, +414, +415, +417,
^319` ^31:` ^31<` ^413` ^415` ^416` ^418` ^419`

Wdeoh 8= Fruuhfwlrq idfwruv � iru eD wkdw |lhog plqlpxp PVH

W n @ 4 n @ 5 n @ 6 n @ 7 n @ 8 n @ 9 n @ : n @ ;

58 4=38 4=45 4=4< 4=58 4=65 4=6; 4=77 4=7<

83 4=36 4=3: 4=44 4=48 4=4< 4=56 4=5: 4=64

433 4=35 4=37 4=39 4=3; 4=43 4=45 4=47 4=49

533 4=34 4=35 4=36 4=37 4=38 4=39 4=3: 4=3;

733 4=33 4=34 4=34 4=35 4=35 4=36 4=36 4=37

;33 4=33 4=33 4=34 4=34 4=34 4=34 4=35 4=35
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Wdeoh 9= Fruuhfwhg �433� e6 lq Fdvh D> K
6

hK
lq ^�`

W n @ 4 n @ 5 n @ 6 n @ 7 n @ 8 n @ 9 n @ : n @ ;

58 4=7< 6=57 8=54 :=79 43=38 46=37 49=83 53=7;
^3=56` ^3=57` ^3=59` ^3=5<` ^3=65` ^3=68` ^3=6<` ^3=77`

83 3=6< 3=;5 4=5: 4=:7 5=59 5=;4 6=73 7=38
^3=45` ^3=44` ^3=45` ^3=45` ^3=46` ^3=46` ^3=47` ^3=48`

433 3=43 3=53 3=64 3=75 3=86 3=98 3=:: 3=<3
^3=39` ^3=38` ^3=39` ^3=39` ^3=39` ^3=39` ^3=39` ^3=39`

533 3=36 3=38 3=3; 3=43 3=46 3=49 3=4; 3=54
^3=36` ^3=36` ^3=36` ^3=36` ^3=36` ^3=36` ^3=36` ^3=36`

733 3=34 3=34 3=35 3=36 3=36 3=37 3=38 3=38
^3=34` ^3=34` ^3=34` ^3=34` ^3=34` ^3=34` ^3=34` ^3=34`

;33 3=33 3=33 3=33 3=34 3=34 3=34 3=34 3=34
^3=34` ^3=34` ^3=34` ^3=34` ^3=34` ^3=34` ^3=34` ^3=34`

Wdeoh := Fruuhfwhg 43> 333� Y 6 lq Fdvh D> T
6

hT
lq ^�`

W n @ 4 n @ 5 n @ 6 n @ 7 n @ 8 n @ 9 n @ : n @ ;

58 46<=7 5;3=9 749=9 884=7 9;8=5 ;4<=< <88=9 43<3=<
^4=38` ^4=45` ^4=4<` ^4=58` ^4=65` ^4=6;` ^4=77` ^4=7<`

83 6:=9 :8=: 446=5 47<=8 4;9=4 555=6 58;=: 5<8=:
^4=36` ^4=3:` ^4=44` ^4=48` ^4=4<` ^4=56` ^4=5:` ^4=64`

433 <=; 4<=8 5<=7 6;=< 7;=8 8:=< 9:=6 :9=<
^4=35` ^4=37` ^4=39` ^4=3;` ^4=43` ^4=45` ^4=47` ^4=49`

533 5=8 8=3 :=8 43=3 45=7 47=; 4:=5 4<=:
^4=34` ^4=35` ^4=36` ^4=37` ^4=38` ^4=39` ^4=3:` ^4=3;`

733 3=9 4=6 4=< 5=8 6=4 6=; 7=7 8=3
^4=33` ^4=34` ^4=34` ^4=35` ^4=35` ^4=36` ^4=36` ^4=37`

;33 3=5 3=6 3=8 3=9 3=; 3=< 4=4 4=6
^4=33` ^4=33` ^4=34` ^4=34` ^4=34` ^4=34` ^4=35` ^4=35`
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Iljxuh 4= �433�he djdlqvw W / lq Fdvh D
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Iljxuh 5= �433�he djdlqvw n/ lq Fdvh D
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Iljxuh 6= Ch#@Cn djdlqvw n lq Fdvh D

6:



Iljxuh 7= Ch#@CW djdlqvw n lq Fdvh D

6;



Iljxuh 8= e�MA dqg e-7 > rxw0ri0vdpsoh �w +n @ 53,

6<



Iljxuh 9= Phdq vtxduhg huuru/ ydulrxv � +n @ 4,
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